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PEBFACB 


T he papers contained in the present volume form in effect a single 
investigation in speculative astronomy. The tidal oscillations of the 
mobile parts of a planet must be subject to frictional resistance, and this 
simple cause gives rise to a diversity of astronomical effects worthy of 
examination. 

The earlier portion of the investigation was undertaken with the object 
of explaining, if possible, the obliquity of the earth’s equator to the ecliptic, 
and the results attained were so fruitful and promising that it seemed well 
to examine the whole subject with the closest attention, and to discuss the 
various collateral points which arose in the course of the work. 

It is the experience of every investigator that he reaches his goal by 
a devious path, and this, at least, has been the case in the present group 
of papei*s. If then the whole field were now to be retraversed, it is almost 
certain that the results might be obtained more shortly. Then, again, 
there is another cause which precludes brevity, for when an entirely new 
subject is under considemtion every branch road must be examined with 
care. By far the greater number of the forks in the road lead only to 
blind alleys ; and it is often impossible to foresee, at the cross roads, which 
will be the main highway, and which a blind alley. Clearness of view is 
only reached by the pioneer after much labour, and as he first passes along 
his path he has to grope his way in the dark without the help of any sign- 
post. 

This may bo illustrated by what actually occurred to me, for when I 
first found the quartic equation (p. 102) which expresses the identity between 
the lengths of the day and of the month, I only regarded it as giving the 
configuration towards which the retrospective integration was leading back. 
I well remember thinking that it was just as well to find the other roots 
of the equation, although I had no suspicion that anything of interest would 
be discovered thereby. As of course I ought to have foreseen, the result 
threw a flood of light on the whole subject, for it showed how the system 
must have degraded, through loss of energy, from a configuration represented 
by first real root to another represented by the second. Moreover the 
motion in the first configuration was found to be unstable whilst that in 
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the second was stable. Thus this quartic equation led to the remarkably 
simple and illuminating view of the theory of tidal friction contained in 
the fifth paper (p. 195) ; and yet all this arose from a point which appeared 
at first sight barely worth examining. 

I wish now, after the lapse of more than twenty years, to avail myself 
of this opportunity of commenting on some portions of the work and of 
reviewing the theory as a whole. 

The observations of Dr Hecker* and of others do not afford evidence of 
any considerable amount of retardation in the tidal oscillations of the solid 
earth, for, within the limits of error of observation, the phase of the oscilla- 
tion appears to be the same as if the earth were purely elastic. Then again 
modem researches in the lunar theory show that the secular acceleration of 
the moon’s mean motion is so nearly explained by means of pure gravitation 
as to leave but a small residue to be referred to the effects of tidal friction. 
We are thus driven to believe that at present tidal friction is producing its 
inevitable effects with extreme slowness. But we need not therefoi^e hold 
that the march of events was always so leisurely, and if the earth was ever 
wholly or in large part molten, it cannot have been the case. 

In any case frictional resistance, whether it be much or little and whether 
applicable to the solid planet or to the superincumbent ocean, is a true cause 
of change, and it remains desirable that its effects should be investigated. 
Now for this end it was necessary to adopt some consistent theory of friction- 
ally resisted tides, and the hypothesis of fche earth’s viscosity afforded the only 
available theory of the kind. Thus the first paper in the present volume is 
devoted to the theory of the tides of a viscous spheroid. It may be that 
nothing material is added by solving the problem also for the case of elastico- 
viscosity, but it was well that that h37pothesiB should also be examined, 

I had at a previous date endeavoured to determine the amount of modi- 
fication to which Lord Kelvin’s theory of the tides of an elastic globe must 
be subject in consequence of the heterogeneity of the earth’s density, and 
this investigation is reproduced in the second paper. Dr Herglotz has also 
treated the problem by means of some laborious analysis, and finds thii 
change due to heterogeneity somewhat greater than I had done. But we 
both base our conclusions on assumptions which seem to be beyond the 
reach of verification, and the probability of correctness in the results can 
only be estimated by means of the plausibility of the assumptions. 

The differential equations which specify the rates of change in the various 
elements of the motions of the moon and the earth were found to be too 
* VerdfentL d, E, Pretiss. Geodiit. Imt., Neue Folge, No. 32, Potsdam, 1907. 
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complex to admit of analytical integration, and it therefore became necessary 
to solve the problem numerically. It was intended to draw conclusions as 
to the history of the earth and moon, and accoi’dingly the true values of 
the mass, size and speed of rotation of the earth were taken as the basis 
of computation. But the earth was necessarily treated as being homogeneous, 
and thus erroneous values were involved for the ellipticity, for the precessional 
constant and for the inequalities in the moon’s motion due to the oblateness 
of the earth. It was not until the whole of the laborious integrations had 
been completed that it occurred to me that an appropriate change in the 
linear dimensions of the homogeneous earth might afford approximately 
correct values for every other element. Such a mechanically equivalent 
substitute for the earth is determined on p. 439, and if my integrations 
should ever be repeated I suggest that it would be advantageous to adopt 
the numerical values there specified as the foundation for the computations. 

The third paper contains the investigation of the secular changes in the 
motions of the earth and moon, duo to tidal friction, when the lunar orbit is 
treated as circular and coincident with the ecliptic. The differential equations 
are obtained by moans of the disturbing forces, but the method of the 
disturbing function is much more elegant. The latter method is used in 
the sixth paper (p. 208), which is devoted ospocially to finding the changes 
in the eccentricity and the inclination of the orbit. However the analysis is 
so complicated that I do not rogrot having obtained tho oejuations in two 
independent ways. As tho sixth paper was intended to bo supplementary 
to the third, tho disturbing function is developed with tho special object of 
finding the equations for the eccentricity and the inclination, but an artifice is 
devised whereby it may also bo mode to ftimish tho eepmtions for the other 
elements. It would only need a slight amount of modification to obtain tho 
equations for all the elements simultaneously by straightforward analysis. 

This paper also contains jm investigation of the motion of a witollito 
moving about an oblate planet by means of equations, which give simul- 
taneously the nutations of tho planet and tho coiTosponding inequalities 
in the motion of tho satellite. The equations are afterwards extended so 
as to include the effects of tidal friction. I found this portion of tho work 
far more arduous than anything else in the whole series of reseaiuhcs. 

The developments and integrations in all those papers are carried out 
with what may perhaps be regarded as an imnoccssary degree of elaboration, 
but it was impossible to foresee what terms might become important. It 
does not, however", seem worth while to comment further on minor iroints 
such as these. 
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For the astronomer -who is interested in cosmogony the important point 
is the degree of applicability of the theory as a whole to celestial evolution. 
To me it seems that the theory has rather gained than lost in the esteem of 
men of science during the last 25 years, and I observe that several writers are 
disposed to accept it as an established acquisition to our knowledge of 
cosmogony. 

Undue weight has sometimes been laid on the exact numerical values 
assigned for defining the primitive configuration of the earth and moon. In 
so speculative a matter close accuracy is unattainable, for a difieront theory 
of firictionally retarded tides would inevitably lead to a slight difference in the 
conclusion ; moreover such a real cause as the secular increase in the masses 
of the earth and moon through the accumulation of meteoric dust, and possibly 
other causes are left out of consideration. 


The exact nature of the process by which the moon was detached from 
the earth must remain even more speculative. I suggested that the fission of 
the primitive planet may have been brought about by the synchronism of the 
solar tide with the period of the fundamental free oscillation of the planet, 
and the suggestion has received a degree of attention which I never 
anticipated. It may be that we shall never attain to a higher degree of 
certainty in these obscure questions than we now possess, but I would main- 
tain that we may now hold with confidence that the moon originate<l by a 
pro^s of fission from the primitive planet, that at first she revolved in an 
orbit close to the present surface of the earth, and that tidal friction has been 
the principal agent which transformed the system to its present configuration. 


The theory for a long time seemed to lie open to attack on the ground 
that it made too great demands on time, and this has always appeared to me 
the greatest difficulty in the way of its acceptance. If wo wore still 
compelled to assent to the justice of Lord Kelvin’s views as to the period of 
time which has elapsed since the earth solidified, and as to the ago of the 
solar system, we should also have to admit that the theory of evolution under 
idal influence is inapplicable to its full extent. Lord Kelvin’s contributions 
to rosmogony have been of the first order of importance, but his arguments 
on these pomte no longer carry conviction with them. Lord Kelvin contended 
hat the actual distribution of land and sea proves that the planet solidified 

Tf 1! 1" the solidifica- 

tion But I have always felt convinced that the earth would adjust its 

elhptim^ to Its existmg speed of rotation with close approximation. The 

calculations contamed m Paper 9. the plasticity of even the most refi-antory 
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forms of matter under great stresses, and the contortions of geological strata 
appear to me, at least, conclusive against Lord Kelvin's view. 

The researches of Mr Strutt on the radio-activity of rocks prove that we 
cannot regard the earth simply as a cooling globe, and therefore Lord Kelvin’s 
argument as to the age of the earth as derived from the observed gradient of 
temperature must be illusory. Indeed even without regard to the initial 
temperature of the earth acquired by means of secular contraction, it is hard 
to understand why the earth is not hotter inside than it is. 

It seems probable that Mr Strutt may be able to obtain a rough numerical 
scale of geological time by means of his measurements of the radio-activity of 
rocks, and although he has not yet been able to formulate such a scale with 
any degree of accuracy, he is already confident that the periods involved must 
be measured in hundreds or perhaps even thousands of millions of years*. 
The evidence, taken at its lowest, points to a period many times as great as 
was admitted by Lord Kelvin for the whole history of the solar system. 

Lastly the recent discovery of the colossal internal energy resident in the 
atom shows that it is unsafe to calculate the age of the sun merely from 
mechanical energy, as did Helmholtz and Kelvin. It is true that the time 
has not yet arrived at which we can explain exactly the manner in which the 
atomic energy may be available for maintaining the sun’s heat, but when the 
great age of the earth is firmly established the insuflfioiency of the supply 
of heat to the sun by means of purely mechanical energy will prove that 
atomic energy does become available in some way. On the whole then it 
may be maintained that deficiency of time does not, according to our present 
state of knowledge, form a bar to the full acceptability of the theory of 
terrestrial evolution under the influence of tidal friction. 

It is very improbable that tidal friction has been the dominant cause of 
change in any of the other planetary sub-systems or in the solar system itself 
yet it seems to throw light on the distribution of the satellites amongst the 
several planets. It explains the identity of the rotation of the moon with her 
orbital motion, as was long ago pointed out by Kant and Laplace, and it 
tends to confirm the correctness of the observations according to which Venus 
always presents the same face to the sun. Finally it has been held by Dr See 
and by others to explain some of the peculiarities of the orbits of double stars. 

Lord Kelvin’s determination of the strain of an elastic sphere and the 
solution of the corresponding problem of the tides of a viscous spheroid 
suggested another interesting question with respect to the earth. This 
problem is to find the strength of the materials of which the earth must be 

* Some of Mr Strutt’s preliminary computations are given in Proc. Roy. Soe. A, Vol. 81, 
p. 272 (1908). 
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built SO as to prevent the continents from sinking and the sea bed from 
rising; this question is treated in Paper 9 (p. 459). The existence of an 
isostatic layer, at which the hydrostatic pressure is uniform, at no great depth 
below the earth’s surface, is now well established. This proves that I have 
underestimated in my paper the strength of the superficial layers necessary 
to prevent subsidence and elevation. The strength of granite and of other 
rocks is certainly barely adequate to sustain the continents in position, and 
Mr Bktyford* seeks to avoid the difficulty by arguing that the earth is 
actually ‘a feiling structure,’ and that the subsidence of the continents is 
only prevented by the countervailing effects of the gradually increasing 
weight of sedimentation on the adjoining sea-beds. 

In his address to the Geological Section of the British Association at 
Dublin (1908) Professor Joly makes an interesting suggestion which bears on 
this subject. He supposes that the heat generated by the radio-active 
materials in sediment has exercised an important influence in bringing about 
the elevation of mountain ranges and of the adjoining continents. 

A subsidiary outcome of this same investigation was given in Vol. l. of 
these papers, when I attempted to determine the elastic oscillations of the 
superficial layers of the earth under the varying pressures of the tides and of 
the atmosphere. Dr Hecker may perhaps be able to verify or disprove these 
theoretical calculations when he makes the final reduction of his valuable 
observations with horizontal pendulums at Potsdam. 

When the first volume of these papers was published Lord Kelvin was 
still alive, and I had the pleasure of receiving from him a cordial letter of 
thanks for my acknowledgement of the deep debt I owe him. His name also 
occurs frequently in the present volume, and if I dissent from some of his 
views, I none the less regard him as amongst the greatest of those who have 
tried to guess the riddle of the history of the universe. 

The chronological list of my papers is repeated in this second volume, 
together with a column showing in which volume they are or will be 
reproduced. * 

In conclusion I wish to thank the printers and readers of the Cambridge 
University Press for their marvellous accuracy and care in setting up the 
type and in detecting some mistakes in the complicated analysis contained in 
these papers. 

G. H. DARWIN. 

October, 1908. 

* Phil. Soc. Washington, Vol. 15 (1907), p. 57. 
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ON THE BODILY TIDES OF VISOOUS AND SEMI-BLASTIO 
SPHEROIDS, AND ON THE OCEAN TIDES UPON A 
YIELDING NUCLEUS*. 


\_PhUosoplvical Tranmctions of the Royal Sooietyt Part i. VoL 170 (1879), 

pp. 1 — 35.] 


In a woll-known investigation Sir William I^homson hiiH discussed the 

1) roblern of the bodily tides of a homogeneous ohustic sphoro, and has drawn 
therofroin very important conclusions as to the groat rigidity of tho earth 

Now it ap 2 >oars imi>robable that the cwirth should be i)erfectly ehiatic; 
for the contortions of geological strata show that the inattor constituting tho 
earth is somewhat plastic, at least nciir tho Hxuface. We know also that 
even tlie most refractory metals can be made to How under tho action of 
sufficiently great forces. 

Although Sir W, Thomsons investigation has gono far to overthrow the 
old idea of a semi-Huid interior to the earth, yet geologists are so strongly 
imprcsscid by the fact that enormous masses of rook are being, and have been, 

2 ) ourod out ol' volciinic vents in tho wxrth's surface, that tho belief is not yet 
extinct that we live on a thin shell over a sea of molten lava. Under those 
circumstances it a 2 )pearH to be of intcr’ost to investigate th(‘. conso<iuonces 
which would arise from the sup 2 )osition that the matter constituting the 
earth is of a viscous or imperfectly clastic natinxj; for if the interior 'is 

* [Sinco the diilo of thiH pa^Hir important contributions to the subject have been made by 
Professor Horace Lamb in his papers on “ The Oscillations of a Viscous Spheroid,” iVoc. Loud, 
Math, Hoc,, Vol. xin. (1883 -ti), p. 51; “On the Vibrations of an lillaBtio Sphere,” ibid,, p. 189, 
and “ On tho Vibrations of a Spherical Shell,” ibid,, Vol. xiv. (1882-8), p. 60. Soo also a paper 
by T. J. Bromwich, Proc, Lond, Math, Hoc,, Vol. xxx. (1898-i)), p. 98.] 

t Sir William stales that M. Jjam6 had treated tho subject at an earlier date, but in an 
entirely different manner. I am not aware, however, that M. Lame liad fully discussed the 
subject in its physical aspect. 
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INTRODUCTION. 


[1 


csonstituted in this way, then the solid crust, unless very thick, cannot 
possess rigidity enough to repress the tidal surgings, and these hypotheses 
must give results fairly conformahle to the reality. The hypothesis of 
imperfect elasticity will be principally interesting as showing how far 
Sir W. Thomson’s results are modified by the supposition that the elasticity 
breaks down under continued stress. 

In this paper, then, I follow out these hypotheses, and it will bo seen that 
the results are fully as hostile to the idea of any great mobility of the interior 
of the earth as is that of Sir W. Thomson. 

The only terrestrial evidence of the existence of a bodily tide in the c*arth 
would be that the ocean tides would be less in height than is indicated by 
theory. The subject of this paper is therefore intimately connected with the 
theory of the ocean tides. 

In the first part the equilibrium tide-theory is applied to CHtiniate the 
reduction and alteration of phase of ocean tides as due to bodily tides, but 
that theory is acknowledged on all hands to bo quite fallacious in its 
explanation of tides of short period. 

In the second part of this paper, therefore, I have considered the dynalnic{^l 
theory of tides in ixn equatorial canal running round a tidally-distorted 
nucleus, and the results are almost the same as those given by the c(pii- 
librium theory. 

The first two sections of the paper are occupied with the aduptatiou of 
Sir W. Thomson’s work* to the present hypotheses; as, of course, it wixs 
impossible to reproduce the whole of his argument, I fear that the investigation 
will only be intelligible to those who are either already acquainted with that 
work, or who are willing to accept my quotations therefirom as established. 

As some readers may like to know the results of this inquiry without 
going into the mathematics by which they are established, I have given in 
Part m, a summary of the whole, and have as far as possible relegated to 
that part of the paper the comments and conclusions to be drawn. I have 
tried, however, to give so much explanation in the body of the paper as will 
make it clear whither the argument is tending. 

The case of pure viscosity is considered fii*st, because the analysis is 
somewhat simpler, and because the results will afterwards admit of an easy 
extension to the case of elastico-viscosity. 

* His paper wUl be found in JPkil Traits., 1863, p. 673, and §§ 733—737 and 884— 84G of 
Thomson and Tait’s Natural Philosophy. 
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The Bouity Tides of Vlscwus and Elastico-viscous Spheboids. 


1. Aiudogy between {he flow of a viseom body and the 
strain of an elastic one. 

The general equations of flow of a viscous fluid, when the effects of inertia 
are neglected, arc 


-^ + uV=‘a + X = ()\ 


+ oV=‘j8+Y = 0 


y- 


■( 1 ) 


^dp 
dy 

-^^' + vV=‘7 + Z = 0 

whore m, y, z are the rccfcaiigiilar coordinator of a point of th(s fluid ; jQ, 7 
arc the component velocities parallel to the axes ; p is the moan of the three 
pressures across planes pcq)ondicular to the three axes respectively ; X, Y, Z 
arc the component forces acting on the fluid, estimated per unit volume; 
V is the coefficient of viscosity; and is the Laplacian operation 

dif^ dz^ 

Besides these we have the ccpiation of continuity ^ ~ 

Also if P, Q, R, S, T, U are the nonnal and tangential stresses estimated 
in the tisual way across three planes perpendicular to the axes 




d& 


df 


+ K, = -2> + 2 i/ 


.( 2 ) 


Now in an cbistic solid, if a, 7 be the displacements, the 

ifficient of dilatation, and n 
equations of equilibrium are 


coefficient of dilatation, and n that of rigidity, and if ^ ^ 


dso 

m^J + nV“/8 + Y = 0 


m- 


dS 


+ aV “7 + Z = 0 




* Thomson and Tait’s Natural PhiloMxihy, § 698, o^. (7) and (8). 


1—2 
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COMPABISON WITH THE CASE OE AN ELASTIC SOLID. 


[I 


Also 

P = (w — ?i) 8 + 2n ^ , Q = (m — w) 8 + 2?i ^ , R = (m — /i) 8 + 2/^ 

w 

and S, T, U have the same forms as in (2), with n written instend of tr. 

Therefore if we put — jp = ^ (P + Q + R), we have p = — {m — -.J w) 8, so Unit 
(3) may be written 

^ ^ + X = 0, &c.. &c. 

Tjfi — -^n CbX 

Also p = -i^^ + 2n^, Q = &c., E = &c. 

dos 

Now if we suppose the elastic solid to be incomprtissible, so i-lml. tn is 
in fin itely large compared to n, then it is clear that the eciuations of I'cjiii- 
librium of the incompressible elastic solid assume exactly the sanie form as 
those of flow of the viscous fluid, n merely taking the place of v. 

Thus every problem in the equilibrium of an incompressible cdast-ic*. solid 
has its counterpart in a problem touching the state of flow of an incom- 
pressible viscous fluid, when the eiSfects of inertia are neglecti^d ; and t.lu‘ 
solution of the one maybe made applicable to the other by miu’cdy n*a<ling 
for « displacements ” ‘'velocities,” and for the coefficient of “ rigidity ” tJial. of 
" viscosity.” 


2. A sphere under infiimce of bodily force. 

Sir W. Thomson has solved the following problem : 

To find the displacement of every point of the substance of an oliistic 
sphere exposed to no surface traction, but deformed infinitesimally by an 
equilibrating system of forces acting bodily through the inttu-ioi-. * 

If for “displacement” we read velocity, and for “ehistic” viscous, wo lui\(t 
the cowesponding problem with respect to a viscous fluid, and viiiUttk 
mutandis the solution is the same. 


But we cannot find the tides of a viscous sphere by nioroly making tin- 
equilibrating system of forces equal to the tide-generating infliu-ncMi <.f tln- 

mn or moon became the substance of the sphere must bo supposed to have 
the power of gravitation. 


For reppose tli«t lit sny time tte equatioii to the freo siii-faoo of the cartU 
(aa the ™<»ee .phete may be oUied for bremty) isr-a + h,,. when. „ i, 

n * 
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a surface harmonic. Then the matter, positive or negative, filling the space 
represented by Xci exercises an attmetion on every point of the interior; 
and this attraction, together with that of a homogeneous sphere of radius a, 
must be added to the tide-generating influence to form the whole force 
in the interior of the sphere. Also it is a spheroid, and no longer a true 
sphere with which we have to deal. If, however, we cut a true sphere of 
radius a out of the spheroid (leaving out 2o-i), then by a proper choice of 
surface actions, the tidal problem may bo reduced to finding the state of flow 
in a true sphere under the action of (i) an external tide-generating influence, 
(ii) the attraction of the true sphere, and of the positive and negative matter 
filling the space but (iii) subject to certain surface forces. 

Since (i) and (ii) together constitute a bodily force, the problem only 
differs from that of Sir W. Thomson in the fact that there are forces acting 
on the surface of the sphere. 

Now as we arc only going to consider small deviations from sphericity, 
these surface actions will be of small amount, and an approximation will bo 
permissible. 

It is clear that rigorously there is tangential action* between the layer of 
matter and the true sphere, but by far tlio larger part of thc‘. action 
is nomal, and is simply the weight (either positive or negative) of the 
matter which lies above or below any i)oint on the surfaces of the true 
sphere. 

Thus, in order to reduce the earth to sphericity, the appropriate surface 
iiction is a normal traction equal to — jr-wSo-i, wht^re (j is gravity at the 
surface, and w is the mass per unit volume of the matter constituting the 
earth. 

In order to show what alteration this normal surfiico traction will make in 
Sir W. Thomson’s solution, I must now give a short account of his method of 
attacking the problem. 

He first shows that, whore there is a potential function, the solution of 
the problem may be subdivided, and that the complete values of a, )8, y 
consist of the sums of two parts which are to b(s found in clifterent ways. 
The first part consists of any values of a, )S, 7, which sixtisfy the e<iuations 
throughout the sphere, without reference to surface conditions. As far m 
regards the second part, the hodily force is deemed to bo non-existent and is 
replaced by certain surface actions, so calculated as to counteract the surface 
actions which correspond to the values of a, /8, 7 found in the first part 
of the solution. Thus the first part satisfies the condition that there is a 

* I shall consider some of the effects of this ^ tangential action in a future paper, viz.: 

Problems connected with the Tides of a Viscous Spheroid,” read before tbe Royal Society on 
December 19th, 1878. [Paper 4.] 



6 LORD KELVIN’S SOLUTION FOR AN ELASTIC SPHERE. [1 

bodily force, and the second adds the condition that the surfixee forces aro 
zero. The first part of the solution is easily found, and for the second part 
Sir W. Thomson discusses the case of an elastic sphere under the action 
of any sur&ce tractions, but without any bodily force acting' on it. The 
component surfece tractions parallel to the three axes, in this problem, are 
supposed to be expanded in a series of surfece harmonics ; and the harmonic 
terms of any order are shown to have an effect on the displacomonts inde- 
pendent of those of every other order. Th'us it is only necessary to consider 
the typical component surface tractions A<, Oi of the order i 

He proves that (for an incompressible elastic soh’d for which m is infinite) 
this one surfece traction A{, Bn, Ci produces a displacement throughout the 
sphere given by 


a 


1 f a* - r® 

12(2f>+f) 'W 


1 ■ 

i— 1 \j 


^ 2 


i -1 L(2i"-Hl)(2i>l) 








+ 

with ^metrical expressions for /3 and 7; where ^ and <I> aro auxiliary 
mnctions defined by 




A 

dy ' 






.( 6 ) 


u ^ considered by Sir W. Thomson of an elastic sphere deformed 
j subject to no surface action, wo have to aubstituto 

in ( ) and (6) only those surface actions which are equal and opposite to tho 
surfece forces corresponding to the first part of tho solution f; but in tho 
case which wo now wish to consider, wc must add to these latter the* com- 
ponents of the normal traction -ywXvi, and besides mu.st include in tho 
odily fo:TO both the external disturbing force, and the attraction of the 
matter of the spheroid on itself. 


Now the fornos of (6) and (6) it is obvious that tho tractions which 
comspond to the first part of the solution, and the traction -gxo%ai produce 
quite mdependent effects, and therefore we need only add to tho complete 
solutm of Sir W. Thomson’s problem of the elastic sphere, the terms which 
anse from the normal traction -ywXvi. Finally we must pass from the 
elastic problem to the viscous one, by reading u for n, and velocities ft>r 


I Tait’sJVotMTalP/jiJowpAy, 1867, § 737, equation (62). 

■r Wlere fee 8oUd is inoompiesaible, this surface traction is normal to the sphere ateverv 
pomt. provided that the potential of the bodily force is expressible in a series of solid harmonic 
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I i)rocoed then to find the state of internal flow in the viscous sphere, 
which results fi-om a normal traction at every point of the surface of the 
sphere, given by the surface hannonic S^. 

In order to use the formula (5) and (6), it is fii'st necessary to express the 

component tractions - Si, - Si, - Si as surface harmonics. 
w a (i 

Now if V./ he a solid harmonic, 

~ (,^1 Vi) = - (2i + 1 ) «Vi + — * 

So th« 

Th«of„™ = 

The quantities within the hmekets [ ] hoing independent of r, and 

being surface harmonics of orders i — 1 and i+1 I'ospcctivoly, we have - Si 

ct 

expressed ns the sum of two surface harmonics A.i_i, A;+i. whore 






Similarly Si, - Si may bo oxprossod as lJi_i + Bj+j and Ci-i 4- Oi+i, 
Cf* Cb 

where the B’a and C’s only differ from fcho A’s in having y, z written for w. 

We have now to form the auxiliary fixnctionH con'caponding to 

Ai_,, Bi_i, Oi_i and 'S^i, <l)i+j corresponding to Ai+,, Bi 4 .,, Ci+j. 

Then by the fonnnlaa (6) 

(2i + 1) . (A + ^ HS, = 0 

-(2i+im = t[^A(r*.S,)]+|[ ]4-^[ ]— (i+l)(2i+.S)r<S, 


2i + l - 
' -^+r 

Thus 




= 0, 4>i= - ' y r*Si, ^i = ^ »**Si, <I>i^a = 0 

Then by (6) we form a corresponding to Ai_i, Bj-i, Ci_i, and also to 



SOltJTION FOR A VISOORS SPHERE. 


A(+i, Bi+i, Oi+i, aad add them together. The final result is that a normal 
traction St gives 

^.1 n i(i±^ (i^i){2i+s) 


^ va* [t2 (i - 1) [2 (i + 1)> + 1] 2 (2i + 1) [Vci + 1]P + 1] 

“ (2i + l)[2(i + l)s + l] ^ ^ 

and symmetrical expressions for ^ and </. 

cd, /S', y' are here "written for a, jS, 7 to show that this is only a partial 
solution, and v is written for n to show that it coiresponds to the viscous 
problem. If we now put Si = — gwat, we get the state of flow of the fluid 
due to the transmitted pressure of the deficiencies and excesses of matter 
below and above the true spherical surface. This constitutes the solution as 
far as it depends on (iii). 

There remain the parts dependent on (i) and (ii), which may for the 
present be classified together ; and for this part Sir W. Thomson’s solution is 
directly applicable. The state of internal strain of an elastic sphere, subject 
to no surface action, but under the influence of a bodily force of which 
the potential is Wj, may be at once adapted to give the state of flow of 
a viscous sphere under like conditions. The solution is 

a" — in + 2) , (^‘+l)(2^' + 3) ] dWf 


a" = iri + 2) , (^‘+l)(2^' + 3 ) ..a) 

u Ll2 (i- 1) [2 (i -t- If + 1] “ 2 (2i + 1) [2 (i+ ly + 1] ’ [ dw 

~ (2iH-l)[2(i+l)> + l] ^ 

with symmetrical expressions for and 7". 

I will first consider (ii) ; i.e.j the matter of the earth is now supposed 
to possess the power of gravitation. 

The gravitation potential of the spheroid r = a + <r.£ (taking only a typioal 
term of or) at a point in the interior, estimated per unit volumes, is 




dgw fry _ 

2i+i Uy 


according to the usual formula in the theoiy of the potentisil. 

The first term, being symmetrical rouud the centre of the sphere, can 
clearly cause no flow in the incompressible viscous sphere. We are thoroforo 

left with f-'l tTi. 


Natural Phihsopky, § 884, equation (8) when m is infinite compared with n, and i — 1 
written for i, and v replaces n. 
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(a) substituted for Wi in (8), and if the resulting 

expression be compared with (7) when —gwa-i is written for S<, it will 

Q 

be seen that -a''=^. — -a.'. 

2^ + l 

Thus a'+-a" = a"^l-^^)*= 


And if 


V - -?52^L 

‘ 2i+l\a. 


o-{ 


a'+ a"= - i ri L(i±J)_ 

V Ll2 (i-l)[2(i 


(t+1) (2i4-3) 


r- 


l)[2(i+l)'-+l] 2(2'i+l)[2(i4iy+l] 

■ (2 i+l) [2(i-i-l)‘-'+l] - 1) 


(9) 


with aymmeti’icjxl exprcuasions for jS' + and / + 7". 

E(juation (9) thou embodies th(‘> Roliition as feir as it doponds on (ii) and 
(iii). And since (9) is the same as (8) when — ~ 1) Vi is written for Wf, 

we may include all the effoets of iiiutual gnivitation in producing a state of 
flow in the viscous sphere, by adopting Thomson’s solution (8), and taking 
instead of the true potential of the layer of matter o*./, — f (i — 1) times that 
potential, Jind by adding to it the external disturbing potential. 


We have now learnt how to include the surfixcc action in the potential ; 
and if be the potential of the external disturbing influence, the effective 
potential per unit volume at a point within tht^ sphere, now free of surface 

action and of mutual gravitation, is W,— — suppose. 


The complete solution of our probioin is tlnui found by writing in 
place of Wi in Thomson’s solution (8)f, 


In order however to apply the solution to tlie cjise of tlui earth, it will bo 
convenient to use polar coordinates. For this pur])OHe, write for W,:, 
and let r bo the rjwlius v(.‘.ctor; 0 the colatitude; <f> the longitude. Lot 
p, tsr, V be the velocities radially, and along and ptupondieular to the meridian 
respectively. Then the expressions for p, tsr, v will bo precisely the same 


as those for a, 7 in (8), 


save that for 


d 

d/c 


we n\ust put 


dr’ 


and for 


^ _A- 

dz* rd6* 


d d 
dy’ rsin 6d^’ 


* The oa.se of § 815 in ThomHon and Tait’n Natural JPhiloaophy is a spooial case of this, 
t The introduction of the eHeots of gravitation may be also carried out synthetically, as is 
done by Sir W. Thomson (§ 840, Natural PhilosopJiy); but the effects of the lagging of the tide- 
vwLve render this method somewhat artificial, and I prefer to exhibit the proof in the manner 
here given. Conversely, the elastic problem may be solved as in the text. 
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FORM OF THE FREE STOFACB. 


[1 


Then after some reductions we hare 


P”2(i-l)[2(i + l)» + l]i/ * 

id + 2)0° - a - l)(i + 3) , dr£i I 

2(t-l)[2(t + l)* + l]v de f 


i(i+ 2)a^ — (i— l)(i-h3)r^ (iT^ 
2(i-l)[2(i + l)« + l]v 

where Ti=t.(s,-2^|^§). 


( 10 )* 


These equations for /o, tr, v give us the state of internal flow corresponding 
to the external disturbing potential r'^S.g, including the effects of tho mutual 
gravitation of the matter constituting the spheroid. 


3. TAe form of the free mrfobce at any time. 

If p' be the surfleice value of /o, then 

Hence after a short interval of time the equation to tho boimding 
surfixco of the spheroid becomes r=sa+ + but during this siinic 

d<ri ^ 

-^Kw 
i (pi + 1) 


interval, a-i has become ^ ht, whence 


or 


dt ~ 

da-i . 


wcu 


i+1 


2(i-l)[2(i + l)» + l] V 




2(i-hl)‘'+l V 


awu- 
- o-i 


dt 2(i + l)s-fl V 


gwa 

• - /T • — = 


= 


1 ) 


ww 


i+1 


2(»-l)[2(i + l)? + l] V 


Si ....(11) 


This differential equation gives the manner in which the surface changes, 
under the influence of the external potential r^Sf. 

If Si he not a function of the time, and if Si be the value of vi when t—0, 

,, ) (12)t 


2i-)-l a^Si r_ ( —gwwit N"! , [ 


i,[2(i + l)'+l]i 


When t is infinite 


CTi^ 


a^Si 


.(13) 


2(^-1) g 

and there is no further state of flow, for the fluid has assumed the form 


* There seems to be a misprint as to the signs of the (ffir’s in the second and third of 
equations (IB) of § 8B4 of the Nattiral Philosophy (1867). When this is corrected /u. and v admit 
of reduction to tolerably simple forms. It appears to me also that the differentiation of p in (15) 
is incorrect; and this falsifies the argument in three following lines. The correction is not, 
however, in any way important. 

t I write “exp” for “e to the power of.” 
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which it would have done if it had not been viscous. This result is of course 
in accoixiance with the equilibrium theory of tides. 

If be zero, the equation shows how the inequalities on the surfiice of a 
viscous globe would gradually subside under the inftuence of simple gravity. 
Wo see how much more slowly the change takes place if i be large ; that is 
to say, inequalities of small extent die out much more slowly than wide- 
spread inequalities. Is it not possible that this solution may throw some 
light on the laws of geological subsidence and upheaval ? 


4. Dif/ression on the a(lju>fitm.ents of the eaHh to a foim of equilihrium. 

In a fonneu' paper I had occasion to refer to some points touching the 
procession of a viscous spheroid, and to consider its rate of adjustment to a 
now form of cvpiilibriuui, when its axis of rotation had come to depart from 
its axis of symmetry*. I propose then to discuss the subject shortly, and to 
establish the law which was there assumed. 

Suppose that the oai*th is rotating with an angular velocity a> about the 
axis of z, but that at the instant at which we commence our consideration 
the axis of symmetry is inclined to the axis of z at an angle a in the plane of 
and that at that instant the equation to the free surface is 

r = a{l +^m ( J - [cos a cos ^ sin a sin ^ cos ^]®)} 
where m is the ratio of centrifugal force at the equator to pure gravity, and 
therefore equal to ^ . 

TIkui putting i = 2 in (12), and dropping the suffixes of S, s, <r. 

Wo may conceive the earth to be at rest, if we apply a potential 

i (} — cos® 6) 

HO that S = — cos® 

By (12) we have 

2wg(i 

Then, Bubatituting for S and s, and putting « = 

c = \ma {(i - cos® d) [1 - exp (- let)] 

+ (^ — [cos 0 COB ^ -t- sin a sin 6 cos exp (— /rf)} 

* “On the Influence of Geological Changes on the Barth's Axis of Botation,” Jhil. Tram., 
VoL 167, Bart i., sec. 6. [To be included in Vd. m. of these Collected Bapera] 
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Now [1 - exp (- Kt)] cos^* ^ -f exp (- ict) (cos a cos 0 + sin a sin 6 cos 
= cos® ^ [1 — sin® a exp (— Mt)] + sin® a sin® 6 cos® ^ exp (— Kt) 

-f 2 sin a cos a sin ^ cos 6 cos ^ exp (— tct) 

Therefore the Cartesian equation to the spheroid at the time i is 

- sin® a exp (-/c^)) 

+ a?® sin® a exp (— icf) -f ixz sin a cos a exp (— Kt)] 
or a?® {1 + sin* a exp (- id)] + j/® + {1 +-1^ (1 — sin® « exp (— /icO)} 

+ 5w^ sin a cos a xz exp (— Kt) = (t? (1 + 

Let a' he the inclination of the principal axis at this time to the axis 
of then 

1 — 2sin®aexp (— Kt) 

If a be small, as it was in the case I considered in my former paper, then 
o' = a exp (— Kt) and ^ 

Therefore the velocity of approach of the principal axis to the axis of 
rotation varies as the angle between them, which is the law tissumod. 

Also ^ bhat k (the v of my former paper) varies inversely trs 

the coefficient of viscosity, — as was also assumed. 


5. Bodily tides in a viscous earth*. 

The only case of interest in which Si of equation (11) is a function of the 
time, is where it is a surfiice harmonic of the second oixier, and is periodic in 
time \ for this will give the solution of the tidal problem. Since, moreover, 
we are only interested in the case where the motion has attained a pennaneiitly 
periodic character, the exponential terms in the solution of (11) may be sot 
aside. 

Let Sa = S cos {vt -h 17 ), and in accordance with Thomson’s notation"|“, lot 

^ = g, and = and therefore = 

5a ® 6w;a® 19i; X 

* In certain oases the foioes do not form a rigorously equilibrating system, hut there is a 
very small couple tending to turn the earth. The effects of this unbalanced couple, which varies 
3 171 

as the square ^ ^ considered in a succeeding paper [Paper 3] on the ‘‘ Precession of 

a Viscous Spheroid.’* (Read before the Royal Society, December 19th, 1878.) 

+ Natural Philosophy ^ § 840, eq. (27). 
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Thua putting ■1=2 in (11), and omitting the suffix of <r for brevity, 
we have 




! ^ S cos (ot + 1?) (14) 


It IB evident that o* must be of the form A cos('i;^*4-B), and therefore 
A {— sin (v^ + B) + g cos (yt 4- B)} = aS cos {vt 4- 7/) 




or if we put tan ^ ~ > 


Ag see e cos 4* B 4 €) = aS cos {vt 4 •q) 


Hence A = S cos e, mid B = 77 — e. 

Therefore the solution of (14) is 

(r = ^ScosecoH(fli+ij — e) 

, , 19u«) 

whci'e tail e = ■— = x • 

S 2ffaw 

But if the globe were a porfeot fluid, and if the oquilibrium theory of 
tides worn true, we should have by (13), 

<r co8(®t +»7) = ^*cos(ii< + ij) 

Thus wo sue that the tides of the viscous sphere are to tho equilibrium 
tides of a fluid sphere as cos e : 1, and that there is a retardation in time 

of 

V 

A parallel investigation will be applicable to the general case whore tho 
disturbing potential is Si cos («t +■)?); and the same solution will bo 

found to hold save that wo now have tau 6 = , and that in 


.(15) 


, , 2('i-l)flr 

place of g we have (gi+iyii- 


gam 


6. Diminution of ocean tides on equilib-imi tlieofg. 

Suppose now that there is a shallow ocean on the viscous nucleus, and 
let us find the effects on the ocean tides of tho motion of tho nucleus 
according to the equilibrium theory, neglecting tho gravitation of tho water. 

The potential at a point outside tho nucleus is 

y ^4 ^<7 (^y <r + i-^S cos (^;f + ,,) (16) 

and if this be put equal to a constant, we get the fonii which tho ooosin 



14 
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must assume. Let r=ii + u be the equation to the surfiwe of the ocean. 
Then substituting for r in the potential, and neglecting u in the small terms, 
and equating the vhole to a constant, we find 

—g'u, +^g<r + a’S cos {vt+ri) = 0 

or ?^ = f<r + ~-Scos(2;;t + 97) 

9 

But the rise and fall of the tide relative to the nucleus is given by w — <r, and 
— O- = — cos + -17) — I (T 

= J ^ [cos(i;^ + 17) — cos € cos + 97 — e)] 

aS 

= -^~-sin€sin(«;i+77-€) (17) 

Now if the nucleus had boon rigid, the rise and fall would have boon 
given by 

aS 

I ~ cos (^vi 4-77) = H cos (vt + rj) suppose 

Therefore w - o- = - H sin e sin 4- »7 - e) ( 18 ) 

Hence the apparent tides on the )dolding nucleus arc equal to the tides 
on a rigid nucleus reduced in the proportion sin e : 1 ; and since 

- sin(t;^-f- 77 ~ 6 ) = cos(t;i+ 77 4 .,} 7 r-€) 

they are retarded by ~ (e — -J^). As e is necessarily less than this is 

equivalent to an acceleration of the time of high water equal to - - e). 

It is, however, worthy of notice that this is only an acceleration of phase 

relatively to the nucleus, and there is an absolute retaidation of phjiso equal 

, ,3 sin € cos € 

to arc-tan . 

0-1-2 cos® 6 


7 . Semidiurnal and fortnightly tides. 

Let the axis of z be the earth’s axis of rotation, and let the plane of cxig 
be fixed in the earth ; let c bo the moon’s distance, and on its mass. 

Suppose the moon to move in the equator with an angular velocity <0 
relatively to the earth, and let the moon’s terrestrial longitude, measured 
irom the plane of xg, at the time t be G>t 

Then at the time t, the gravitation potential of the tide-generating force, 
estimated per unit volume of the eaith’s mass, is 

" i ^ - sin® e cos® (^ - ©0} 
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which is equal to 

f wr^ (-J - cos® ^) + “2 ^ wi^ {sin® 6 cos cos 2a)t + sin® 6 sin 2<jb sin ^cat] 

The first term of this expression is independent of the time, and therefore 
produces an effect on the viscous eai*th, which will have died out when 
the motion has become steady; its only effect is slightly to increase the 
ellipticity of the earth’s surface. 

The two latter terms give rise to two tides, in one of which (according to 
previous notation) 

Vii 

S cos (vt + r?) = I ^ cos 20 cos 2©^ 
aud iu the second of which 


S(iOB(vt + 7i) = — ^ sitf d sin (2“^ + iw) 


Now e, which depends on the frequency of the tido-gonorating potential, 
will clearly be the same for both these tides; and therefore they will cjich be 
equal to tho corresponding tides of a fluid spheroid, reduced by the same 
amount and subject to the same retardation. They may therefore be 
rocompounded into a single tide; aud since v will hero be equal to 2a), it 

follows that tho rctaixlation of tho bodily soimdiurnal tide is whoro 

tau e = . Also the height of tho tide is less than the corrospoud- 

ing equilibrium tide of a fluid spheroid in tho proportion of cos e to unity. 


Similar-ly by section (6) the height of the ocean tide on the yielding 
nucleus is given by the corresponding tide on a rigid nucleus multiplied by 

sin €, and there is Jin acceleration of relative high water equal ^ 9 ^ • 

The Ciise of the fortnightly tide is somewhat simpler. 


If Qi bo the moon’s orbital angular velocity, and I the inclination of the 
plane of the orbit to the oaith’s equator, then tho part of the tide-generating 
potential, on which tho fortnightly tide dej)eiids, is 


S la I (i ~ 2fl4 

and wo see at once by sections (5) and (G) that tan e = • The bodily 

tide is the tide of a fluid spheroid multiplied by cos e ; the reduction of ocean 
tide is given by sin e ; and there is a time-acceleration of relative high water 

of ^ or - of a week. 

412 212 TT 

In order to make the meaning of tho previous analytical results clearer, I 
have formed the following numerical tables, to show tho effects of this hypo- 
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thesis on the semidiurnal and fortnightly tides. The coefficient of viscosity 
is usually expressed in gravitation units of force so that the formula for € 

becomes, tan 6= . In the tables v is expressed in the centimotre- 

giamme-second system, and in gravitation units of force; a is taken as 
G'S? X 10®, and w as 6*5, and the angular velocity o of the moon relatively to 
the earth as '0000*7025 radians per second. 

With these data I find v = lO"^ x 2'625 tan c. As a standard of compm'ison 
with the coefficients of viscosity given in the tables, I may mention that, 
according to some rough experiments of my own, the viscosity of British pitch 
at near the freezing temperature (34° Fahr.), when it is hard and brittle, is 
about 10® X 1*3 when measured in the same units. 


Lunar Semidiurnal Tide 

CoeMcient 
of viscosity 

X 10-10 

(vx 10-10) 

Retardation 
of bodily tide 

ii) 

Height of 
bodily tide is 
tide of 

dnid spheroid 
multiplied by 

(cos e) 

Height of 
ocean tide is 
' tide on 
rigid nnoleuB 
multiplied by 

(sine) 

High tido 
relatively to 
viscous nuoloiis 
accelerated by 

uV4 

Fluid 0 

46 

96 

152 

220 

313 

455 

721 
1,488 
Rigid CO 

Era. min. 

0 0 

0 21 

0 41 

1 2 

1 23 

1 44 

2 4 

2 25 

2 46 

3 6 

1-000 

•986 

•940 

•866 

•766 

•643 

•600 

•342 

•174 

•000 

•000 

•174 

•342 

•600 

•643 

•766 

•866 

•940 

•986 

1-000 

Hi’s. min. 

3 6 

2 46 

2 25 

2 4 

1 44 

1 23 

1 2 

0 41 

0 21 

0 0 

Fortnightly Tide 


Days Rrs. 



Days hrs. 

Fluid 0 

0 0 

1-000 

•ooo 

3 10 

1,200 

0 9 

•986 

•174 

3 1 

2,600 

0 18 

•940 

•342 

2 16 

4,000 

1 3 

•866 

•500 

2 6 

5,800 

1 12 

•766 

•643 

1 21 

8,300 

1 21 

•643 

•766 

1 12 

12,000 

2 6 

•500 

•866 

1 3 

19,000 

2 16 

•342 

•940 

0 18 

39,300 

3 1 

•174 

•985 

0 9 

Rigid 00 

3 10 

•000 

1-000 

0 0 


1 now pass on to a case which is intermediate between the hypothesis of 
Sir W. Thomson and that just treated. 
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ELASTIOO-VLSOOXTS TIDES. 


ir 


8. Tlie tides of an elastico-viscous spli&'oid. 


The ten'll elastico-viscous is used to denote that the stresses requisite to 
maintain the body in a given strained configuration clocrease the longer the 
body is thus constrained, and this is undoubtedly the ciisc with many solids. 
In the pai*ticubxr aise which is here treated, it is {lasuined that the stresses 
diminish in geometrical prognmon, as the time increaHCs in arithmetical 
progression. If, for example, a cubical block of the substance bo strained to 
a given amount by a shearing stress T, and maintained in that position, then 

after a time t, the shearing stress, is Texp ^ incasuros the 

nxte at which the stre^ss falls off, and is cjxlled (1 beli(^-vci by Profossoi* Maxwell) 
‘‘the modulus of the time of relaxation of rigidity”; it is the time in which 
the initial stress hjis been roduccid to e“' or *3()79 of its initial value. I do 
not suppose, however, that any solid conforms (exactly to this law; but I con- 
ceive that it is often useful in phyaicixl problems to (liscuss luatheinaticixlly an 
ideal case, which presents a sufficiently marked likonoas to the reality, where 
we arc unable to deteiriniuo cxtxctly what that reality maybe. 


Mr J. G. Butcher has found the o(|uafeions of motion of such an ideal 
substance from the consideration that the elasticity of groups of inoloculos is 
continually breaking down, and that the groups rearrange thomsolvt>s after- 
wards^. Thoso considerations Ivmi him to the following results for the 
stn*iSsos ixcross rectangular plaiu^s at any point in the interior, viz. (with the 
notation of § 1); 


P = (m — ?x) 8 + 2n 




and similar exprc‘.ssions for Q, K, T, IT; where m — Jw is tlu‘. coefficient of dila- 
tation, n that of rigidity, S the dilatation, ari<l a, )8, 7, the components of flow. 

These oxpnissions are clearly in acconlanci^ with the above dofinition of 
clastieo-viHCosity. for = «■ ('f + ■ 

If the expressions for S, &c., be substitiitcid in th(i ccpiations of equi- 
librium of the elementary parallelopiped, it is found by aid of the equation of 


continuity ^ ^ when inertia is neglected 


(1 


dr. dy 

dy 
dt 




1 + X = | 


and two similar equations. 


* Proc. Lontl. Math, Sor., Doc. 14, 1876, pp. 107-9. It Booms to mo that the hypothoflis ought 
to represent the elastico-viflooflity of ico very closely. 


D. 11. 


9 
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By tke same reasoning as in § 1, we may put, 8 = equations 

become ^ , . 

_ IT- + 41 ^ -n V“al + X = 0 

Then supposing the substance to be incompressible, so that m is infinitely 
large compared to n, and therefore mn- m-in is unity, the equations become 

and two similar equations. 

Now these equations have exactly the same form as those for the motion 
of a viscous fluid, save that the coefficient of viscosity u is replaced y 

We may therefore at once pass to the differential equation 
\ t 

(11) which gives the form of the surfeoe of the spheroid at any time. 
Substituting, therefore “ S®* 




i gwa] ^ i 9^ 

2(i + l)> + l irj di"^2(i + l)® + l nt 

t(2i + l) 


(Ti 


/I 




“2(i-l)[2(i + l)®+l] n 

This equation admits of solution just in the same way that equation (11) was 
solved ; but I shall confine myself to the case of the tidal problem, where i = 2 
and Si = S cos (vt + v)- Iji ^^^® eq^^a^on becomes 

/ <igwa\ ^ 2 ^ 0- = — T- cos (vt + 7 ,)-v sin (vt + v)\ S 

19 »iLt -I 

And if we put ^ + 1 = i , tan = «t, and g = || , this may be written 


da- h vah 
di t ‘^“gsin^fr 


S cos (‘tJt + rj + >fr) 


In the solution appropriate to the tidal problem, we may omit the expo- 

vt 

nential term, and assume o- = A cos {vt + B). Then if we put tan X = 


f cr= : 4 ^cos(irf + B + ;X) 


dt^t~ sin X 

Whence it follows that B = 17 -I- and 


a , sin V a cos y 
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ELASTICO- VISCOUS TIDES. 


Honce tho bodily tide of the elastico-viscous spheroid is equal to the equi- 
librium tide of a fluid spheroid multiplied by > and high tide is retarded 

by X - 


The formula for tan ^ ^nay be expressed in a somewhat more convenient 
form ; we have tan = vt, and therefore tan x - tan 'xjr -1- • 


But nX is tho coefficient of viscosity, and in treating the tides of the purely 

19v 

viscous spheroid wo put t<an e = « x coefficient of viscosity ; therefore 

iwiopting the same notation hero, we have tan x = tan ‘xjr + tan e. 


If tho modulus of relaxation t be zero, whilst the coefficient of rigidity n 
bcicomos infinite, but nt finite, tho substance is purely viscous, and we have 
yjr sssO and ^ = e, so that the solution reduces to the case already considered. 
If t bo infinite, the substance is purely elastic, and we have % = 4*^“ 

and since therefore 

cos sin Y 

(r=: — Sco8(vt-hv) 

S 

Bnt. app<ii'(linpf to Thoinson’s notation* ^ *^**^*’ ^ 

wliich is tho solution of Thomson’s problom of the purely elastic spheroid. 

The present solution embraces, therefore, both the case considered by him, 
and that of the viscous spheroid. 


9. Ocean tides on an elastico-mscom nvdeus. 

li r = (t+u be the equation to the ocean spheroid, we have, as in sec. (6), 
that the height of tide relatively to the nucleus is given by 

M - cr = — S cos (■»* + 17 ) “ 

9 

and substituting the present value of a-, 

M-<r = ^|S |^cos(i;« + 97)-|^-oos(««+97 + t-X)] 

ag sin(x: |^)3in(,f+^,^) 

g COST|r 

If the nucleus had been rigid the rise and fall would have been given by 


Natural Phikaophy, § 840. 


2—2 
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H COS {yt + »j), where H = f ^ S ; therefore on the yielding nucleus it is 
given "by 

^ — H — ^ . ^ sin {U +rj — x) 
cos ^ ^ A./ 

= — H cos % (tan % — tan ^Jr) sin — 

= — Hcos ;^tan€sm(i;^+9; — 


Hence the apparent tides on the yielding nucleus are equal to the correspond- 
ing tides on a rigid nucleus reduced in the proportion of cos x l^a-n € to unity, 
and there is an acceleration of the time of high water equal to (-J-tt — x)/'^- 

As these analytical results present no clear meaning to the mind, I have 
compiled the following tables. In these tables I have taken the two cases 
considered hy Sir W. Thomson, where the spheroid has the rigidity of glass, 
and that of iron, and have worked out the results for various times of 
relaxation of rigidity, for the semidiurnal and fortnightly tides. The last 
line in each division of each table is Thomson*s result. 


Spheroid with Rigidity of Glass (2’44 x Ky*). 


Lunar Semidiurnal Tide 

L£odalQS of 
relaxation of 
rigidity 
(t) 

Coefficient of 
viscosity 
(?itx 10-10) 

Ocean tide 
is tide on rigid 
nuoleas 
mnltiplied by 
(cos X tan e) 

High tide 
relatively to 
nucleus is 
accelerated by 

(i'-x); 

Hrs. 



Hrs. min. 

Fluid 0 

0 

•000 

3 6 

1 

88 

•266 

1 44 

2 

176 

•342 

1 3 

3 

264 

•370 

0 46 

4 

361 

•382 

0 34 

5 

4:^9 

•388 

0 28 

Elastic Qo 

C30 

•398 

0 0 

Fortnightly Tide 

Days hrs. 



Days hrs. 

Fluid 0 0 

0 

■000 

3 10 

0 6 

600 

•099 

2 21 

0 12 

1,100 

■181 

2 9 

1 0 

2,100 

■285 

1 16 

2 0 

4,200 

■367 

1 0 

3 0 

6,300 

■379 

0 16 

Elastic 00 

00 

•398 

0 0 
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Spheroid with Rigidity of Iron (7*8 x 10®). 


Lunar Semidiurnal Tide 

Modulus 



Reduction 

Acceleration 

of 


Viscosity 

of 


of 

relaxation 


ocean tide 

high water 

Hre. min. 



Hrs. 

min. 

Fluid 0 

0 

0 

•000 

3 

6 

0 

30 

140 

•420 

1 

47 

1 

0 

280 

•573 

1 

7 

2 

0 

560 

•647 

0 

36 

3 

0 

840 

■665 

0 

25 

Elastic 00 


00 

•679 

0 

0 

Fortnightly Tide 

Days hrs. 



Days hrs. 

Fluid 0 

0 

0 

•000 

3 

10 

0 

6 

1,700 

3,400 

•294 

2 

11 

0 

12 

•470 

1 

18 

1 

0 

6,700 

•602 

1 

1 

2 

0 

13,500 

•657 

0 

13 

3 

0 

20,200 

•669 

0 

9 

Elastic 00 


GO 

•679 

0 

0 


I may remind the reader that the modiiluH of relaxation of rigidity is the 
time in which the stress requisite to retain the body in its strained con- 
figuration falls to %368 of its initial value. 


10. The inf/iience of inertia. 

In establishing these results iiieHia has been neglected, and I will now 
show that this neglect is not such as to materially vitiate iny results*. 

Sxqjpose that the spheroid is constrained to execute such a vibmtion jis it 
would do if it wore a perfect fluid, and if the equilibrium theory of tides were 
true. Then the effective forces which arc the equivalent of inortia, accord- 
ing to D’Alembert’s principle, ai'e found by multiplying the acceleration of 
each particle by its mass. 

Inertia may then be safely neglected if the effective force on that particle 
which has the greatest amplitude of vibration is small compared with the 

* In a future paper (read on December 19th, 1878) [Paper 4] I shall give an approximate 
solution of the problem, inclusive of the efiects of inertia. 
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tide-generating force on it. In the case of a viscous spheroid, the inertia 
•will have considerably less effect than it would have in the supposed con- 
strained oscillation. 

Now suppose wc have a tide-generating potential S cos {vt -h rf), then, 
according to the equilibrium theory of tides, the form of the surface is 
given by 

0*=^ S cos(t?«+ 1?) 

and this function gives the proposed constrained oscillation. It is clear that 
it is the particles at the surface which have the widest amplitude of oscillation. 
The effective force on a unit element at the surface is 


(ZV 5a^ ... V 


But the normal disturbing force at the surface is 2wa S cos {vt + »;). There- 
fore inertia may be neglected if ^ wv^ is small compared with or if 

is a small fiactioa The tide of the shortest period with which wc have 
^9 

to deal is that in which « = 2®, so that we must consider the magnitude of 


the fiaction 4 x . If a> were the earth’s true angular velocity, instojul of 

its angular velocity relatively to the moon, then would be the ellipticity 

of its surfe.ee if it were homogeneous. This ellipticity is, as is well known, 
Hence the fraction, which is the criterion of the negligeability of 
inertia, is about 


If, then, it be considered that this way of looking at the subject certainly 
exaggerates the influence of inertia, it is clear that the neglect of inertia is 
not such as to materially vitiate the results given above. 


A Tidal Yielding of the Eabth’s Mass, and the 
Canal-theory of Tides. 

In the first pai*t of this paper the equilibrium theory has been used for 
the determination of the reduction of the height of tide, and the alteration of 
phase, due to bodily tides in the earth. 

Sir W. Thomson remarks, with reference to a supposed elastic yielding of 
the earth’s body : “ Imperfect as the comparisons between theory and obser- 
vation as to the actual height of the tides have been hitherto, it is scarcely 
possible to believe that the height is in reality only two-fifths of what it 
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would be if, as has been universally assumed in tidal theories, the earth were 
perfectly rigid. It seems, therefore, nearly certain, with no other evidence 
than is afforded by the tides, that the tidal effective rigidity of the earth 
must bo greater than that of glass*.” 

The equilibrium theory is quite fallacious in its explanation of the semi- 
diurnal tide, but Sir W. Thomson is of opinion that it must give approximately 
connect results for tides of considerable period. It is therefore on the observed 
amount of the fortnightly tide that he places reliance in drawing the above 
conclusion. Under these circumstances, a dynamical investigation of the 
effects of a tidal yielding of the earth on a tide of short period, according to 
the Ciinal theory, is likely to be interesting. 

The following investigation will be applicable either to the ciisc of the 
earth’s mass yielding through elasticity, phisticity, or viscosity; it thus 
embraces Sir W. Thomson’s hypothesis of ehisticity, ns well as mine of 
viscosity and clastico-viscosity. 


11. Semidmrml tide in an eqiuttovial canal on a yicldimj nucleus. 

I shixll only consider the simple cixse of the moon moving uniformly in the 
e(piator, and raising tide waves in a narro>v shallow equatorial canal of 
depth h. 

The potential of the tide-generating force, as far tis concerns the present 

TV*® 

inquiry, is, with the old notation, ^ sin® 6 cos 2 ((;f) — (ot)^ where r = -il- - . 

This force will raise a bodily tide in the earth, whether it bo elastic, plastic, 
or viscous. Suppose, then, that the greatest range of the bodily tide at the 
equator is 2E, and that it is retarded after the passage of the moon over the 
meridian by an angle ^e. Then the equation to the bounding surface of the 
solid earth, at the time t, is r = a -i- E sin® 6 cos [2 - (ct) + e] ; or with 

former notation <r = E sin® 6 cos [2 (<^ — oot) -f e]. 

The whole potential V, at a point outside the nucleus, is the sum of the 
potential of the earth’s attraction, and of the potential of the tide-generating 
force. Therefore 

V=gf?- + Esin® 0 cos [2 -1- e] + J ^ sin® 0 cos 2 (<^ — cot) 

V cv" a** 

= ^ - + {F cos [2 ((ji — ®<) + e] + G sin [2 (<^ — at) + e]} ^ sin® 6 
T* a* 

where F = cos e, G = sin e. 


Natural Phil 080 phyt § 84B. 
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Sir George Aiiy shows, in his article on “Tides and Waves” in the 
Eihcyclopcedia Met^vpoUtana, that the motion of the tide-wave in a canal 
running round the earth is the same as though the canal were straight, and 
the earth at rest, whilst the disturbing body rotates round it. This simplifi- 
cation will be applicable here also. 

As before stated, the -canal is supposed to be equatorial and of depth L 

After the canal has been developed, take the origin of rectangular co- 
ordinates in the undisturbed surface of the water, and measure x along the 
canal in the direction of the moon's motion, and y vertically downwards. 

We have now to transform tho potential V, and the equation to the 
surface of the solid earth, so as to make them applicable to tho supposed 
development. If v be tho velocity of the tide-wave, then wa = v ; also the 
wave length is half the circumference of the earth's equator, or ira ; and let 
m = 21 a. Then we have the following transformations : 

6 — ^ = ^mas, r = a -f A — y 

Also in the small terms we may put r = a. Thus the potential becomes 
V = const. -1- gry + F cos [m (a? — t;^) + e] H- G sin [m (x — vt) -H e] 

Again, to find the equation to the bottom of tho canal, we have to 
transform the equation 

r = a + E sin® 6 cos [2 {<j> — xt) + e] 

If y' be the ordinate of the bottom of the canal, con-esponding to the 
abscissa a?, this equation becomes after development 

y' = A — E COB lm(x — vt) -h e] 

We now have to find the forced waves in a horizontal shallow canal, under 
the action of a potential V, whilst the bottom executes a simple harmonic 
motion. As the canal is shallow, the motion may be treated in the same way 
as Professor Stokes has treated tho long waves in a shallow canal, of which 
the bottom is stationary. In this method it appears that tho particles of 
water, which ai*e at any time in a verticixl column, remain so throughout the 
whole motion. 
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Suppose, then, that a; + f = a;' is the abscissa of a vertical line of particles 
PQ, which, when undisturbed, had an abscissa ai. 

Let 1) be the ordinate of the sur&ce corresponding to the abscissa to'. 

Let pq be a neighbouring line of particles, which when undisturbed were 
distant from PQ by a small length k. 

Conceive a slice of water cut off by planes through PQ, pq perpendicular 
to the length of the canal, of which the breadth is b. Then the volume of 
this slice is 6 x PQ x Nn. 

Now PQ = A — E cos [m(«' - Df) + e] -i; 

and N'Ji = & ^1 + 

Hence treating E and tj as small comjHxrcd with h, the volume of the 
slice is 

^ f " 1} 

But this same slice, in its undisturbed condition, had a volume bhk. 
Therefore the equation of continuity is 

97 =a A ^ ~ E cos [m (w* — vt) + e] 

Now the hydrodynamical equation of motion is approximately 

dx' daf dt^ 


The difference of the pressures on the two sides of the slice PQqp at any 
depth is N71 X and this only depends on the difference of the depressions 
of the wave surface below the axis of x on the two sides of the slice, viz. at V 
mdp. ThusJ>=-flrS. 


Substituting then for rj from the equation of continuity, and obseiwing 
that is vei7 nearly the same Jis , we have as the equation of wave 
motion, 


, , A\ , T dY . d^^ 


dY 


But ^ = — F sin [m (»' — wt) + e] + to G cos [to (of — vt) + c] 
So that 
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In obtaining the integral of this equation, we may omit the ternis which 
are independent of G. F, E, because they only indicate free waves, which may 
be supposed not to exist. 

The approximation will *i1bo be sufficiently close, if « be written for on 
bhe right hand side. 

Assume^ then, that 

f = A cos [m (a- -■««) + e] + B sin [m (a - vt) + e] 

By substitution in the equation of motion and omitting m (m -vt)+€ for 
brevity, we find 

gh) {A cos + B sin} == m {G cos - (F - Er;) sin} 

And as this must hold for all times and places, 

Q - sin 6 

~ “ TO («• - gh) 2 ( 0 * 0 )= — gh) 

F — ]^_ _ o( ^T cos e— IffE) 

2(aW-gh) 

In the case of such seas as exist in the earth, tho tide-wave travels faster 
t.V,an the firee-wave, so that oW is greater than gh; and the denominators ol 
A and B are poffitive. 


We have then 

But the present object is to find the motion of the wave-surface relatively 
to the bottom of the canal, for this will give tho tide relatively to tho dry 
] a;nA , Now the height of the wave relatively to the bottom is 
PQ = /i — E cos [to (a; — •wi) + e] — 


2 “ -7/r « - lO'®) <^0® + i’' ® 

Hence reverting to the sphere, and putting a for (i + h,y/e got as the equation 
to the relative spheroid of which the wave-surface in the equatorial canal 
forms part 

r=: a — cos 2 (^ — cot) — ffifE cos [2 (<^ - cot) + e]] 

d^GCr — (jfh 

But according to the equilibrium theory, if V has tho same form jxs above, viz. 

^Esin*^cos[2 (<jb — cot) •+ sin* ^ cos 2 (^ - cot) 

and if r — a + M be tho equation to the tidal spheroid, we have, as in Part i., 

u = {Jt cos 2 (^ - (ot) + iJg'E cos [2 {<f> - out) -1- e]} 

0 
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and the equation to the relative tidal spheroid is 
r = a+ u— <r 
sin® 0 

ss a-\ {-^T cos 2 (^ — oi)t) — f i/E cos [2 — <at) + e]] 

9 

Now either in the case of the dynamical theory or of the equilibrium 
theory, if E be put equal to zero, we get the equations to the tidal spheroid 
on a rigid nucleus. A comparison, then, of the above equations shows at once 
that both the reduction of tide and the acceleration of phase are the same in 
one theory as in the other. But where the one gives high water, the other 
gives low water. The result is ai)plicablo to any kind of supposed yielding of 
the earth’s mass ; and in the special case of viscosity, the table of results ft)r 
the fortnightly tide at the end of Part i. is appliciible. 


III. 

Summary and Conclusions. 

In § 1 an analogy is shown between problems about the stiito of strain of 
incompressible clastic solids, and the How of incompressible viscous fluids, 
when inertia is neglected; so that the solutions of the one class of problems 
may be made applicable to the other. Sir W. Thomson’s problem of the 
bodily tides of an elastic sphere is then adapted so as to give the bodily tides 
of a viscous spheroid. The adaptation is i*endered somewhat complex by the 
necessity of introducing the effects of the mutual gravitation of the parts of 
the spheroid. 

The solution is only applicable where the disturbing potential is capable 
of expansion as a series of solid harmonics, and it appe^irs that each harmonic 
term in the potential then acts as though all the othem did not exist; in 
consequence of this it is only necessary to consider a typical term in the 
potential. 

In § 3 an equation is found which gives the form of the free surface of the 
spheroid at any time, under the action of any disturbing potential, which 
satisfies the condition of expansibility. By putting the disturbing potential 
equal to zero, the law is found which govornH the subsidence of inequalities 
on the surface of the spheroid, under the infiuonce of mutual gravitation 
alone. If the foiin of the surface be expressed as a series of surface harmonics, 
it appears that any harmonic diminishes in geometrical progression as the 
time increases in arithmetical progression, and harmonics of higher orders 
subside much more slowly than those of lower orders. Common sense, indeed, 
would tell us that wide-spread inequalities must subside much more quickly 
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than wrinkles, but only analysis could give the law connecting the rapidity of 
the subsidence with the magnitude of the inequality*. 

I hope at some future time to try whether it will not be possible to throw 
some light on the formation of parallel mountain chains and the direction of 
faults, by means of this equation. Probably the best way of doing this will be 
to transform the surface harmonics, which occur here, into Bessel's functions. 

In § 4 the rate is considered at which a spheroid would adjust itself to a 
new form of equilibrium, when its axis of rotation had separated from that of 
figure; and the law is established which was assumed in a previous paper f. 

In § 5 I pass to the case where the disturbing potential is a solid harmonic 
of the second degree, multiplied by a simple time harmonic. This is the case 
to be considered for the problem of a tidally distorted spheroid. A remark- 
ably simple law is found connecting the viscosity, the height of tide, and the 
amount of lagging of tide; it is shown that if v be the speed of the tide, and 
if tan e varies jointly as the coefficient of viscosity and u, then the height of 
bodily tide is equal to that of the equilibrium tide of a perfectly fluid spheroid 

multiplied by cos e, and the tide lags by a time equal to - . 

It is then shown (§ 6) that in the equilibrium theory the ocean tides on 
the yielding nucleus will be equal in height to the ocean tides on a rigid 
nucleus multiplied by sin e, and that there will be an acceleration of the time 

of high water equal ^ • 

The tables in § 7 give the results of the application of the preceding 
theories to the lunar semidiurnal and fortnightly tides for various dogreos of 
viscosity. A comparison of the numbers in the first columns with the viscosity 
of pitch at near the freezing temperature (viz,, about 1*3 x 10®, as found by 
me), when it is hard, apparently solid and brittle, shows how enormously still’ 

* On this Lord Rayleigh remarks, that if we consider the problem in two dimensions, and 
imagine a nuneber of parallel lidges, the distance between which is X, then inertia being neglected, 
the elements on which the time of subsideuoo depends are guo (force per unit mass due to weight), 
u the ooeMoient of viscosity, and X. Thus the time T must have the form 

T: = {0w)*vVX= 

The dimensions oi gw, VjX are respectively ML~iT“i, L ; hence 

a;-l-y = 0 
- 2a:-y + 5=0 
-2a:-y = l 

And a?=: - 1, w=l, s= - 1, so that T varies as . 

gw\ 

If we take the case on the sphere, then when i, the order of harmonics, is great, X compares 

with ? : so that T varies as — . 
t gwa 

t P/«7. Trant{», Vol. 167, Part i., sec. 6 of my papei*. [To be included in Vol. in. of those 
oolleoted papers.] 
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the earth must be to resist the tidally deforming influence of the moon. For 
unless the viscosity were very much larger than that of pitch, the viscous 
sphere would comport itself sensibly like a perfect fluid, and the ocean tides 
would be quite insignificant. It follows, therefore, that no very considerable 
portion of the interior of the earth can even distantly approach the fluid state. 

This does not, however, seem to bo conclusive against the existence of 
bodily tides in the earth of the kind here considered; for although (as 
remarked by Sir W. Thomson) a very great hydrostatic pressure probably 
has a tendency to impart rigidity to a substance, yet the very high tempera- 
ture which must exist in the earth at a small depth would tend to induce a 
sort of viscosity — at least if wo judge by the behaviour of materials at the 
earth’s surface. 

In § 8 the theory of the tides of m imperfectly elastic spheroid is developed. 
The kind of imperfection of ehxaticity considered is whore the forces requisite 
to maintain the body in any strained configuration diminish in geometrical 
progression as the time increases in arithmetical progi’ession. There can bo 
no doubt that all bodies do possess an imperfection in their elasticity of this 
general nature, but the exact law here assumed has not, as far as I am aware, 
any experimental justification; its adoption wtis rather duo to mathematical 
necessities than to any other reason. 

It would, of course, have been much more interesting if it had been 
possible to represent more exactly the mechanical properties of solid matter. 
One of the most important of these is that form of resistance to relative dis- 
placement, to which the term “ plasticity ” has been specially appropriated. 
This form of resistance is such that there is a change in the law of resistance 
to the relative motion of the parts, when the forces tending to cause flow have 
reached a certain definite intensity. This idea was founded, I believe, by 
MM. Tresca and St Venant on a long course of experiments on the punching 
and squeezing of metals*; and they speak of a solid being reduced to the 
state of fluidity by stresses of a given magnitude. This theory introduces a 
discontinuity, since it has to be determined what parts of the body are reduced 
to the state of fluidity and what are not. But apart from this difficulty, there 
is another one which is almost insuperable, in the fact that the differential 
equations of flow are non-linear. 

The hope of introducing this form of resistance must be abandoned, and 
the investigation must be confined to the inclusion of those two other con- 
tinuous laws of resistance to relative displacement — elasticity and viscosity. 

As above stated, the law of elastico-viscosity assumed in this paper has 
not got an experimental foundation. Indeed, Kohlrausch’s experiments on 

* ** Sur I’^coiilenieiit des Corps Bolides,’’ M^i, des Savants IHtrangers, Tom. xvni. and 
Tom. XX., p. 75 and p. 137. See also Comptes Rendus^ Tom. lxvi., Lxvni., and Liouville^s 
Joum,t 2“« sdrie, xm., p. 879, and xvi., p. 308, for papers on this snbjeot. 
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glass* show that the elasticity degrades rapidly at first, and that it tends to 
attain a final condition, from which it does not seem to vary for an almost 
indefinite time. But glass is one of the most perfectly elastic substances 
known, and, by the light of Tresca’s experiments, it seems probable that 
experiments with lead would have brought out very different results. It 
seems, moreover, hardly reasonable to suppose that the materials of the earth 
possess much mechanical similarity with glass. Notwithstanding all these 
objections, I think, for my part, that the results of this investigation of the 
tides of an ideal elastico-viscous sphere are worthy of attention. 

There are two constants which determine the nature of this ideal solid : 
first, the coefficient of rigidity, at the instant immediately after the body hjxs 
been placed in its strained configuration; and secondly, “ the modulus of the 
time of relaxation of rigidity,” which is the time in which the force requisite 
to retain the body in its strained configuration has fallen away to -368 of its 
initial value. 

In this section it is shown that the equations of flow of this incompressible 
elastico-viscous body have the same mathematical form as those for a purely 
viscous body; so that the solutions already attained arc easily adapted to the 
new h 3 rpothesis. 

The only case where the problem is completely worked out, is when the 
disturbing potential has the form appropriate to the tidal problem. The laws 
of reduction of bodily tide, of its lagging, of the reduction of ocean tide, and 
of its acceleration, are somewhat more complex than in the case of pure 
viscosity ; and the reader is referred to § 8 for the statement of those laws. 
It is also shown that by appropriate choice of the values of the two constants, 
the solutions may be made either to give the results of the problem for a 
purely viscous sphere, or for a purely elastic one. 

The tables give the results of this theory, for the semidiurnal and foH- 
nightly tides, for spheroids which have the rigidity of glass or of iron — the two 
cases considered by Sir W. Thomson. As it is only possible to judge of the 
amount of bodily tide by the reduction of the ocean tide, I have not given the 
heights and retardations of the bodily tide. 

It appears that if the time of relaxation of rigidity is about ono-<iuai*ter 
of the tidal period, then the reduction of ocean tide docs not differ much 
from what it would be if the spheroid were perfectly elastic. The amount of 
tidal acceleration still, however, remains considerable. A like observation 
may be made with respect to the acceleration of tide in the case of pure 
viscosity approaching rigidity : and this leads me to think that one of the 
most promising ways of detecting such tides in the earth would be by the 


Poggendorff^s Ann., Vol. 119, p. 337. 
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determination of the periods of maximum and minimum in a tide of long 
period, such as the fortnightly in a high latitude. 

In § 10 it is shown that the effects of inertia, which had been neglected 
in finding the laws of the tidal movements, cannot be such as to materially 
affect the accuracy of the results. 

[*The hypothesis of a viscous or imperfectly elastic nature for the matter 
of the earth would be rendered extremely improbable, if the ellipticity of an 
equatorial section of the earth were not very small. An ellipsoidal figure 
with three unequal axes, even if theoretically one of equilibrium, could not 
continue to subsist very long, because it is a form of greater potential energy 
than the oblate spheroidal form, which is also a figure of equilibrium. 

Now, accoi*ding to the results of geodesy, which until very recently have 
been generally accepted as the most accurate — namely, those of Colonel 
A. E. Clarkef — there is a difforence of 6,378 feet between the major and 
minor equatorial radii, and the meridian of the major axis is 16® 34' East 
of Greenwich. 

The heterogeneity of the eai-th would have to be very great to permit so 
large a deviation from the oblate spheroidal shape to be either permanent, or 
to subside with extreme slowness. But since, this paper was read. Colonel 
Clarke has published a revision of his results, founded on now dataj ; and he 
now finds the difference between the e<juatorial radii to bo only 1,624 feot, 
whilst the meridian of the greatest axis is 8® 16^ West. This exhibits a 
change of meridian of 24®, and a reduction of equatorial ellipticity to about 
one-quarter of the formerly-received value. Moreover, the new value of the 
polar axis is about 1 ,000 feet larger than the old one. 

Colonel Clarke himself obviously regards the ellipsoidal form of the 
equator as doubtful. Thus there is at all events no proved result of geodesy 
opposed to the present hypothesis concerning the constitution of the earth. 
Sir W. Thomson remarks in a letter to me that “ we may look to further 
geodetic observations and revisals of such calculations as those of Colonel 
Clarke for verification or disproof of your viscous theory.”] 

In the first part of the paper the equilibrium theory is used in discussing 
the question of ocean tides ; in the second part I consider what would be the 
tides in a shallow equatorial canal running round the equator, if the nucleus 
yielded tidally at the same time. The reasons for undertaking this investiga- 
tion are given at the beginning of that ][)art. In § 11 it is shown that the 
height of tide relatively to the nucleus bears the same proportion to the 

* The part within brackets [ ] was added in November, 1878, in consequence of a conversa- 
tion with Sir W. Thomson. 

t Quoted in Thomson and Tait, Natural Philosophy , § 797. 

^ PhiU Mag.t August, 1878. 
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height of tide on a rigid nucleus as in the equilibrium theory, and the 
alteration of phase is also the same; but where the one theory gives high 
water the other gives low water. 

The chief practical result of this paper may be summed up by sapng that 
it is strongly confirmatory of the view that the earth has a very great elfective 
rigidity. But its chief value is that it forms a necessary first chapter to the 
investigation of the precession of imperfectly elastic spheroids, which will be 
considered in a future paper*. I shall there, as I believe, be able to show, by 
an entirely diflterent argument, that the bodily tides in the earth are probably 
exceedingly small at the present time. 


Appendix. (November 7, 1878.) 

On the observed height and phase of the fortnightly oceanic tide. 

[This contained an incomplete investigation and is replaced by Paper 9, 
Vol. I. p. 340.] 

* Read before the Royal Society on December 19th, 1878. [Paper 3 in this volume.] 
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NOTE ON THOMSON’S THEORY OF THE TIDES OF AN 
ELASTIC SPHERE*. 

[Messe)iger of Mathetmtics, viiT. (1879), pp, 23 — 26.] 


The results of th(.‘. theory of the clastic yielding of the earth would of 
coui-sc be more interesting, if it were possible fully to introduce the effects of 
the want of homogeneity of elasticity and density of the interior of the earth; 
but besides the mathematical difficulties of the cjise, the complete absence of 
data as to the nature of the doep-scatod matter makes it impoasible to do so. 
It is, however, possible to make a more or less probable estimate of the extent 
to which a given yielding of the surface will affect the ocean tide-wave, when 
the earth is treated as heterogeneous. And jis wo can only judge of the 
amount of the bodily tide in the (iarth by observations on the ocean tides, 
this estimate may be of some value. 

The heterogeneity of the interior must of course be accompanied by 
heterogeneity of elasticity!, and under the influence of a given tido-geneniting 
foi*ce, this will affect the internal distribution of strain, and the form of the 
surface to an unknown extemt. Iluj diminution of ocean tide which arises 
from the yielding of the nucleus is (entirely due to the alteration in the form 
of the level surfaces outside the nucleus. But it is by no means obvious 
how tar the potential of the earth, when its surface is distoi*tcd to a given 
amount, may differ from that of the homogeneous spheroid considered by 
Sir W. Thomson; and in face of our ignorance of the law of internal 
elasticity, the problem does not admit of a precise solution. 

I propose, however, to make an hypothesis, which seems as probable as 
any other, as to the law of the ollipticity of the internal strain ellipsoids, 
when the surface is strained to a given amount, and then to find the potential 
at an external point. 

* [This subject has since been treated more fully by Dr 0. Herglotz, Zeitschr, fiir Math, und 
Physihf Vol. Lii. (1905), p. 273.] 

t That is to say, if the earth is elastic at all. 


D. II. 
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Suppose that under the influence of a bodily harmonic potential of the 
second degree the earth’s surface assumes the form r=a+<r, where c is 
a surface harmonic of the second order. Then I propose to assume that the 
ellipticity of any internal strain ellipsoid is related to that of the surface by 
the same law as though the earth were homogeneous, elastic, and incom- 
pressible, and had its surface brought into the form r = a + <r by a tide- 
generating potential of the second order. If /x be the coefficient of rigidity 
of an elastic incompressible sphere imder the action of a bodily force, of which 
the potential is then Sir W. Thomson’s solution* shows that the nuJial 
displacement at any point r is given by 


/> = — TrT— raa 


19/x 


. t)(t^ 

Putting r = a,we have = if r=a' + ff' be the equation to a 

strain elKpaoid of mean radius a', we have by our hypothesis 


^ _ 8a® — 3a'® 
a! ‘ a~ 6a® 


and </ = ^|f-f^|j|<r=/(a')<rsuppose 

Now the potential of a homogeneous spheroid r = a' + of density <[, at 

an external point is 




and therefore the potential of a spheroidal shell of density q, whoso innoi' and 
outer surfaces are given by r = a' +/(a') o- and r = a' + 8a' +/(a' + Sa') <r, is 




If then we integrate this expression from a = a to a' = 0, and treat q as a 
fiinotion of a', we have the potential of the earth on the present hypothesis. 
The integral is 


^-f%a'‘da' + ^l%£ {a'®/(a')} da' 

The first of these two terms is clearly g - (where g is gravity), and is thi‘- 


same as though the earth were homogeneous; tmd it only remains to ovaluak^ 
the second. Now, according to the Laplacean law of internal density of tli<i 
earth, if D be the mean density, and f the ratio of D to the surface donsity, 
and d a certain angle which is about 144®, 


- ^ sin a'9la 

^ ^ sin ^ ‘ a' 


* Thomson and Tait’a Natural Philosophy ^ § 834, equation (14). 
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Substituting this value for q, and for /(a') its value, we have 

a \ a? ) 




/sin 6 


a ' 


and put 


Then if we change the variable of integration by putting a = - 

O- 

4i7rD = , we get for the second term of the earth’s potential 

(;H ■ ¥) *” 

( ^\ 2 

— J <r would be the potential of the surface layer given by 7' = a + cr, 

if the earth were homogeneous and had a density D, and the rest of the 
expression is a numerical factor (which may be called iT), by which this 
potential must be reduced in order to get the potential of the heterogeneous 
earth on the present h 3 rpothesis. 

If the intogi’ation be ejBFected it will bo found that 

nrir . + iQ 2161 . [32 , 2161 4 . 216 

§/Z = - cot 5 ^ J - [ i9» + J - 


Whence 

Also 

Therefore 


, = 6‘1442, when 6 = 144® 


20577 

/ 


^ “ 2*1178 by Laplace’s theory. 


2-0577 
2-1178 " 


Hence, on the present hypothesis, the potential of the earth at a point outside 
its mass is 


S---+(-972) -Ji7(-j 


This differs by very little from what it would bo if the earth were homo- 
geneous ; for in that case -972 would be merely replaced by unity. 

Therefore, if at any future time it should bo found that the fortnightly 
tide* is loss than it would bo theoretically on a rigid nucleus, it will then be 
probable that the surfij.ee of the earth rises and falls by about thes same 
amount as would follow from the theory of the bodily tides of a lumogmieous 
elastic sphere whoso density is equal to the earth’s mean density. This in- 
vestigation being founded on conjecture, cannot claim anything bettor than a 
probability for its result ; but without calculation, I, at lesjat, could not form 
jttiy sort of guess of what the result might be, and the question is of undoubted 
interest in the physics of the earth. 


* Sir W. Thomson relies principally on observation of the fortnightly ocean tide for detooting 
bodily tides in the earth. [See Paper 9, Vol. i., and W. Sohwoydar, lieitriigen zur Geophysik^ 
Yol. IS. (1007), p. 41. See also an important paper by Lord Bayleigh on the fortnightly tide in 
mi, Mag., Jan. 1903, p. 136.] 
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ON THE PEECESSION OP A VISCOUS SPHEROID, AND ON 
THE REMOTE HISTORY OF THE EARTH. 

\Plvilo8(yphiGal Trarisaotions of the Royal Society, Piirt ii, 

Vol. 170 (1879), pp. 447—530.] 


The following paper contains the investigation of the mass-motion of 
viscous and imperfectly elastic spheroids, as modified by a relative motion of 
their parts, produced in them by the attraction of external disturbing bodit's ; 
it must be regarded as the continuation of my previous paper*, where ^ tin's 
theory of the bodily tides of such spheroids was given. 

The problem is one of theoretical dynamics, but the subject is so largos 
and complex, that I thought it best, in the first instance, to guide th(». 
direction of the speculation by considerations of applicability to the case, of 
the earth, as disturbed by the sun and moon. 

In order to avoid an incessant use of the conditional mood, I speak simply 
of the earth, sun, and moon; the first being taken as the type of the rotating 
body, and the two latter as types of the disturbing or tide-raising Ixxlii^s. 
This course will be justified, if these ideas should lead (as I believe they will ) 
to important conclusions with respect to the history of the evolution of tlui 
solar system. This plan was the more necessary, because it seemed to nu^ 
impossible to attain a full comprehension of the physical meaning of the long 
and complex formulae which occur, without having recourse to num<‘.rical 
values ; moreover, the differential equations to be integrated were so conqdt^x, 
that a laborious treatment, partly by analysis and partly by numerical quad- 
ratures, was the only method that I was able to devise. Accordingly, thcj 
earth, sun, and moon form the system from which the requisite numerical 
data are taken. 

* “ On the Bodily Tides of Viscous and Semi-elastic Spheroids,” &o., Phil. Trans. 1879 
Part I. [Paper 1.] » m 
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It will of course be understood that I do not conceive the earth to be 
really a homogeneous viscous or olastico-viscous spheroid, but it does seem 
probable that the earth still possesses some plasticity, and if at one time it 
was a molten mass (which is highly probable), then it seems certain that 
some changes in the configuration of the throe bodies must have taken place, 
closely analogous to those hereafter determined. And even if the earth has 
always been quite rigid, the grejiter pai-t of the stime effects would result 
fi*om oceanic tidal fi*iction, although probably they would have taken place 
with less rapidity. 

As some pemons may wish to obtain a general idea of the drift of the 
inquiry without reading a long mathematical argument, I have adhered to 
the plan adopted in my former paper, of giving at the end (in Part III.) a 
general view of the whole subject, with nifcirences back to such parts as it did 
not seem desirable to reproduce. In order not to interrupt the mathematiciil 
argument in the body of the paper, the discussion of the physiciil significance 
of the several results is given along with thci summary; such discussions will 
moreover bo far more satisfactory when thrown into a continuous form tlum 
when scattered in isolated paragmphs throughout the paper. I have tried, 
however, to prevent the mathetnatical part from being too bald of comments, 
and to phxce the roiidcr in a position to comprehend the general lines of 
investigation. 

Before entering on analysis, it is necessary to give an explanation of how 
this irujuiry joins itself on to that of my previous paper. 

In that paper it was shown that, if the influence of the disturbing body 
be expressed in the fonn of a potential, and if that potential be expressed as 
a series of solid harmonic functions of points within the disturbed spheroid, 
each multiplied by a simple time-harmonic, then each such hjirmonic tcirm 
mises a tide in the disturbed spheroid, which is the same as though all the 
other terms were non-existent. l,^his is true, whether the spheroid be fluid, 
elastic, viscous, or elastico-viscous. Further, the free surface of the spheroid, 
as tidally distorted by any term, is expressible by a surface harmonic of the 
same type ixs that of the generating term; and where there is a frictional 
resistance to the tidal motion, the phase of the coiTcspondiug simple time 
harmonic is retarded. The height of each tide, and the retardation of phase 
(or the lag) are functions of the frequency of the tide, and of the constants 
expressive of the physical constitution of the spheroid. 

Each such term in the expression for the form of the tidally distorted 
spheroid may be conveniently referred to as a simple tide. 

Hence if we regard the whole tide-wave Jis a modification of the 
equilibrium tide-wave of a perfectly fluid spheroid, it may bo said that the 
effect of the resistances to relative displacement is a disintegration of the 
whole wave into its constituent simple tides, each of which is reduced in 
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height, and lags in time by its own special amount. In fact, the mathematical 
expansion in surface harmonics exactly corresponds to the physical breaking 
up of a single wave into a number of secondary waves. 

It was remarked in the previous paper*, that when the tide-wave lags 
the attraction of the external tide-generating body gives rise to forces on the 
spheroid which are not rigorously equilibrating. Now it was a part of the 
assumptions, under which the theory of viscous and elastico-viscous tides 
was formed, that the whole forces which act on the spheroid should be 
equilibrating; but it was there stated that the couples arising from the non- 
equilibration of the attractions on the lagging tides were proportional to the 
square of the disturbing influence, and it was on this account that they were 
neglected in forming that theory of tides. The investigation of the effects 
which they produce in modifying the relative motion of the parts of the 
spheroid, that is to say in distorting the spheroid, must be reserved for a 
future occasion f. 

The effect of these couples, in modifying the motion of the rotating 
spheroid as a whole, affords the subject of the present paper. 

According to the ordinary theory, the tide-generating potential of the 
disturbing body is expressible as a series of Legendre’s coefficients ; the term 
of the first order is non-existent, and the one of the second order has the t)qpe 
fcos®— -J-. Throughout this paper the potential is treated as though the 
term of the second order existed alone, but at the end it is shown that the 
term of the thii*d order (of the type cos® — f cos) will have an effect which is 
fairly negligeable compared with that of the first term. 

In order to apply the theory of elastic, viscous, and elastico-viscous tides, 
the first task is to express the tide-generating potential in the form of a 
series of solid harmonics relatively to axes fixed in the spheroid, each harmonic 
being multiplied by a simple time-harmonic. 

Afterwards it will be necessary to express that the wave surface of the 
distorted spheroid is the disintegration into simple lagging tides of the 
equilibrium tide-wave of a perfectly fluid spheroid. 

The symbols expressive of the disintegration and lagging will be kept per- 
fectly general, so that the theory will be applicable either to the assumptions 
of elasticity, viscosity, or elastico- viscosity, and probably to any other con- 
tinuous law of resistance to relative displacement. It would not, however, be 
applicable to such a law as that which is supposed to govern the resistance to 
slipping of loose earth, nor to any law which assumes that there is no relative 
displacement of the parts of the solid, until the stresses have reached a 
definite magnitude. 

* “ Bodily Tides,” &o. [Paper 1.] Sec. 6. 

t See the next paper “ On Problems connected with the Tides of a Viscous Spheroid.” 
Part I. [Paper 4.] 
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After the form of the distorted spheroid has boon found, the couples 
which arise from the attraction of the disturbing body on the wave surfiuse 
will be found, and the rotation of tlie spheroid and the reaction on the 
disturbing body will be considered. 

This preliminary explanation will, I think, make sufficiently clear the 
objects of the rather long introductory investigations which are necessary. 


Part I. 

§ 1. Tlie Ude-generaMtig potejiUcd. 

The disturbing body, or moon, is supposed to move in a circular orbit, 
with a uniform angular velocity — il. The plane of the orbit is that of the 
ecliptic ; for the investigation is sufficiently involved without complicsiting it 
by giving the tnie inclined eccentric orbit, with lovolving nodes. I hope 
however in a future paper to con-Hidcu- the scjcular changes in the inclination 
and eccentricity of the orbit and the inodificationa to be imulc in the results 
of the present investigation. 

Lot in bo the moon’s m<iaa, c her distoinco, and t = 

Lot X, Y, Z (fig. 1) bo rectangular axes fixed in space, XY being the 
ecliptic. 



Lot M bo the moon in h<ir orbit moving from Y towai'ds X, with an 
angular velocity fl*. 

Let A, B, 0 be rectangular ax(js fixed in the earth, AB being the o([Uirtor. 

Let i, yfr bo the coorrlinatiss of the im)1o 0 i-etbrred to X, Y, Z, so that i is the 
obliquity of the ecliptic, and the precession of the equinoxes. 

* [The Byfltem of coordinates chonen w unfovtuiiatoly what Lord Kelvin oalls “perverted,” 
but I do not think it worth wliilo to go tlirough tho whole invoKtigation and change tho Rignn.] 



40 


THE TIDE-GENEEATING POTENTIAL. 


[3 


Let r, 6 , <f> be the polar coordinates of any point P in the earth referred 
to A, B, C, as indicated in the figure. 

Let 6)1, 0)2, ©3 be the component angular velocities of the earth about the 
instantaneous positions of A, B, C. 

Then we have, as usual, the geometrical equations. 


di 

^ =-(iDiSinx + o)3Cosx 
d'dr . . 

^ Sin ^ cos X — ©2 sm X 


•( 1 ) 


d^fr 


Let n cosec i be the precession of the equinoxes, , so that 

^ = n cot i — o)s*. Now the earth rotates with a negative angular velocity. 


that is jfrom B to A ; therefore if we put ^ = w, w is equal to the true 


angular velocity of the earth + H cot i. But for purposes of numerical cal- 
culation n may be taken as the earth’s angular velocity; and care need 
merely be taken that inequalities of very long period are not mistaken for 
secular changes. 


Let the epoch be taken as the time when the colure ZC was in the plane 
of ZX, when x was zero and the moon on the equator at Y. It will be con- 
venient also to assume later that there was also an eclipse at the same 
instant. A number of troublesome symbols are thus got rid of, whilst the 
generality of the solution is unaffected. 

Then by the previous definitions we have 

X = MN = Qt, NR = ^ — RD = \ir — — x) 

Now if be the mass of the homogeneous earth per unit volume, the 
tide-generating gravitation potential V of the moon, estimated per unit 
volume, at the point r, 0 or P in the earth is, by the well-known formula, 

V = wrr® (cos® PM — J) 


This is the function on which the tides depend, and as above explained, it 
must be expanded in a series of solid harmonics of r, 6 , cj), each multiplied by 
a simple time harmonic, which will involve n and ii. 


For brevity of notation nt, Sit are written simply n, fl, but wherever these 
symbols occur in the argument of a trigonometrical term they must be under- 
stood to be multiplied by t the time. 


* The limit of n cot i is still smaU when i is zero. In considering the precession with one 
disturbing body only, 11 coseo i is merely the precession due to that body; but afterwards when 
the effect of the snn is added it must be taken as the fuU precession. 
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We have cos PM = sin ^ cos MR + cos 6 sin MR sin MRQ 
and cos MR = cos MN cos NR + sin MN sin NR cos i 

= cos 12 sin (4> — n) + sin 12 cos — n) cos i 
also sin MR sin MRQ = sin MQ = sin 12 sin i 

Therefore 

cos PM = sin ^ sin (^ — n) cos 12 + sin 6 cos {<f> — n) sin 12 cos i -t- cos 0 sin 12 sin i 
= ^ sin 0 {sin — — 12)] + sin [<l> — (w + 12)]} 

-I- sin 0 cos i {sin[(^ — (n— 12)] — sin [<^ — (» -l- 12)]} cos d sin 12 sin i 
Let p = coa]ft, (j' = sin^» 

Then 

cos PM sin 6 sin \_<f> — (w — 12)] + 2yx’/ (jok 6 sin 12 + sin 0 sin \_<f> — (n + n)] 

(2) 

Therefore 

cos® PM = sin® 0 {1 — cos [2<f> - 2 (u — flt)]} -h 2p®(/® cos® ^ (I — cos 2fl) 

H- sin® ^ {1 — cos [2<^ — 2 (n + 12)]) -h 2p’V/ win 6 cos 0 {cos (0 — n) 

— cos [^-(n-212)]} 

-f- 2j)f sin 0 cos 0 {cos — (h- -|- 212)] — cos - «)} 

+p‘<f sill** 0 (cos 212 — cos (2<f> — 2w)} 

Collecting tonns, and noticing that 

h (P* + <f) «'n“ & + ^pY c<>h“ ^ = a + a (1 - (iff) (i - t“.oH‘‘ 0) 

we have 

— = cos“ PM — .V 
vnr^ •' 

= - 4 sin“ 0 {f cos [2^ — 2 (» — 12)] + 2ff cos [2^ - 27 t] 

+ <f cos [2^ — 2 (n -I- 12)1 1 

- 2 sin 0 cos 0 {p*(jr cos — (n - 212)] - pf/ (jp — (f) cos ((f> - n) 

— p(f cos [<j> — (n + 212)]} 

-t- (-J - C 0 H» 0) {3pY cos 212 + i ( I - (j/A/)} (:j) • 

Now if all the cosines involving <f> ho oxpmdod, it is chair that wci have V 
consisting of thirteen terms which have the desired form, and a fourtoonth 
which is independent of the time. 

It will now be convenient to introduce some auxiliary functions, which 
may be defined thus, 

(2n) = cos 2 (a — 12) -t- f(f cos 2n •+ cos 2 (« -(- 12) 

'P (n) = 2fq cos (n - 212) - 2])q (f - (/) cos n — 2p(f cos (n -f 212) ■ (4) 

X (212) = Sff cos 212 

* [This tranuformation is obtained by a neater proo(ws in the i)aper on “ Harmonic Analysis 
of the Tides,” p. 7, Vol. i.] 
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<I> (2fi — ^tt), '5^ (ra — -Itt), X (2fl - ^tt) are functions of the same form with 
sines replacing cosines. When the arguments of the fiinctions are simply 2n, 
n, 20 respectively, they will be omitted and the fimctions written simply <J>, 
■'I'', X; and when the arguments are simply 2 w — ^tt, n — \w, 20 — they 
will be omitted and the functions written X'. These functions may of 

course be expanded like sines and cosines, e.g., (re — a) = ^ cos a + sin a 
and ■^ («— o) = '^^cos a - 'T' sin a. 

If now these functions are introduced into the expression for V, and if we 
replace the direction cosines sin 6 cos sin d sin 4>, cos 6 of the point P by 
f, ft, g; we have 

X = - (p _ .rt ® - af,*' - f fv - + i (P + - 2?) [X + i (1 - W)] 

( 6 ) 

2 fi;, fg; ijg, i(^ + '»?®- 2 g'“) are surface harmonics of the second 
order, and the auxiliary fimctions involve only simple hannonic functions of 
the Hence we have obtained V in the desired form. 

We shall require later certain functions of the direction cosines of the 
moon referred to A, B, 0 expressed in terms of the auxiliary functions. The 
formation of these functions may be most conveniently done before proceeding 
further. 

Let X, y, z be these direction cosines, then 

cos PM = + Ag 

whence 

cos* PM - i = (4 + + Ag)» - i (? + + g“) 

= i» (a? - ^) + 77 * (y* - J) + g* (a* -i) + 2 » 7 g 2 /A+ 2 ggA» + 

( 6 ) 

But from ( 6 ) we have on rearranging the terms, 
cos* PM - i = I* {- + iX + i (1 - 6 p* 2 *)} + 1 ,* {«!> + ^ (1 - 6 p* 2 *)) 

+ g* {- |X - i(l - 6 p* 3 *)} - 2,,g. i’T - 2gg . .. .(50 

Equatuag coefficients in these two expressions (60 and ( 6 ) 

«I> + JX + ^(l- 6 p* 2 *) 

_§X-Hl-6p*4*) 

Whence y* — a*= <l> + X + ir(l~ 6 pV) 

fljs — yS = - 2$ 

also = — 

zx = — 
a5y = — <!>' 

These six equations (7) are the desired fimctions of x, y, z in terms of the 
auxiliary functions. 
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§ 2. The form of the spheroid as tidally disftorted. 

The tido-genei-ating potential has thirteen terms, each consisting of a 
solid haimonic of the second degree multiplied by a simple harmonic function 
of the time, viz. : thi‘ce in 4>, throe in three in three in and one in 
X. The fourteenth term of V can raise no proper tide, because it is inde- 
pendent of the time, but it produces a permanent increment to the ellipticity 
of the mean spheroid. 

Hence according to our hypothesis, explained in the introductory remarks, 
there will be thirteen distinct simple tides; the throe tides corresponding 
to <!>' may however be compounded with the three in and similarly 
the tides with the ^ tides. Hence there arc seven tidcis with speeds* 
[2n - 2(1, 2n, 2^+20], [a - 2fl, ??., n + 2fiJ, [2fl], md each of these will be 
retarded by its own special amount. 

The tides have periods of nearly a lialf-day, and will be callcid the slow, 
sidereal, and fust seiui-diunial tides, the tides have periods of nojirly a day, 
and will bo called the slow, sidereal, and fixst diurnal tides, and the X tide hjis 
a period of a fortnight, and is chilled the fortniglitly tide. 

The retardation of phase of each tide will bti called the **lag,” tmd the 
height of each tide will be expressed as a fraction of tlui corresponding equi- 
librium tide of a perfectly fluid spheroid. The following schedule gives the 
symbols to be introduced to express lag and reduction of tide : 



Somi-diiuiiiU 


Diimial 


Fort- 

nightly 









Tide . 

Slow 
(2n - 2n) 

Sidereal 

(2»i) 

Fawt 

(2»+212) 

Blow 
(m— 20) 

Sidereal 

(n) 

Fiwt 

(«+2Q) 

(20) 

Height 

Er 

E 

Ih 



AV 

E" 

Lag. . 

2.1 

2€ 




t 

n 

2e" 


The E'& are proper fractions, and the € s are angles. 

Let r = «+cr bo the equation to the surface of the spheroid as tidally 
distorted, a being the radius of the mean sphere, — for we may put out of 
account the permanent etpiatorial protuberance due to rotation, and to the 
non-periodic term of V. 

It is a well-known result that, if cos (vt +r)) be a tide-generating 
potential, estimated per unit volume of a homogeneous perfectly fluid 
spheroid of density w, (S being of the second order of surface harmonics), the 

* The useful term ** speed ” is duo, I believe, to Sir W’illiam Thomson, and is muoh wanted 
to indicate the angular velocity of the radius of a oirole, the hiclination of which to a fixed 
radius gives the argument of a tiigonometrical term. It will ho used tliroughout this paper to 
indicate as it occurs in expressions of the type oos (vt + 97). 
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equilibrium tide due to this potential is given by o- = -5- S cos (irf + v)- If 

write 9 = ^ result may be written ^ | cos (!;t + 9j). 

Now consider a typical term — say one part of the slow semi-diurnal term 
— of the tide-generating potential, as found in (3) : it was 

— sin’ 6 cos 2 (j> cos 2 (n — fi) 

The equilibrium value of the corresponding tide is found by putting ^ equal 
to this expression divided by 

If we suppose that there is a frictional resistance to the tidal motion, 
the tide will lag and be reduced in height, and according to the preceding 
definitions the corresponding tide of our spheroid is expressed by 

^ = — 1 Ei\p^ sin’ 6 cos 2^ cos [2 (n — ft) — 2ei] 

All the other tides may be treated in the same way, by introducing the 
proper E’& and e’s. 

Thus if we wiite 


4>, = El ip* cos (2n — 2ft — 2ei) + EjjPq^ cos (2w. — 2e) ’ 

+ E 3 ^ cos (2» -1- 2ft — 2ea) 

'I'', = jBi'2p®5cos(n — 2ft — e/)— i?'2pg'Cjp“ — 3 ®)cos(n — e') ► •••(8) 

— Ei 2 p 2 ’ cos (n -f- 2ft — e*') 

X, = E" 3p’j’ cos (2ft - 2e") 

and if in the same symbols accented sines replace cosines, then, by comparison 
with (5), we see that 

® f = - (f - ’?*) + i (I* + - 2?“) X. . ..(9) 

This is merely a symbolical way of writing down that eveiy term in the 
tide-generating potential raises a lagging tide of its own type, but that tides 
of different speeds have different heights and lags. 

This same expression may also be written 
" = ^X.} - (- <!», - iX.l - tx. - 2^{ri^.' - 2?f - 2^<&; 


Then if we put c - b = <I>, -I- X, 

a — c= <E>, — X, 
b-a = — 2<I>, 
c= |X. 



f = - <!>.' 


.(9') 

,(10) 
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it is clear that 

^ - af“ - - cJT' + 2d9j? + 2o?f + (11) 

T d 

Whence 


Of which expressions use will be made shortly. 

§ 3. The cowples about iJu aaies A, B, C caused by the ‘iitoon’s (tUraotiou.. 

The earth is supposed to be u homogoncious spheroid of moan nwlius a, 
and mass w per unit volume, so that its mixes Jkf = When undisturbed 

by tidal distortion it is a spheroid of revolution about the axis 0, and its 
greatest and least principal moments of inertia are 0, A. Upon this moan 
spheroid of i-evolution is superposed the tide-wave <r. 

The attraction of the moon on the mean spheroid produces the ordinary 
processional couples 2t (0 — A) yz, — 2t (C — A) zas, 0 about the axes A, B, 0 
respectively; besides those there are three couples, %, ifW, suppose, 
caused by the attraction on the wave surtace a-. 

As it is only desired to detennine the oorrections to the oidinary theory 
of procession, the former may bo omitted from consideration, and attention 
confined to the determination of %, iHit, j®. 

The moon will be treated as an attnustive particle of mass in. 

Now a as defined by (9) is a surfixee harmonic of the second order ; hence 
by the ordinary formula in the theory of tho potential, the gravitation 
potential of the tide-wave at a point whoso cooidinates referred to A, B, 0 

arc r-f, n;, rf is ^irwa c or jj- ^ <r. Hence tho moments about the axes 

A, B, C of the forces which act on a particle of mass m, situated at that point, 

are (y particle has the mass of tho 

moon ; if r bo put equal to c, the moon’s distance ; and if f , v), f be replaced 
in a by a?, y, z (the moon’s direction cosines) in tho previous exj)resHions, it is 

clear that — ^Mar {y ^~^ couples on the eaith caused 

by the moon’s attraction. 

These reactive couples are the required %, j(W, 
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Hence referring back to (12) and remarking that \Ma? = C, the earth's 
moment of inertia, we see at once that 


^ ^ [(c - 'b) - d (2/* - 

^ = — [(a- c)a® — — ®*) — fy« + d®y] ) 

o g 

^ ^ [(b - a) ajy - f (®s - y'>) - cUa; + ^yz\ j 


,(13) 


where the quantities on the right-hand side are defined by the thirteen 
equations (7) and (10). 

I shall confine my attention to determining the alteration in the uniform 
precession, the change in the obliquity of the ecliptic, and the tidal friction ; 
because the nutations produced by the tidal motion will be so small ixs to 
possess no interest. 


In developing H and 0L I shall only take into consideration the terns 
with argument w, and in ^ only constant terms ; for it will be seen, when we 
come to the equations of motion, that these are the only terms which can 
lead to the desired end. 


§ 4. Development of the ooiiples % md J®1. 

Now substitute from (7) and (10) in the first of (13), and we have 

I - Y — ^ ^ ^ {«> + X + i (1 - QpY)} - W' + 

(14) 

A number of multiplications have now to be performed, and only those 
terms which contain the argument n to be retained. 

The particular argument n can only arise in six ways, viz. : from products 
of terms with arguments 

2 (/i — fl), w- 2fl; 2n,n; 2 ( 7 i + fl), n + 2ft; 71 — 20, 20; 7i-|-2ft, 2ft 
and from terms of argument n multiplied by constant terms. 

If and and O' and be written underneath one another in the 
various combinations in which they occur in the above expression, it will be 
obvious that the desired argument can only arise from terms which stand one 
vertically over the other ; this renders the multiplication easier. The M', X 
products are comparatively easy. 

Then we have 

(a) — [- sin {n — 2€i) + 2£JpY “ 2®) sni (n - 2e) 

4* E.^pq'^ sin (n - 2€a)] 
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(^) + = + ^ [— Exp^q sin (» + e,') 4- 2E'p?(f (p* - q^) sin (n + e') 

+ Eip(i^ sin (w 4 eg')] 

(7) ~ = same as (y8) 

(8) 4 = same as (a) 

(e) - iX.’S'' = - i \E"Qff sin (a - 2e") - sin (» 4 26")] 

(f) 4 ^^,'X = 4 ^ [ExQ^f sin (n — e/) - i?s'62>Y sin (»?. — eg')] 

(v) 4 (1 — 6/j®g®) = - \E'2pq (p^ — q^) (1 — GpY) (” “ «0 

IBL 

Put ^ = F sin w + G cos n. Then if the expressions (a), (iS) . . . (f) bo twlded 

up when n = ^tt, and the sum multiplied by 2T^/g, we shall get F ; and if wo 
perform the same addition and multiplication when = 0, wo shall get G. 

In performing the first iiddition the terms (a), (S) do not combine with any 
other, but the terms (^8), (7), (f), (rj) combine. 

Now 

- hp^q + = - ip^q - Sg***) 

/Y - <f) - 42^2 - f) (1 - W) = - 4P2 (ji* - 2*) (2>‘ + 2* - W) 

hxf - = - i2>2“ (V - 2“) 

- f 2) V + = “ ^^2^2* (f - 2’) 

Hence 

<r)_a 

F -5- ^ Exp’q cos 26, — EpY (Y ~ '/) 2e — ^E^pq"' cos 2ea 

- ^ ExY^ if' - 3 '/“) cos 61' - ^E'pq {p‘ -<f){'p + Y- QpY) cos 6' 

- Wf/(‘V -2“)coae/ 

- E'Y<f ( p’ - (/“) cos 26" (15) 

Again for the second twidition when » = 0, we have 

- i2>'2 - W = - i2>’2 if + 32") 

f(f (jp® - </“) 4 to if - <f) (I - iif‘q’‘) = Ipq (p» - q^y 

•iF/ + if'f = y<f (32’* + 2*) 

to/’ + l2’’2" = i!2’Y 

So that 

2t® 

(j^ - — \Exp^q sin 2ei H- - g®) sin 26 + sin 26a 

s 

— ^E-lp^q (p* 4 Sj*'") sin 6,' + ^^E'pq (p“ - ff sin e 

4 i (32>“ + 2“) 

4|A’"p»2*sin2e" 


( 16 ) 
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And 


1L 

C 


= F sin n. + Q COB n, 


,(17) 


To find jUft it is only necessary to substitute n — ^ for n, and we have 


m 


— FcosK + Gsinw 


(18) 


There is a certain approximation which gives very nearly correct 
results and which simplifies these expressions very much. It has already 
been remarked that the three <E»-tides have periods of nearly a half-day and 
the three ’F-tides of nearly a day, and this will continue to be true so long as 
XI is small compared with n ; hence it may be assumed with but slight error 
that the semi-diurnal tides are all retarded by the same amount and that 
their heights are proportional to the corresponding terms in the tide- 
generating potential That is, we may put 6i = e, = e and — E. The 
similar argument with respect to the diurnal tides permits us to put 
e/ = e/ = e' and Er=E^ = E'. 

Introducing the quantities P =p* — (/* = cos i, Q = ’2/jpq = sin i and observing 
that 


- pY (p= - f) - 

= hn [(f- f) + '/) - W - ?“)] = (1 - 1 W 

^p>q (p» - 32») + (p“ - 3") (f>* + (T* - 6pY) + W (8p“ - </) 

=P3(p»-2»)(l - 6pY) = i^Q(l -fQ“) 

^poq {f + 3g») - ^pq (p* - fY - \pf (3p» + 3 *) 

= to ( - f) (1 + 2^*3® - 1 4j»*3») = §PQ» 

we have 


F -=- ^ = \EPQ (1 - IQ") cos 26 - P'PQ (1 - |Q») cos e' - ^E"Pqt cos 2e" 

s 

Y 

G -r ^ = - {EPq (1 - IQ") sin 2e - |PTQ» sin s' H- |P"Q" sin 2e" 

jS ^ 

(19) 


§ 5. Developmeyit of the couple iS- 

In the couple ^ about the axis of rotation of the earth we only wish to 
retain non-periodic terms, and these can only arise from the products of terms 
with the same argument. 

By substitution from (7) and (10) in the last of (13) 

^ -5- ^ -t- 


( 20 ) 
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As far as WO arc now interested, 

20,$' = — 20,'<E> = sin 26i + sin 2e + sin 2eij 

- = E{^p‘f sin e/ + sin e' + E-l {^q'^ sin 

Hence 

^ -i- ^ = Ei]^ sin 2€, + jS^4jr*g‘ sin 2e + E^if siii 2 e 3 

+ Ei'2‘pSf sin €i' + E'^p^q^ {p — <ff sin e' + AV2jp®(/ sin e/ (21) 

If as in the last section we gronp tho seuii-dium\l and diurnal terms 
together and put Ei = E 3 = E, &c., and ohservo that 

P + 4pq* + </ = ip + py + 2pp = (1 - -^Q^y + iO* = + SO*, 

2p«(f + 2p¥ p - (fy + 2pv = W ip* + 1 -f<f\ = Q* (7 - it W. 

whence 1 + IQ*) s*“ + E'Qya - W) sin e' (22) 

8 

§ 6. Tlie eqiuiiioiiit of motion of the mHh about its cent's of inertiu. 

In lonning the txpuitioiis of motion wtt are met by ti difficulty, betavusc 
the axes A, B, C tire neither principal axes, nor can they rigorously be stiid 
to be fixed in tho earth. But M. Liouville has given tho otpmtions of motion 
of ti body which is chtinging its shtipc, using any set of rectangular axes which 
move in any way with referenco to tho body, except that the origin always 
remains at tho centre of inertia. 

If A, B, C, D, E, F be the moments and products of inertia of the body 
about these axes of referenco at any time; Hj, Hji, Ha the moments of 
momentum of this motion of all the parts of the body relative to tho 
axes; «i, ©a, Wj the component angular velocities of tho axes about their 
instiintancouH j)oaitions, the equations may be written 

^ (Aw, - V(o, - E®„ + HO + D (w,* - a.y) + (0 - B) 

-f Fa);i<5i)i — Ea)aG)i + — ct)^ - L (123) 

and Lwo othor cquiitiijiis found from bhis by cyclical cluiugea of lottonw mid 
suffixes*. 

Now in the c«us(^ to bo considoro<.l hero tho axes A, JB, C always occupy tho 
iivorjige position of tho saiuo lino of particles, und they move with very nearly 
an ordinary uniform precossioiial motion. Also the moments and products of 
inertia may bo written A+ a', 13 + b', C + c', d', o', f, whore a', b', c', d', o', f' 
are small periodic functions of tho time and a' + b' 4* c' — 0, and where 

* lioutb’H liigtd IhjnamicH (firat edition only), p. 150, or my paper in the Phil. Trans.y 1877, 
Vol. 107, 1). 272 [to bo reproduced in Vol. iii.]. The original is in Liouville's Journal, 2nd series, 
Vol. III., 1858, p, 1, 


I). H. 


% 



50 THE EQUATIONS OF MOTION OF THE EARTH. [3 


A, B, C are the principal moments of inertia of the undisturbed earth, so that 
B is equal to A. 

The quantities a', b', &c., have in effect been already determined, as may 
be shown as follows: By the ordinary formula* the force function of the 

moon's action on the earth is 4- (A + B + 0 — 31), where I is the 

moment of inertia of the earth about the lino joining its centre to the moon, 
and is therefore 

= Aa?® + By® + 0 ^® + a V + b'y® + cV - 2A!yz — 2e!zx - 2i'xy 

But the first three terms of I only give rise to the ordinary precessional 
couples, and a comparison of the last six with ( 11 ) and (13) shows that 

a b c d e f g' 

Also in the small terms we may ascribe to odi, © 3 , 0)3 their uniform pre- 
cessional values, viz.: coi = — 11 cos % ©2 = — 11 sin ti, ©3 =s — n. 

When these values are substituted in (23), we get some small terms of the 
form a 11 ® sin n, and others of the form a^IIn sin n ; both these are veiy small 
compared to the terras in % and Jltt — the fractions which express tlieir 
relative magnitude being II^/t and Un/r. 

There is also a term - IIHa sin n, which I conceive may also bo safely 
neglected, as also the similar terms in the second and third equations. 

It is easy, moreover, to show that according to the theories of th(^ tidal 
motion of a homogeneous viscous spheroid given in the previous paper, and 
according to Sir William Thomson’s theory of elastic tides. Hi, H 3 , H., arc all 
zero. Those theories both neglect inertia but the actuality is not likely tio 
differ materially therefrom. 


Thus every term where and ©3 occur may be omitted and the equations 
reduced to 


+ (C - B) O),®, + « + n’d' + = % 






} -(24) 


® 1®3 




As before -with the couples, so here, we are only interested in terras with the 
argument n in the small terms on the left-hand side of the first two of 
equations (24), and in non-periodic terms in the last of them. 


Routh^s Bioid Dynamics, 1877, p. 495, 
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Now for each term in the moon’s potontuil, sis developed in yecbioii 1, 
there is (by hypothesis) a corresponding co-periodic flnx and reflux through- 
out the earth’s mass, and therefore the Hi, Hj, Ha must each have periodic 
terms corresponding to each tonn in the moon’s potential. Hence the only 
term in the moon’s potential to be considered is that with argument n, with 
respect to Hi and Hj in the first two equations ; and Ha may be omitted frimi 
the third as being periodic. 


kSupi)osc that Hi was equal to h cos h. -|- h' sin n, then procisoly as wo 
found itt from % by writing n — .^tt for n wo havo Hu = k aiu n — li / coh n. 
c?H d/H 

Thus ^ + »tHg = 0, — mHi = 0, aud tho H’s disappear from tho fiiwt two 

equations. 


Next retaining only terms in argnmeut n iu d' aud o', wo havo from (10) 
c' = 0 ^ H'pq (p“ — </) cos (« — e'), d' = 0 ^ E'p (2 (p^ - (f) siu (a - e') 

Therefore -|- «d' = 0, — ito' = 0, aud those berms also disappear. 


L»istly, put B = A, aud our equations reduce simijly to those of Euler, viz. 


A^ + (0-A)a)a®a=1t 

A^^-(0-A)a)affli = ii« 




n (ia-j 

^lif 




.(25) 


Now jpi is small, uiul bhorcforc cou remains api)roxiniabcly constant and 
o<)ual to — a for long pt.'-riods, and m (J — A is small compared to A, wo may 
put <k> 3 s=:— 7/. in the first two equations. But when 0 — A is neglected com- 
pared to 0, the integrals of those ocpiatioiis are tho same «is those of 


UfOi ^ % dwii ^ jfHH 

dt " V’ 


_ iSr 

’"dt ” 0 


,( 2 ()) 


apart from the eompkmientary function, which may obviously be on.uttcd. 
Tho two fornu^r of (2()) give the change in the precession aud tho oblupiity of 
the ecliptic, and the last gives the tidal friction. 
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§ 7. Precession and change of obliquity. 
By (17), (18), and (26) the equations of motion are 

= F sin + G cos w I 


~ j' cos ?i + G sin n j 

and by integration 

©1 = 1 [— F cos n + G sin n\ ©« = - [— F sin u — G cos n] 

The geometrical equations (1) give 

d% • 

— coi sin n-hoo.^ cos n 

dyjr . . 

sini. = — o)i cos sum 


(27) 


(28) 


Therefore, as far as concerns non-periodic terms, 

di G dyjr . . F 

# sm^= — . 

at n dt n 


.(29) 


If we wish to keep all the seven tides distinct (as will have to bo dune 
later), we may write down the result for ^ and ^ from (15) and (lU). 


But it is of more immediate interest to consider the case where the semi- 
diurnal tides are grouped together, as also the diurnal ones. In this cfxsc wo 
have by (19) 

^ = ^ Ui'Qa -iQ^)i^sm2€ + W^'sm€'--§^^^ 2e"} (30) 

and since sin i = Q 

^ “ ^*3“) E cos 26 - P (1 - 1 (?•) B' cos €' - %Pq^E" cos 2e"} (81 ) 

In these equations P and Q stand for the cosine and sine of the obliquity 
of the ecliptic. 


Several conclusions may be drawn from this result. 

If €, e', e" arc zero the obliquity remains constant. 

Now if the spheroid be perfectly elastic, the tides do not lag, and therefore 
the obliquity remains unchanged; it would also be easy to find the correction 
to the precession to be applied in the case of elasticity. 

It is possible that the investigation is not, strictly speaking, applicable to 
the case of a perfect fluid; I shall, however, show to what results it leads if 
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we make the application to that case. Sii* William Thomson has shown that 
the period of free vibration of a fluid sphere of the density of the earth would 
bo about 1 hour 34 minutes And as this free period is pretty small com- 
pared to the forced period of the tidal oscillation, it follows that £f, 
will not differ much from unity. Putting thorn equal to unity, and putting 
€, e'' zero, since the tides do not lag, wc find that the obliquity remains 

constant, and 

^ iP (1 - il- aO = - i cos i (1 - § sin* ^•) (32) 

This equation gives the correction to be applied to the procession as 
derived from the assumption that th(i rotating spheroid of fluid is rigid. 
This result is equally true if all the seven tides arc kept distinct. Nowit the 
spheroid wore idgid its precession wotild bt^ rcjcosi/a, whore e is the ellipticity 
of the spheroid. 

Tli(^ ellipticity of a diiid spheroid rotating with an angular velocity n is 
or besidi^H this, there is elliptuuty duo to the non-i)eriodic 

part of the tid<3-gc‘norating potential. 

By (3) § I the non-periodic part of V is i?//T;’“(J-cos«e)(l-Cjf)V/); such 
a disturbing potential will clearly produce an (dlipticity i 


If tlu^n^fore wo put , and r(‘.momber that g we have 

a 


e = c„ + 'Jr -^(l - a 

Htdicu if fill' sj)lu'r(H(l wi'i'o rigid, iind hiwl itR ixctual ellipticity, wc should 
h!lV(( 

~ ^ ^ (1 — 3 will® 0 ('^2') 

Adding (32') to (32), the whole prowwHion i.s 

(32") 

at n 

We thus see that tht‘. effect of the non-periodic part of the tide-generating 
potential, which may be convoiiicmtly (Milled a permanent tide, is just such as 
to neutralise th() effects of the tidal action. Thii result (32 ) may be cx- 
press(*.d as follows: 

The precession of a Jlnkl spheroid is Ute same as that of a mgid one which 
h(UH an ellipticfitij equal to that due to the rotation of the spheroid. 


rm. Tram., 18CB, p. 008. 
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From this it follows that the precession of a fluid spheroid will diflfor by 
little from that of a rigid one of the same ellipticity, it the additional 
ellipticity due to the non-periodic pail: of the tide-generating influence w 
small compared with the whole ellipticity. 

Sir William Thomson has already expressed himself to somewhat the same 
effect in an address to the British Association at Glasgow*. 


Since eo = 


S’ 


the criterion is the smallness 


of 


T 



It may be expressed in a different form ; for t/?i^ is small when (re/i}) n 
is small compared with e, and (rejn) is the reciprocal of the precessional 
period expressed in days. Hence the criterion may be stated thus: The 
precession of a fluid spheroid differs hy little from that of a rigid one of the 
smie elliptiaity, when the precessional period of the spheroid ewp'essed in 
terms of its rotation is large compared with the reciprocal of its ellipticity. 


In his address, Sir William Thomson did not give a criterion for the case 
of a fluid spheroid without any confining shell, but for the case of a thin rigi<l 
spheroidal shell enclosing fluid he gave a statement which involves the ixhowo 
criterion, save that the ellipticity refen*ed to is that of the shell itself; for h(‘. 
says, “The amount of this difference (in precession and nutation) boars the 
same proportion to the actual precession or nutation as the j&action measuring 
the periodic speed of the disturbance (in terms of the period of rotation as 
unity) bears to the fraction measuring the interior ellipticity of the sh(dl.*’ 


This is, in fact, almost the same result as mine. 


This subject is again referred to in Pait III. of the succeeding papeu'. 


§ 8. The disturbing action of the sun. 

Now suppose that there is a second disturbing body, which may be con- 
veniently called the sunf. 

* See NaUre, September 14, 1876, p. 429. [See G. H. Bryan, Phil. Trails., Vol. 180, A (1880), 
p. 187.] 

t It is not at first sight obvious how it is physically possible that the sun should exercise an 
influence on the moon-tide, and the moon on the sun-tide, so as to produce a secular change in 
the obliquity of the ecliptic and to cause tidal friction, for the periods of the sun and moon 
about the earth are different. It seems, therefore, interesting to give a physical meaning to the 
expansion of the tide-generating potential ; it will then be seen that the interaction with which 
we are here dealing must occur. 

The expansion of the potential given in Section 1 is equivalent to the following statement 

The tide-generating potential of a moon of mass in, moving in a circular orbit of obliquity i 
at a distance c, is equal to the tide-generating potential of ten satellites at the same distance, 
whose orbits, masses, and angular velocities are as follows : — 
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n C0S6C ^ must hencufoi'th be taken as the full pi'ocession of the earth, and 
the time may bo conveniently measured from an eclipse of the .sun or moon. 


1. A satellite of mass m cos*^ ^ inovin^f in the equator in the same direction and with tho 
same angular velocity as the moon, and coincident with it at the nodes. This gives tho slow 
semi-diurnal tide of speed 2 (?i - 13). 

2. A satellite of mass m siu^ moving in tho octuator in the opposite diroction from that of 
the moon, hut with the same angular velocity, and coincident with it at the nodes. Tliis given 
tho fast semi-diurnal tide of speed 2 (n+ii). 

3. A satellite of mass 7 n . 2 sin*-* Jf cos‘-J J /, fixed at the moon’s nodo. This gives the sidereal 
semi-diurnal tide of speed 2 / 1 . 

4. A repulsive satellite of mass -7n . 2 sin J i coh'^J/, moving in N. declination do" with 
twice the moon’s angular volooity, in tho same direction as the muon, and on the oolurc in 
advance of the moon, whoii she is in her nodo. 

5. A satellite of mass jn sin I cos** Jf, moving in the eiiuator with twice tho moon’s angular 
velocity, and in tho same diroction, and always on the same imnddian as tlio fourth satellite. 
(4) and (5) give tho slow diurnal tide of speed n ■ 213. 

(). A satellite of mass m sin'^ .y/ cosi^f, moving in N. doclinatioxi 45" with twice tho moon’s 
angular velocity, but in the opposite direction, and on the cohire 1)0" in adviinoo of tho moon 
when she is in her nodo. 

7. A repiilsivo satellite of mass vi . A sin?* .J i cos J i, moving in the equator with twice tho 
moon’s angular velocity, but in the op))OHito direction, and always on the same meridian as ilie 
sixth satellite. (G) and (7) give tho fast diurnal tide of speed )*213. 

H. A satellito of mass m sin / cob f fixed in N. declination 45” on tho oolurc. 

1). A repulsive satollito of mass -- m, 4 Bin t cos f, fixed in the equator on tho saruo meridian 
as the eighth satellite. (B) and (U) give the sidoroal diurnal tide of sixied iL 

10. A ring of matter of mass vi, always passing tliroiigh tho moon and always parallel to 
tho equator. This ring, of course, executes a siuiplo harmonic motion in declination, and its 
mean position is tlie equator. This gives tho fortnightly ti(l(» of speed 213. 

Now if wc form the potentials of each of those Ratellitcs, and omit those parts whicli, being 
indepondont of the time, are incapable of raising tides, and add them altogether, we shall obtain 
tho expansion for the moon’s tide-generating potential lined above; houcu this nystem of satellites 
is muclianically <Mpiivalunt to tho action of tlio moon alone. The satellites 1, 2, 3, in fact, give 
tho semi-diurnal or terms ; satclUteH 4, 5, 6, 7, 8, i) give the diurnal or terms ; and satel- 
lite 30 gives tho fortniglitly or X tonn. 

This is analogous to “Gauss’s way of stating the circumstances on which * secular’ variations 
in tlio elements of the solar system d(q>oiul”; and the analysis was suggitstud to ino by a passage 
in Thomson and Tait’s J^atvral PhtloHopht/j § HOO, rofemug to the annular satellite 10. 

It will appiiar in Bcctiou 22 that the 3rd, Bth, and Utli satellites, which are fixed in the 
heavcuis and which give the sidereal tides, arc equivalent to a distribution of tho moon’s mass 
in the form of a uniform circular ring coincident with her orbit. And perhaps some other 
simpler plan might be given wiiich would roxdaoe the other repulsive sutollitos. 

These tides, Iuto called sidereul,” are known, in the reports of the British Association on 
tides for 1H72 and 1870, as the K tides [see Vol. i., I’api^r IJ. 

In a prouisoly similar way, it is clear that tho sun’s influenco may he analysed into tho 
influence of nine otlici' satellites and one ring, or else to seven satellites and two rings. Then, 
with regard to the interaction of sun and moon, it is clear that those satollitos of each system 
which arc lixed in eaolx system (vhs.: 8, 8, and 9), or their equivalent rings, will not only exercise 
an influence on the tides raised by themselves, hut each will necessarily exercise an influence on 
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Let 0, be the sua’s mass and distance ; SX^ the earth's angular velocity in a 
circular orbit ; and let t 

It would be rigorously necessary to introduce a new set of quantities to 
give the heights and lagging of the seven solar tides: but of the three solar 
semi-diurnal tides, one has rigorously the same period as one of the three 
lunar semi-diurnal tides (viz.: the sidereal semi-diurnal with a speed and 
the others have nearly the same period; a similar remark applies to the solar 
diurnal tides. Hence we may, without much error, treat E, €, E\ e' as the 
same both for lunar and solar tides ; but must replace e", because 

the semi-annual replaces the fortnightly tide. 

If new auxiliary functions <!>,, be introduced, the whole tide- 

generating potential V per unit volume of the earth at the point vt}, is 
given by 

X = _ (f * - 7)^) &0. 

Next if, as in (10), we put 

c - b = -h X^, &c., c, - b, = <E>,e -H X,e, &C. 
the equation to the tidally-distorted earth is r = a 4- cr-f cr,, where 


5^ 

T a 


= — ap — &c.. 


I fi=_ap-&c. 


T, a 


Also if ®, y, z and y^, z, be the moon’s and aim’s direction cosines, wo 
have as in (7), 


= + X + ep>g»), &c., y/ _ + X, -l- K1 - &c. 

Then using the same arguments as in Section 3, the conples about the 
three axes in the earth may be found, and we have 


% 

C’ 




where in the first term as, y, z are written for f, 97, f in o- 4- cr^, and in the second 
term y,, are similarly written for tj , 


Now let indicate the parts of the couple % which depend 

on the moon’s action on the lunar tides, the sun’s action on the solar tides, 


the tides raised by the other, so as to produce tidal friction. All the other satellites m\\, of 
course, attract or repel the tides of all the other satellites of the other systems ; hut this inter- 
action will necessarily he periodic, and will not cause any interaction in the way of tidal friction 
or change of obliquity, and as such periodic interaction is of no interest in the present investiga- 
tion it may be omitted from consideration. In the analysis of the present section, this omission 
of all but the fixed satellites appears in the form of the omission of all terms involving the moon’s 
or sun’s angular velocity round the earth. 
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and the moon’s and sun’s action on the solar and lunar tides respectively, then 


C C ■^ 0“ 



Obviously 


^ = (c - b) + (c, - b,) yz + &c. 

As before, we only want terms with nrginncnt n and non- 

periodic terms in 

The quantities a, b, &c., a?, z with suffixes differ from those without in 
having £1^ in place of fl, and it is clear that no combination of terms which 
involve and £i can give the dosircid terms in the C( 3 uplos. Hence, ixs far as 

concerned, the auxiliary fiiiictioiiH may be abridged 
by the omission of all terms involving fi or £1^. 

Therefore, from (4), wc now simply hav<^ 

But c — b only <litfei‘s from c^ — b, in that tlu^ latti‘r involves £1^ instciwl of 
fi, and the same applies to yz and y^z^. 

Hence, <us fiir as wo arc now coiicernod, 

and similarly c^ach pair of terms in ILmm, **'**<• <^<nial intcf^* ae. 

Thus ^ f s= (c — b) yz — d (?/- — z^) - (m/ + fzo) 

Comparing this with (14), wluui X is put (iqual to zcto, wo have 

%,p - = - i<Jvr + 4N^' {Cl> + I (1 - 

This quantity may Imi <tvaluat(>(l at once by ndbronco to (1.6), (16), and 
(17), for it is (“.loar that lUum, in what ‘ILjiia bocoino-s wlion /s\=JB'8=0, 
/ii = AV = (), and whoii 2tt, niplacoH t“. 

If. tlicnMhrc, w(3 put sin cos and roiiiark that 

4?*/ (p-^ - <f) = J P{^, 2i>q (y>» - + </ - = PQ (1 _ 2(2») 

wo ]tav<‘ by Kclocting the terms in K, US' ont of (16) and (16), 

Vum, ^ = - yai'Q' ces 2e - JS'PQQ. - 2Q») cos e' 

i m 

( i.m», 7' = 4 sin 26 H- li'P^Q sin e' 
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It may te shown in a precisely similar way by selecting terms out of ( 21 ) 
that 

4^.i.II/ = i^(j4sin26 + J?'P>(2^sme' (34) 

^ s 

It is worthy of notice that (33) and (34) would he exactly the same, even 
if we did not put — E{^El — E\ ei = ea= e ; €i' = € 3 ' = e', because 

these new terms depend entirely on the sidereal semi-diurnal and diurnal 
tides. The new expressions which ought rigorously to give the heights and 
lagging of the solar semi-diurnal and diurnal tides would only occur in 

In the two following sections the results are collected with respect to the 
rate of change of obliquity and with respect to the tidal friction. 


§ 9. The rate of chciTige of obliquity due to both sun and moon. 

The suffixes mm^ to ^ will indicate the rate of change of obliquity 

due to the moon alone, to the sun alone, and to the sun and moon jointly. 

Writing for P and Q their values, cosi and sini, we have by (19) and 
(29), or by (30), 

~ ^ sin i cos i (1 — f sin^ i)Eam Se + 1 sin* i cos i P'shie'^j 

— f sin* i E*' sin 26 " 

^ ~ ^ ^(1 5 iyEsm 2 e + ^ sin* i cos i .E^sine' 

-‘|sm*i£?"'sin 2 e"' 

and by (33) and analogy with (19) and (29) 

^ i ^ i i? sin 26 — sini cos® i E' sin e' (3C) 

di 

The sum of these three values of ^ gives the total rate of change of 

obliquity due both to sun and moon, on the assumption that the three semi- 
diurnal terms may be grouped together, as also the three diurnal ones. 

It will be observed that the joint effect tends to counteract the separate 
effects; this arises from the fact that, as far as regards the joint effect, the 
two disturbing bodies may be replaced by rings of matter concentric with the 
earth but oblique to the equator, and such a ring of matter would cause the 
obliquity to diminish, as was shown by general considerations, in the abstract 
of this paper (Proc. Roy, 80c,, No. 191, 1878)*, must be the case. 



[Portion of this abstract is given iii an Appendk to this paper.] 
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§ 10. The rate of tidal fiction due to both sun and moon. 

The equation which gives the rate.' of votar(lati(m of the earth’s rotation is 

hy (26) ; it will however be more convenient henceforward to rephice 

©a by - 71 and to regard w as a variable, and to indicate by iiq the value of n 
at the epoch from which the time is metisured. 

Generally the suffix 0 to any symbol will indicate its value at the epoch. 
The ecjuation of tidal friction may therefoi'e be written 

" (it w “ Cn, 0/2o ■ O/?, ^ ^ 

By (22) and (34), in which the smni-diiirnal and diurnal terms art* 
grouped togethei*, we have 

5= (cos“ 'i + •§• sin^ i) E sin 2^ + Hin® i (1 — ij* siir§ ** i) E' sin 

— /SiiA 
Vt,V Cn^ 


...(38) 


zs i «in^ iE sin 2e + sin'** i sin e* 

\rrj C7io ^ 


§ 11. 77/e 'rate of ohmige of obliquity ijuhen the ett7*th is viscous. 

In ordtu* to unde’s mtand the physical moaning of the (equations giving the 
lute of chang<*, of obliquity (viz., (35) and (3(>) if there bo two disturbing 
bodies, or (29) if there bo only ono) it is noct^ssary to use numbora The 
subject will be illustrated in two casess: Hi’st, for the sun, moon, and eai-th 
witli their pn^sent configurations; and secondly, for the ciise of a planet 
pertiu*b(‘d by a singli^ satcdlite. For th(* first illustnxtion I accordingly 
take*, the following data: /7 = 32*19 (feet, seconds), the etirth’s lucsan radius 
a = 2()*9xl0» feet, tin*, sidereal day *9973 m. s. days, the sidoroid year 
=:3(j5*256 in.H. days, the moon’s sidereal period 27*3217 m.s. days, the ratio 
of th(^ eaith’s mass to that of the moon v = 82, and the unit of time the 
tropical year 3(55*242 in, s. <lays. 

With these valiu\s wo have 

?/o - 27r -r *9973 in radians per ui. s. day 



T - f X ^\ 5 - of 47r‘'* -r (uionth)“ 
= Ij of 4'7r“ (sidereal year)“ 
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It will be found that these values give 


— = ‘6598 degrees per million tropical years ^ 
^=•1423 „ 


fi«o 


^ = ■3064 


.(39) 


These three quantities will henceforth be written u^, u^, uu,. 

For the purpose of analysing the physical meaning of the differmtud 
equations for ^ and ^ , no distinction mil he made between — and 

— , &e., for it is here only sought to discover the rates of changes. But 

when we come to integrate and find the total changes in a given time, regard 
win have to be paid to the fact that both r and n are variables. 

For the immediate purpose of this section the numerical values of - 2 *®, 
uu^ given in (39), will be used. 

I will now apply the foregoing results to the particular case whore the 
earth is a viscous spheroid. 

Let p = > where v is the coeflScient of viscosity. 

Then by the theory of bodily tides as developed in my last paper 
£= cos 2 €, E' = cos e', JB" = cos 2 e", JB'" = cos 2 €'' 


tan 2 €= — , tan e' = ~ , tan 2 e" = — , tan 2 e'" = 

P P P P 

Eigorously, we should add to these 


^...(40) 


tan 


£i = cos2ei, J?a=cos2€2, jBi' = cose/, 



j tan 63 “ 


But for the present we classify the three semi-diurnal tides together, as 
also the three diurnal ones. 

Then we have 
di 

^ sin i cos i (1 — f sin® i) sin 4e -f f sin® i cos i sin 2e'] -t- uj^) 


— sin* 2 sin 46' V — ^ sin® i sin 

— ( J sin* i cos i sin 4e + J sin i cos® i sin 2€') uu^ 



CIIANaE OF OBLIQUITY ILLUBXKATED. 


61 


1879] 

Now 

-I sin i cos i (1 - J sitf i) = gi, sin 2i (5 + 3 cos 2i) = gi, (5 sin 2t + § sin 4i) 

-I sin» i cos i = sin 2i (1 - cos 2i) = g\ (2 sin 2i - sin 4i) 

sin’ i = (3 sin i - sin 3i), ^ sin” i cos i = (2 sin 2i — sin 4*) 

J sin i cos’ i = J sin 2i (1 + cos 20 = g^j (2 sin 2i + sin 4t) 

If those transformations bo introduced, the equation for ^ may bo written 

CLt 

^ ^ 4e'") sin 3i' 

+ [(6 sin 4e + 6 sin 2e0 (it= + «;) - (4 sin 4e + 8 sin 2e') muJ sin 2i ' 

+ [(•]■ sin 4e — 3 sin 2e') («’ + it/) + (2 sin 4e — 4 sin 2e') uitj sin 4i) 

(41) 



Fi(}. 2. Diagram HhowitiK the rate of change of obliquity for various degrees of visoosity of the 
planet, where there are two disturbing bodies. 
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Substituting for u and u, their numerical values (39), and omitting the 
term depending on the semi-annual tide as unimportani), I find 

di 

64 ^ = — 5*9378 sin 4fi" sin i + 1*9793 sin 4e" sin 3i 
-I- {2*7846 sin 4e-+ 2*3611 sin 2e') sin 2i 

-f {1*81 59 sin 4e - 3*6317 sin 26'] sin 4i 
di 

The numbers are such that ^ is expressed in degi'ees per million yoai’s. 


■(42) 


dt 

The various values which ^ is capable of assuming as the viscosity and 

obliquity vary are best shown graphically. In figs. 2 and 3, each curve cor- 
responds to a given degree of viscosity, that is to say to a given value of e. 


Fia. 8, 



Diagram Bhoving rate of ohangeof obUquity when the vieoosity is very great, and 
where there are two disturbing bodies. J* « am 
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di 


and the ordinates givc.^ tho valuca of as the obliquity increases from 0” to 


!)0®. The scale at tho side of e^ich figure is a scale of degi-ees per hundred 
million years — if we had € = 30"* and i about 57'', the obliquity would bo 
increasing at tho mtc of about 3" 45' per hundred million years. 


The behaviour of this family of curves is so very peculiar for high degrees 
of viscosity, that I have given a special figure (viz. : fig. 3) for the viscosities 
for which €= 40'’, 41®, 42®, 43®, 44®. 


The peculiarly rapid variation of the forms of the curves for these values 
of e is duo to the rising of the fortnightly tide into prominence for high 
(Ugrecs of viscosity. The matter of tho spheroid is in fact so stiff that there 
is not tiuu‘. in 12 hours or a day to raise more than a very simxll tide, whilst 
in a fortnight a couaidomble lagging tide is misod. 

For e = 44® the fortnightly tide has risen to give its maximum effect 
(i.6?., sin 4€"= 1), whilst the effects of the other tides only remain evident in 
tho hump in tlie middle of tho curvo. Between e = 44® and 46® the ordinates 
of the curve <liiriinish rapidly and tho hump is smoothed down, so that when 
€ a 45'^ th(‘. curvtj is roduccid to tho horizontal axis. 


By tlu^ Mu‘.ory of Paper 1, thij values of e when divided by 16 give the 
corn^sponding retardation of tho bodily somi-diiuml tide — when 30" 
th(^ ti(l(j is two hours late. Also tho height of tho tide is cos2e of tho height 
of th(i o(juilibrium ti(l<‘ of a perfectly fiuicl spheroid — e.^., when e«30® the 
h<*ighi) of t.id(^ is nduced by oiio-half. In tho tables given in Part I., 
Setstion 7, of’ PnptM- I, will be found approximato values of the viscosity 
(',orn»sponding to invM valui^ of e. 

llui uunun’ical work lujci^ssaiy to dmw tlu*so figures was done by means of 
()r(*lh^\s multiplication tabh^ and ?is to fig. 2 in dupliwibo mechanically with a 
stKdior; thi^ ordinatus vvcjn^ thus only detonnl nod with sufficient accui*acy to 
dniw a fairly good figun*. For the two figurcH I found 108 values of CJich of 
di 

the stwtui Uu’ms of (nine, valiujs of i and twelve of e), and from tho seven 

tablets thus foriiicwhihe values corresponding to (uch ordinate of oiich meuibor 
of tli<‘. family w<m-<^ scihiotod and added together. 

From this ligun^ s(ivtM*al remarkabh* propositions may be (leduccd. When 
tli(‘. or<lina<i(‘.H aro positive, it shows that tho obliquity tends to increase, and 
who.n mgativc to diminish, Whenever, then, any curve cuts the hoiizontal 
n.xis th(M’(^ is a position of dynamical eciuilibrium ; but when the curve passes 
from abovi^ to Ixdow, it is oiu^ of stability, and when from below to above, of 
instability. 1 1 follows from this tliat tho positions of stability and instability 
must occur alt(Tnat,(‘ly. When e=0® or 45" (fluidity or rigidity) tho curve 
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reduces to the horizontal axis, and every position of the earth’s axis is tine of 
neutral equilibrium. 


But in every other case the position of 90® of obliquity is not a position 
of equilibrium, but the obliquity tends to diminish. On the other hand, fitun 
€ = 0° to about 30° (infinitely small viscosity to tide-retardation of two horn's), 
the position of zero obliquity is one of dynamical instability, whilst from then 
onwards to rigidity it becomes a position of stability. 

For viscosities ranging firom e = 0° to about 42^° thca-o is a position of 
stability which lies between about 50° to 87° of obliquity ; and the obli(juity 
of dynamical stability diminishes as the viscosity increases. 

• For viscosities ranging firom e = 30° nearly to about 42-J°, thor-e is a sueond 
position of dynamical equilibrium, at an obliquity which incrcjisos from 0" to 
about 50°, as the viscosity increases firom its lower to its higher value. Uut. 
this position is one of instability. 

From 6 = about 42J° there is only one position of equilibrium, and that 
stable, viz. : when the obliquity is zero. 

If the obliquity be supposed to increase past 90°, it is equivalent to .sup. 
posing the earths diurnal rotation reversed, whilst the orbitid motion of the 
earth and moon remains the same as before; but it did not seom worth while 
to prolong the figure, as it would have no applicability to the planets of the 
solar system. And, indeed, the figure for all the larger oblicpiitieK woithl 
hardly be applicable, because any planet whose obliquity increased very much, 
must gradually make the plane of the orbit of its satellite boconui inclined 
to that of its own orbit, and thus the hypothesis that the satellite’s orbit 
remains coincident with the ecliptic would be very inexact. 

It foUows from an inspection of the figure that for all obliquities l,luu'e ti,r<', 
two degrees of viscosity, one of which will make the mtc of change of 
obhquity a maximum and the other minimum. A graphical construction 
showed that for obliquities of about 6° to 20°, the degree of viscosity fi.r a 
a^mum corresponds to about 6=17^* whilst that for a minimum t.. 
about e - 40°. in order, however, to check this conclusion, I dotorniinod (,h(^ 
values of e analytically when i = 15°, and when the fortnightly tides (which 
has very Httle effect for small obUquities) is neglected. I find that tliee 
values are given by the roots of the equation 

-f-lOec^ + 13'660« - 20'412 = 0, where er = 3 cos 4e 

This equation has three real roots, of which one gives a hyperbolic cosiiue, 


n-iiui ^ about a thouHaiul 

miUion yearn for the obhqmty to inoreage from 6° to 28i“, if regard was only mid to this 

equation of ohwige of oWiqnity. The eguatious of Udal friction and tidal reaction will 
liowever, entoely modify the aspeote of the case. * ' 
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and the other two give e=18° 15' and €==41° 37'. This result therefore 
confirms the geometrical construction fairly well. 

It is proper to mention that the expressions of dynamical stability and 
instability are only used in a modified sense, for it will be seen when the 
effects of tidal friction come to be included, that these positions are continually 
shifting, HO that they may be rather described as positions of instantaneous 
sttibility an<l instability. 

I will iKJW illustrate the wise where there is only one satellite to the 
planet, and in order to change the point of view, I will suppose that the 
periodic time of th(i satellite is so short that we cannot classify the semi- 
diurnal and diurnal terms together, but must keep them all separate. 

Supposes that u — 5n ; then the speeds of the seven tides are proportional 
to the following numbei-s, 8, 10, 12 (semi-diurnal); 3, 6, 7 (diurnal); 2 (fort- 
nightly). 

Thi\s<.‘. are all the data which are necessary to draw a family of curves 
similar to thosc^ in figs, 2 and 3, beaiusc the scale, to which the figure is 
drawn, is d(jt(^rminod by the nniss of the satellite, the mass and density of the 
pbiiu't, and th(^ mjtual v(‘.locity of rotation of the planet. 


Hy (16) and (29) we have 
(it ga 

+ + 'V) 2e,' — IjMji ([f — (ff siu 2e' — (3^ + f/) aiu 2ea'] 

\vh(M-(i p = cos \i find q = sin ]^i. 


'riiis t‘.(iual.ioii may bo easily rtKluood to the form 

^ t i K «i'i ' I L 1 «>" +«i “ ~ 

(It gH ^ 

4' cos i sin *lei — ‘t sin 4it' + 15 sin 4ej + 1 H siii — 24 aiu ie' + 13 sin 26^ ] 
+ cos 2t I (i sin 4fi — <> sin 4€a 4' 1 2 sin 4e'^J 

+ C.OS 3/ [sin 4f, 4 ain 4€ 4 siii4ej - 2 aiu 2e,' - « ain 2e' - 2 sin 26;]{ 

whicli is (*.<jnv(*nicn(i i<H‘ thes (soinputtition ot the oi*(lina*toB ot the himily ol 
c.iirvca which illustrate tlm various values of -v^ for various obli<iuitica ami 


vis(ioait.ics. 


In fi}f. 4, t.lu' laf( («) of th(' sidereal semi-diurnal tide ia taken aa the standaid 
of viscosity. 'I'lej abscussin rei»r(!S(!iit the various obluiuitios of the planet’s 
e(juat^»r t.o‘ the plants of the saUaiite’s erbit ; the ordinates represent the values 


i>. n. 
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of ^ ^the actual scale depending on the value of ; and each enrve 
sents one degree of viscosity, viz.: vrhen 6 = 10°, 20°, 30°, 40° and 44". 

The computation of the ordinates was done by Crello’vS thn^ii-fignrij 
multiplication table, and thus the figure does not profess to bo very rigorouKly 
exact. 


C«o* 



TV’ 

Fia. 4. Diagram ahovring rate of change of obliquity for variouH degrocH „f viacsity 
or the planet, -where there is one disturbing body. 

This femfly of curves differs much from the preceding ono. For i.iod.ral,.- 

mminish, and thus there is no position of dynamically unstable^ ociuilibriimi «f 

dnp^t small obhquities and large viscosities in the pnivious casi* w.is 

ThTZZS”” t ”” ‘■“r «“ 

before, but in consequenoe of the^* ton at a Is^ obliquity still niiimiiiH us 

previoTis case. As the ratio n j. » • not neaily so groat as in the 

ie oue of smaller and emaller obliZ^S* 77 sliiliility 
- .Nlqui^ luoome. embltZr&lS Z!" “ *" “ 
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§ 12. jBcMfa of tidal fiction tvh&n the earth is viscous. 

If in the same way the equations (37) and (38) bo applied to the case 
whore the earth is purely viscous, when, the semi-diurnal and diurnal tides 
are grouped together, we have 

- ^ + uf (cos=* i + § sin* i) sin 4e -h -J* (I ” J 0 2e']| 


+ uiOj [{ sin^ i sin 4e -h J sin® i cos® i sin 2^'] 

d fn\ 


.(48) 


Fig. 5 exhibits the various values of for tho various obliquities and 

di 

degrees of viscosit 3 r, just as the previous figures exhibited ^ . Tho calculations 

were done in the same way as before, after the various functions of tho 
obliquity were expressed in terms of cos 2* and cos 4i. 



Pm. 5. Diagvam showing the amount of tidal ftiotion for various viBcositioH and obliauities, 
where there are two disturbing bodies. 

The only remarkable point in these curves is that, for tho higher degrees 
of viscosity, the tidal flriction rises to a maximum, for about 45 of obliquity. 
The friction rises to its gi-eatest value when e = 22^® nearly ; this is 
explained by the feet that by far the largest part of tho friction arises from 
the semi-diurnal tide, which has its greatest effect when sin 4e is unity. 
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§ 13. 2}idai friction and apparent secular acceleration of the moon. 

I no-w set amde again the hypothesis that the earth is purely viscous, and 
return to that of there being any kind of lagging tides. 

I shall first find at what rate the earth is being retarded when it is 
moving with its present diurnal rotation, and when the moon is moving in 
her present orbit, and no distinction will be made between n and tioJ all the 
secular changes will be considered later. 


The numerical data of Section 11 are here used, and the obliquity of the 
ecliptic i = 23° 28' ; then u and u, being expressed in radians per tropical 
year, I find 


2-7663 
C 10» 


£sin26 + 


1-1978 „ . _ . 
0n~ -i^-®sm2e + 


•6143 

10 ' 

•2669 

10 * 


.B'sine'' 
B' sin e 


,(44) 


Integrating the equation (37) and putting n=ni„ when t = 0 

w 

lategrating a second time, we find that a meridian fised in the earth has 
fallen behind the place it would have had, if the rotation had not been 

retarded, by — seconds of arc. ‘And at the end of a century it is 

behind time 1900*27.® sin 26 + 423'49®^ sin e' m. s. seconds of time. 


If the earth were purely viscous, and when 6 = 17® 30'* (which by 
Section 11 causes the rate of change of obliquity to be a noaximum), I find 
that at the end of a century the earth is behind time in its rotation by 
17 nauiutes 6 seconds. 


By substitution from the second of (44), equation (46) may he written in 
the form 


n=7io (^1 — 




10* 10* 
which in the supposed case of pure viscosity when e = 17° 30' becomes 

•006460 


(46) 


n 


(. -006460,) 


(47) 


All these results would, however, cease to be even approximately true 
after a few millions of years. 


This calcalation was done before I perceived tliat I had not chosen that degree of viscosity 
which, makes the tidal friction a maximum, but as all the other numerical calculations have 
been worked out for this degree of viscosity I adhere to it here also. 
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The effect of the failure of the earth to keep true time is to cause an 
apparent acceleration of the moon’s motion ; and if the moon’s motion ■were 
really unaffected by the tides in the earth, there would be an apparent 
acceleration of the moon in a century of 

1043"-28^ sin 2€ + 232"‘60£7' sin e' (48) 

for the moon moves over 0"'5490 of her orbit in one second of time. 

This apparent acceleration would however be considerably diminished by 
the effects of tidal reaction on the moon, which will now be considered. 


§ 14. Tidal reaction on the moo7i. 

The action of the tides on the moon gives rise to a small force tangential 
to the orbit accelerating her linear motion. The spiral described by the moon 
about the earth mil differ insensibly from a circle, and therefore we may 
assume throughout that the centrifugal force of the earth’s and moon’s orbital 
motion round their common centre of inertia is equal and opposite to the 
attraction between them. 

We shall now find the tangential force on the moon in terms of the 
couples which we have alrea dy on t he earth. These couples 

consist of the sum of^three^pfiffEs, ^ : that due (i)rttr^^ alone, (ii) to 
thejayjft“Slone, and (iii) to the action of the sun on the lunar itides and of the 
flioon on the solar tides, the latter two being equal inter ee. 

Now since action and reaction are equal and opposite, the only parbs of 
these couples which correspond with the tangential foice on the moon are 
those which arise from (i), and one-half those which ai-iso from (iii). 

We may thus leave the sun out of account if we suppose the earth only 
to be acted on by the couples + JWjftti + iSms -I- ■J-iBww/*/ ; 

these couples will be called H', jS', and the part of the change of 

di' 

obliquity which is due to jUl' will be called . 

Let r and — fl be the moon’s distance, and angular velocity at any tiino, 
and V the ratio of the earth’s mass to the moon’s. 

Let T be the force which acts on the moon perpendicular to her radius 
vector, in the direction of her motion. 

Trom the equality of action and reaction, it follows that Ti* must bo equal 
to the couple which is produced by the moon’s action on tho tides in tho 
earth, acting in the direction tending to retard the earth’s diurnal rotation 
about the normal to the ecliptic. Eeferring to fig. 1, we see that the direction 
cosines of this normal are — sin i cos n, - sin i sin n, cos i ; hence 

Ti* = — sin i (H' cos n -f- sin n.) -h cos i 
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But by (17) and (18) 


Hence 


%' 

■q = (FbU + sin » + (Gjrti + iG,n,n;) COH Ji 

= - (Fm« + iFflTO,,) cos n + (G^t + ^G«m,v) sin n 
%' . /7«*' 

cos « + ^ sm w = G,„. + iG™,», = - « 

Tr = C#'cosi + »8ini^'l 


In order to apply the ordinary formula for the motion of the utooii, th*‘ 
^rth must he reduced to rest, and therefore T must be augmented by tin* 

actor {M-\-m)-rM, Then if & be the moon’s longitude, th(‘ c‘(mation dT 
motion of the moon is 

('W) 

But since the orbit is approximately circular — = fl. 

dt 

. Also m = C-5-|fvas and 1±Z 

Therefore by (49) and (50) 

<^(Gr») ,l + i;fia' . M') 

dt “ ~ {“c * + « sin i -J - 1 

Now let f = j , whence 11“ = iV ^ 
confusion will aris^^ byT^rond u^ oAh^^ ^ 

Therefore 

t^=(M+ ~ and flr“ = (JIf + ,»)<! n„ ' j | 


and hence 




But + be,»„,e M „d » are here meaeemi i„ 

nomical units of mnjiB 

Therefore om* equation may be written 

~T^) ^ f = lo* (1 + 1 ') cos i + n sin i 
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Now let 

5 = ^ [(^) snoClQ^ = ^ , and let -ST = ^ (51) 

and we have M ^ cos i + JV" sin i ^ (62) 

^ at Cuo at 

It is not hard to show that the moment of momentum of the orbital 
motion of the two bodies is and that of the earth’s rotation is 

obviously Cn, Hence snil^ is the ratio of the two momenta, and jj, is the 
ratio of the two momenta at the fixed moment of time, which is the epoch. 


In the similar equation expressive of the rate of change in the earths 
orbital motion round the sun, it is obvious that the orbital moment of 
momentum is so very large compared with the earth’s moment of momentum 
of rotation, that /m is very large and the earth’s mean distance from the sun 
remains sensibly constant (see Section 19). 


Then by (16) and (29), remembering that 


jP = cos-J^, g = sln^^, — , 


and JV'-- 
no 


we have 


sin i % = — sin 26x - sin 2es 
oX gWo 

+ E-!p^q (p® + Sg®) sin e/ — E'pq ( j3® — g®)* sin V — E^pq^ (3^)® + g®) sin 

— E"dp^^ sin 26"] . . .(53) 


And by (21) 

cos i = — (P’ - 2“) [Elf sin 26 i +E4p*q>’ sin 2e + A^.g® sin 263 
Oo gJ^o 

+ AV2p*g® sin + E'^q* (f - g®)® sin e' + E3'2fq‘ sin e/] . . .(54) 

By (33) and (34), and remembering to take the halves of CSmm, and 
and that sin i = Q, cos i = P 

Eain i ^ ^ [^EPQ‘ sin 26 + ^E'F^Q sin 6'] (56) 

cos a 1^' = Hi P [iEQ* sin 26 + JP'P»(3® sin s'] (56) 

® Cno fin, '■* 

To obtain ^ ^ , we have to add the last four expressions together, 
and we observe that the last two out one another out, so that the expression for 
^ is independent of the solar tides; also the terms in sin 26, sin 6' cut one 
another out in the sum of the first two expressions, and hence it follows that 
^ is independent of the sidereal semi-diurnal and diurnal terms. 
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Thus we have 



-6^V3‘8in2e"] (57) 


This equation will be referred to hereafter as that of tidal reaction*. 
From its form we see that the tides of speeds 2 (ra -t-fl), n + 2 Cl, and 20 tend 
to make the moon approach the earth, whilst the other tides tend to make it 
recede. 


If, as in previous cases, we put = = E; Ei'=Ei=E'; Ci = 62 = e ; 

= (which is justifiable so long as the moon’s orbital motion is 
slow compared with that of the earth’s rotation), we have, after noticing 
that 

p* — g* = (p® — g®) (p* + g*) = cos i (1 — ^ sin® i) 

4 ^^ — 4p®g‘' = 4p®g® (p® — g®) = sin® i cos i 
6p*g<=^sin*i 

df T® _ . 

^ (It ^ *) ® sill + sin® { cos iE' sin e' — sin* iE" sin 2e"] 

(58) 

If the present values of n, fl, i be substituted in this equaSJhiv(58) 
(U, with the present day, month, and obliquity), and if the tropical vearB'e-. 
the unit of time, it will be found that 

1 

(24-27.ffsin 2e + 4-18£'sine'- *271^" sin 2e") 

f “ enters into this equation because r varies as fl® and therefore sis 

But we may here put f = 1, because we only want the present in- 
Ht«.itaneou8 rate of increase of ii. 


Now ^ jn ^ ^ -when = hence multiplying 

the equation by 3f2, we have at the present time 

~ + 105SE' sin e' - 68-28£?" sin 2e". . .(69) 

i n riidiana per annum. 


If foi the moment we call the right-hand of this equation k, wc have 
fi = Ho — i . Integrating a second time, we find that the moon has fallen 


^ In a future paper [Paper C] on the perturbations of a sateUite revolving about a viscous 
primary, I shall obtain this equation by the method of the disturbing function. 
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jkind her proper place in her orbit aeconds of arc in the 

time L Put t equal to a century, and substitute for A', and it will then be 
found that the moon lags in a century 

(530*7^ sin 26 + lOS’C^E'^sin e' — 7*042jiF"sin 2€' seconds of arc... (60) 

But it was shown in Section 13 (48) that the moon, if unaffected by tidal 
reaction, would have been apparently accelerated in a century 

1043’3j& sin 2€ 4* 232’5jIS' sin e' seconds of arc. 

Hence taking the difference between these two, we find that there is an 
apparent acceleration in a century of the moon's motion of 

412-6i;sin Se + 123-9ii?' sin e' H- 7-04>2J^" sin 2e ' (61) 

seconds of aixj. 

Now according to Adams and Delaunay, there is at the present time an 
unexplained acceleration of the moon's motion of about 4'" in a century. For 
the present I will assume that the whole of this 4^' is duo tt) the bodily tidal 
friction and reaction, leaving nothing to be accounted for by oceanic tidal 
friction and resiction, to which the whole has hith(irto betui attributed. Then 
we must have 

412*67i? sin 26 + 123*9^' sin s' + 7*042^" sin 2e" 4 (62) 

This equation gives a relation which must subsist between the heights 
of the semi-diurnal, diurnal, and fortnightly bodily tides, and thoir 
retanlations e, €', e', in ordtjr that the observcMl amount of tidal frictitm may 
not be oxco(Mied. But no further deduction c*in bo mtide, without some 
assumption as to the nature of th('. matt(tr constituting the earth. 

I shall first assume then that th(^ matter is puinly viscous, ho that 

^ = cos 2e, /?'— cos 111*' = cos 2€", and tati 2e = , tan , tan 2€" = — . 

P P P 

The (i<|uation tihoii hiicoimis 

41 2-6 sin 46 + 1 23*9 sin 2^' H- 7*042 sin 4e" = 8 (63) 

If tli<‘. values of e, e', e" bt^ substituted, wo got an equation of the sixth 
degi-(K‘. for p, but it will not be necessary to form this equation, because the 
({uestion may be more simply treated by the following approximation. 

Inhere m-e obviously two solutions of the equation, one of which represents 
that the («xrth is very nearly fluid, and the other that it is voiy nearly rigid. 

In th(‘. first case, that of approximate fluidity, e, e', e" are very small, and 
thtu’ofore 
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Hence (l650 + 248 + ~ 


That is to say, the semi-diurnal tide only lagH l>y t.h<‘ Hiuall 

But this is not the solution which is interesting in the tyu«‘ of tin* ouHh. J«'«- 

we inow that the earth does not behave approxituat<‘ly iis a flui<l l>oil^\ . 

In the other solution, 2e and s' approach 90", ho that p Ih hmihII ; hfin'f 

and sm4e ^ 

Hence we have 

«2-e (i)+ 128-9 (^)+ 7042 

Put^ = 


we have 

whence 


^ = 0 ?, so that a? = cot 2e"; then aiilwtitutin^j for ihs vuhu* . 


1320’7 , irneo „ 

«■ - -ISJSn* + 1'2921» - -1 0r>5 ! 


This equation has two imaginary roots, and oiu* ronl om*. vis?.: ‘12Mr»H. 
Hence the desired solution is given by cot 2e"= •1285K ; and Jtt — 7 ‘2(f , 
and the corresponding values of 2e and e' arc 2e= ^ir - HI', and «' ■ ■■ Air ■- :t2‘, 
If these values for e, e, e" be used in tho original o(|uation ((lU), tl>oy will hi* 
found to satisfy it very closely ; and it appeal's that tlu*n* i.s a (rui* roianlatiKii 
of the moon of 3"T in a century, whilst tho longtlu*ning of thi* iluy wmihl 
maJre an apparent acceleration of 7"T, — the diftcron(;(‘ btit\vi*t*n tin* two la'iiig 
the observed 4". 


With th^e values the semi-diurnal and diunral («u'an-t.idt*H an*, rding 

to the equilibnum theory of ocean-tides, sensibly tlio sanio as thiwi* on a rigid 
nucleus, whilst the fortnightly tide is i-cducod bi sirr 2f'' or ■!l<)2 of iIn 


theoretical amount; and the time of high tide is aooeh-mtod by - *" . 
or hours in advance of its theoretical time. 

of be su^tituted in the equation giving tho rat.* of variation 

the rate of 0 00197 per milhon years, or 1" in 500 million yoars. Th.m in 
100 million years it would only decrease by 12'. So. also. iJ may la* shown 
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ifet the moon’s sidereal period is being increixsed by 2 hours 20 minut<^s in 
seif 00 million years. 

• Lastly, the earth considered as a clock is losing 13 seconds in a conttuy^. 


* [Appbndtx Q, (a) to Thomson and Tait’a Natural Philosophy p. 503, 
by G. H. Darwin.] 

The retardation of the ea/rtNs rotation^ m dedmed from the semdar aendmUion of the 

Moods mean motion. 

In my paper on the precession of a visoouH spheroid [this present paper], all tlui data 
are given which are requisite for making the calculations for Professor Adams* result in g H80 
[of Thomson and Tait’s Natural Philosophylf viz. : that if thero is an unexplained part in the 
ooefiioient of the secular acceleration of the moon’s mean motion amounting to 6'^, and if this 
be due to tidal friction, then in a centuiy the earth gets socoiids l>ohind time, when compared 
with an ideal clock, going perfectly for a century, and perfectly rated at the beginning of the 
century. In the paper referred to however the earth is treated as homogeneous, and the thUm are 
supposed to consist in a bodily deformation of the mass. Tho mimeneal nmults there given 
require some modification on this account. 

If A', E\ A" be the heights of tho semi-diurnal, diurnal and fortnightly tides, exprossod as 
fractions of the equilibiium tides of the same denominations; and if e, e'' bo the correspond- 
ing retardations of phase of those tides due to friction ; it is shown on p. [(>0 of this volumoj and 
in equation (48), that in consequence of lunar and solar tides, at the end of a century, the earth, 


as a time-keeper, is behind the time indicated by the ideal perfect clock 

1900*27 E sin 2fi H- 423*49 E* sin e' seconds of time (</) 

and that if tho motion of tho moon wore unafiooted by the tides, an observer, taking the earth as 
his clock, would note that at the end of the century the moon was in advance of her place in hat 
orbit by 

1048"*28 E sin 2^ + 232"-/>0 A' sin e' (h) 

This is of course merely the expression of th(» same fact as (a), in a different form. 

Lastly it is shown in equation (00) that fro»n those cauH(w tho moon actually lags in a 
century behind her place 

(i80*'*7 E sin 2f + 108"*() E' sin c' - 7"*042 E" sin (r) 


In adapting these results to tho hypothesis of oceanic tides on a heterogeneous earth, we ol>Herv<< 
in the first place that, if tho fluid tides arc inverted, that is to say if for example it is low wat<tr 
under the moon, tlien friction advanc<JH the iluid tides t, and tUorefore in tliat oawj the <*h are to 
bo interpreted as advancements of pliuso; and secondly that th<i A”s arc to bo multipHo<l by ft, 
whioli is tho ratio of the density of water to tho mean density of tho earth. Next the earth’s 
moment of inertia (as we learn from col. vii. of tho table in § 824) is about *88 of its amount cm 
the hypothesis of homogeneity, and therefore tho results (a) and (h) have both to bo multiplied 
by l/*83 or 1*2; tlio result (<;) mmains unaffected except as to the factor ft. 

Thus subtracting (c) from (b) as amondod, we find that to an observer, taking tho earth as a 
true time-keeper, tho moon is, at the end of tho century, in advance of her place by 

ft {(1*2 X 1043"*28 - «30''*7) E sin 2€H- (1*2 x 282"*50 - 108"*0) K' sin e'H- 7"*042 A'" sin 2e''j 
which is equal to 

ft { (i21"*24 E sin 2€ -[ 170" *40 E' sin d + 7"*04 A" sin 26" } (d; 

t That this Is true may be seen from conBhloiatlons of energy. If It were approximately low water un<lor the 
moon, the oartli's rotation would be accelerated by tidal friction, if the tides of short period lagged ; and this would 
violate the prlnciplcH of energy. 
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There is another supposition as to the physical constitution of th(‘ i‘ar 
which will lead to interesting results. 

If the earth be elastico-Yiscous, then for the semi-diurnal and diin*nal 
tides it might behave nearly as though it were perfectly elastic, whilst for 
fortnightly tide it might behave nearly as though it wen‘, porftictly vistjous. 
With the law of elastico-viscosity used in my previous paja^r*, it» is not 
possible to satisfy these conditions very exactly. But thei'e is no n^ason to 
suppose that that law represents anything but an ideal sort of imittt*!’ ; it is 
as likely that the degradation of elasticity immediately after stiiiining is not 
so rapid as that law supposes. I shall therefore take a limiting and 
suppose that, for the semi-diurnal and diurnal tides, the earth is iKU'footly 


and from (a) as amended that the earth, as a time-heeper, is behind tlio time indicated th<‘ 
ideal clock, perfectly rated at the beginning of the century, by 

■ft: { 2280*32 JE sin 2e + 508 *19 A?' sin e' )• seconds of time (*•) 

Now if w’e suppose that the tides have their equilibrium height, bo that the A”s are i*iieh ttiiity ; 
and that e' is one-half of e (which must roughly correspond to the Htiite of the caHc), aJiil that 


6'^ is insensible, and € small, (d) becomes 

ft: { 621"*24+i X 170"*40} e (/) 

and (e) becomes ft- { 2280*32 -f J x 508*19} e seconds of time (.7) 

If (/) were equal to 1", thou (g) would clearly be 

2280*82 + ^x508*19 , ... 

621-24 + J X 170-40 *““« (A) 


The second term, both in the numerator and denominator of (A), deponde on tli« <ii«iriml 
tide, whieh only exists when the ecliptio is oblique. Now Adams’ result wiw obtainiHl on tiw 
hypothesis that the obliquity of the ecliptio was nil, therefore aooording to his aHsiunptuiii, 
1" in the coefficient of lunar acceleration means that the earth, as oomparod with a porfi'ct 
clock rated at the beginning of the century, is behind time 
2280*82 

^21*24 ~ ssoonds at the eud of a century 


Accordingly 6" in the coefficient gives 22 secs, at the end of a century, which Ih Iuh n^Hult Kiven 
in § 830. If however we include the obliquity of the ecliptio and the diurnal title, wt* lind that 
1" in the coefficient means that the earth, as compared with the perfect clock, in behind time 
2407*37 

seconds at the end of a century 

Thus taking Hansen’s 12"-S6 with Delaunay’s 6"-l, we have the earth btdiind 

6-46 X 3-6274= 28-4 see. 

and taking Newcomb’s 8"-4 with Delaunay’s 6"-l. we hare the earth behind 2-3 x ,3-027.1 : H-3 sec. 

It “ worthy of nofee i^t this result would be only very sUghtly vitiated i.y the inoorrcotnimH 
of the hj^thesm ^e above as to the values of the N’s and e’e; for Ji sin'ic ooourK in the 
important term feth m the numerator and denominator of the result for the eartli’s dofoot us a 
toe-kMper, and thus fee hypotheeis only enters in determining the part played by tlu. diurnal 
result IS not sensibly affected by some inexactness in this hyiiotluwis, nor bv 
the fact that the oceans m reality only cover a portion of the earth’s surface. 

* Nar^y. that if the solid be strained, fee stress required to maintain it in the Htrained 
oonfigmation dimimshee m geometrical progression as fee time, measured from the opooh of 
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Tistic, whilst for the fortnightly one it is perfectly viscous. 'J’his hypothcHLs, 
smf course, will give results in excess of what is rigorously possible*, at lojist 
laJnthout a discontinuity in the law of degnidation of elasticity. 

It is accordingly assumed that the semi-diurnal and diuitial bodily tides 
' do not lag, and therefore e=e' = 0; whilst the fortnightly tide dot's big, sind 
E" = eoa2e". 

Thus by (38) there is no tidal iiictiou, and by (00) thtsru is a true 
acceleration of the moon’s motion of ^ of 7'042 sin 4>e" seconds of are in a 
century. Then if we take the most favourabU* case., namely, when e" = 22" 30', 
there is a true secular acceleration of 3"‘62I per century. 

It follows, therefore, that the whole of the obstirvtfd soetdar atjceltsmtion of 
the moon might be explained by this hy|)othesis as to the physitail ct»nstituti<in 
of the earth. On this hyiwthesis the fortnightly ocean tide should amount 
to sin 22“ 30', or '38 of its theoretical height on a rigid nuehius, and l.he i.inie 
of high water should be accelerated by I day 17 houiu Again, by (35) 
di 

^ = - 8111 “ i, from whence it may be shown that the. oblnjuity of the 
ecliptic would be decreasing at the rate of I" in 128 million years. 

The conclusion to bo drawn from all these cjalcidations is l,hat, at the 
present time, the bodily tides in the earth, excejit perhaps tin- fortnightly 
tide, must be exceedingly small in amount ; that it is uttisrly uncorbiin luiw 
much of the observed 4" of acceleration of the moon’s motion must be rofom'd 
to the moon itself, and how much to the tidal friction, and accordingly that it 
is equally uncertain at what rate tin* day is at present being Ie,ngth<*ne<l J 
lastly, that if there is at present any changi* in tin* oblifpiity of the. <*cliptie, 
it must be very slowly docrt*asing. 

The result of this hypothesis of ola.sti(!o-visoosity app(*ars to im* so I'.urious 
that I shall proceiid to .show what might po.ssibly hav(* b(((*n tin* state of 
things a very long tinu* ago, if the «,*ai-th had b(*en iK*rfe(!tly <*lastie for the 
iidos of short i)ori(Kl, but viscous f<»r thi* foi-tnightly tide*. 

Then* will now be. no tidal friction, and the length of day nunains conslant. 
The c'luation of tidal reaction r(*ducos to 

(if 

'“r/t ““p ('ifrin^'tsin 4e" 

Hero ?{“ is a constant, being th<.* vahu* of at tin* <*poch; and 
ho value of ^ at th(j time t. 

The equation giving the rate of change of obliipiity becomes 
di V? , 
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Dividing the latter \>y the former, we have* 

sinidi — [id^ 


And by integration cos ^ = cos io (I — 1 ) 

If we look back long enough in time, we may find f « I'Ol, and fju being 
4*007, we have 

cos i = cos % — ‘04007 

Taking % = 23" 28, we find i = 28" 40'. 

This result is independent of the degree of viscosity. When, however, we 
wish to find how long a period is requisite for this amount of change, some 
supposition as to viscosity is necessary. The time cannot be less than if 
sin 46" = 1, or e" = 22® 30', and we may find a rough estimate of the time by 
writing the equation of tidal reaction 




: sin‘ I 


where I is constant and equal to 24°, suppose. Then integrating we have 


— 1) = — t sin'* I 


or « = - if cosec* I(p-l) 

When f « 1*01, we find from this that — i = 720 million years, and that 
the length of the month is 28*15 m.s. days. Hence, if we look back 700 million 
years or more, we might find the obliquity 28" 40', and the month 28*15 m.s. 
days, whilst the length of day might be nearly constant. It must, however, 
be reiterated, that on account of our assumptions the change of obliquity is 
greater than would be possible, whilst the time occupied by the change is 
too short. In any case, any change in this direction approaching this in 
magnitude seenos excessively improbable. 


Part II. 

§ 15. Integroibim of the differential equations for secular changes in the 
variables in the case of viscosity. 

It is now supposed that the earth is a purely viscous spheroid, and I shall 
proceed to find the changes which would occur in the obliquity of the ecliptic 
and the lengths of the day and month when very long periods of time are 
taken into consideration. 

I have been unable to find even an approximate general analytical solution 
of the problem, and have therefore worked the problem by a laborious arith- 
metical method, when the earth is supposed to have a particular degree of 
viscosity. 

* Goncexning the legitimaoy of this change of variable, Bee the foUowing seotion. 
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The viscosity chosen is such that, with the present length <>1 <lay, tlu‘ 
kini-diurnal tide lags by 17° 30'. It was shown above that this viHCosity 
a<ke8 the rate of change of obliquity nearly a maxiuium^. It does not 
How that the whole series of changes will proceed with luaxiuuim velocity, 

this supposition will, I think, give a very good idea of the ininiimiin tiint% 
id of the nature of the changes which may have occurred in th(^ coni’S(A of 
e development of the moon-earth system. 

The three semi-diurnal tides will bo supposed to lag by tli(‘. saints amount 
d to be reduced in the same proportion; Jis also will be the thnse diurnal 
les. 

There are three simultaneous diiforential oejuations to bii tn^att‘.(I, viz. : 
Dse giving (1) the rate of change of the oblicpiity of tins ecliptic, (2) th<^ raU^ 
alteration of the earth’s diurnal rotation, (3) the ratc‘. of tidal rc'fUition on 
3 moon. They will be referred to hereafter as the equations of obliquity, of 
ction, anid reaction respectively. 

To write these equations more conveniently a partly luiw noUitiou is 
rantageous, as follows: 

The suffix 0 to any symbol denotes the initial value of tins (juantity in 
3stion. 

r ^ ruT* • • 

Ijetw® = -“-, uu,^ ~\ those three (luantitieH are constant, 

gwo’ ' gno’ ' gwo’ ^ 

Since the tidal reaction on the sun is nogloctcid, r, is a constant, and simu* 
arics as (and therefore Jis f"^); honco 


ga "" n f ^ ’ g'n "" n 

Lot p bo equal to » where v is th(i coefficbuit oF vis<ioHitry of the <Nirtlu 
ill Jiccording to the theory developed in my papeu* on t»id(‘Hf 

tan 2€ = — , tjiu e' = - , tan 2e" «= ? - ((J4 ) 

P P P 

To simplify the work, terms involving the fourth power of tht\ siius of th<* 
quity will be neglected. 

Now let 

= i logio e, Q == § sin“ i log^o e, E = logi,, e = i Q sec i] 

cos I 

U = -i 8in“ i log,„ e, V = ^ ^ log„ e 

W = -J- cos*-* i, X=i sin^ i cos i, Z = I sin*-* i cos ** i 



If 1 bad to make the choioo over again I should choose a slightly greater viscosity as boiug 
interesting. 

JPhiL Trans., 1879, Part i. [Paper 1.] 
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Also let = - , -=N; and it may be called to mind that f , 

fJ* IIq \'*"/ 



The terms depending on the semi-annual tide will be omitted throughout. 
With this notation the equation of obliquity (35) and (36) may be written 

logio e ~ = sin i cos i (1 “ f sin^ i) -h ufj (P sin 4e + Q sin 26) 

— ^'(U sin4€ + V sin2e') — ^Rsin4€"J...(66) 

The equation (43) of friction becomes 

- ^ “ (|ra 'h ) (W sin 4e 4- X sin 2e') -f- ^ Z sin 2e' (67) 

And by (58), Section 14, the equation of reaction becomes 

/*§=|^(W8in4e + Xsin2e') (68) 

This is the third of the simultaneous differential equations which have to 
be treated. The four variables involved are i, N, t, which give the obliquity, 
the earth’s rotation, the square root of the moon’s distance and the time. 
Besides where they are involved explicitly, they enter implicitly in Q, R, U, 
V, W, X, Z, sm4€, sin 26', sin 46". 


Q, R, &c., are functions of the obliquity i only, but P is a constant. Also 


4/np _ 4m^p]T 
4m? + p^~ 4>n,*N'» + pO’ 


sin 2e' = 


iiitpN 
5loW» + p*’ 


sin 4e" 




I made several attempts to solve these equations by retaining the time as 
independent variable, and substituting for | and AT approximate values, but 
they were all unsatisfactory, because of the high powers of f which occur, and 
no security could be felt that after a considerable time the solutions obtained 
did not differ a good deal from the true one. The results, however, wore 
confirmatory of those given hereafter. 


The method finally adopted was to change the independent variable fiuni 
f to f. A new equation was thus formed between If and f, which involved 
the obliquity i only in a subordinate degree, and which admitted of approxi- 
mate integration. This equation is in fact that of conservation of moment of 
momentum, modified by the effects of the solar tidal Motion. Afterwards the 
time and the obliquity were found by the method of quadratures. As, however, 
it was not safe to push this solution beyond a certain point, it was carried as 
far as seemed safe, and then a new set of equations were formed, in which the 
final valuM of the variables, as found firom the previous integration, were used 
as the initial values. A similar operation was carried out a third and fourth 
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time. The operations were thus divided into a series of periods, which will 
bo referred to as periods of integration. As the error in the final values in 
any one period is carried on to the next period, the error tends to accumulate; 
on this account the integration in the first and second periods was carried out 
with greater accuracy than would in general be necessary for a speculative 
inquiry like the present one. The first step is to form the approximate equa- 
tion of conservation of moment of momentum above referred to. 


Let A = W sin 4e -f X sin 2e', B = Z sin 26'. 

Then the equations of friction (07) and reaction (68) may bo written 




-V . 

dt ^ 


A+^'B 


Wo now havo to cousidor tho proposed chtuigo of variablo from t to f . 

(iJN" (l^ 

The full expression for contains a number of periodic terms ; also 

djN' 

contains terms which are co-poriodic with those in . The object which 

is hero in view is to detonnino tho increase in tho average value of N per 
unit increase of tho average value of The proposed now independent 
variable is therefore not f, but it is the average value of ^ ; but as no occasion 
will arise for tho use of f as involving periodic terms, I shall retain the same 
symbol. 

In order to justify the procedure to be adopted, it is nocoHsary to show 
that, if f(t) be a function of t, then the rate of increase of its average value 
estimated over a period T, of which the beginning is variable, is equal to 
the average rate of its increase estimated over tho same period. The 
average value of f{t) estimated over the period T, beginning at the time t is 

iji j fit) dt, and therefore tho rate of tho incrotise of the average value is 

diTj . which is equal to J f if) dt\ and this last expression is 

the average rate of increase oi fit) estimated over the same period. This 
therefore proves the proposition in question. 

dN 

Suppose we have - M + periodic terms, where M varies very 

slowly ; then — M is the average value of the i-ato of increase of N estimated 
over a period which is the least common multiple of the periods of the several 
periodic terms. Hence by the above proposition — M is also the rate of 
increase of the average value of N estimated over tho like period. 


D II, 


6 
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Similarly if ^ = X + periodic terms, X is the rate of increase of the 

average value of f estimated over a period, which will be the same as in the 
former case. 


But the average value of N is the proposed new dependent variable, and 
the average value of f the new independent variable. Hence, from the 

present point of view, ^ ~ argument is, however, only strictly 

applicable, supposing there are not periodic terms in ^ or ^ of incom- 


mensurable periods, and supposing the periodic terms are rigorously circular 
functions, so that their amplitudes and frequencies are not functions of the 
time, 


It is obvious, however, that if the incommensurable terms do not represent 
long inequalities, and if M and X vary slowly, the theorem remains very 
nearly true. With respect to the variability of amplitude and frequency, it 
is only necessary for the applicability of the argument to postulate that the 
so-called periodic terms are so nearly true circular functions that the integrals 
of them over any moderate multiple of their period are sensibly zero. 

Suppose, for example, yjt (t) cos [vt 4- xiCO] periodic terms, 

we have only to suppose that yjr (t) and (^) vary so slowly that they remain 
sensibly constant during a period iir/v or any moderately small multiple 

of it, in order to be safe in assuming j ^fr {t) cos {vt-{'')(^{ty)dt as sensibly zero. 

Now in all the inequalities in N and f it is a question of dajTs or weeks, whilst 
in the variations of the amplitudes and frequencies of the inequalities it is a 
question of millions of years. Hence the above method is safely applicable 
here. 


It is worthy of remark that it has been nowhere assumed that the ampli- 
tudes of the periodic inequalities are small compared with the non-poriodic 
parts of the expression. 

A precisely similar argument will he applicable to every case where 
occasion will arise to change the independent variable. The change will 
accordingly be carried out without further comment, it being always under- 
stood that both dependent and independent variable are the average values 
of the quantities for which their symbols would in general stand*. 


* In order to feel complete conUdenoe in my view, I placed the question before Mr E. J. Routh, 
and with great kindness he sent me some remarks on the subject, in which he confirmed the 
correctness of my procedure, although he arrived at the conclusion from rather a different point 
of view. 



MOMENT OF MOMENTUM OP THE SYSTEM. 


83 


1879] 

Then dividing (69) by (70) we have 

<«) 


Now 1= r-4 

A .„ 8m4e 

sin 26'"^^ 


. « . sin 26' • 1 rr., . . . 

== sin’* ^ approximately. This approximation 


will bo sufficiently accurate, because the last term is small and is dimiuiHhinjf. 
For the same reason, only a small error will bo incurred by treating it as 
constant, provided the integration be not carried over too largo a field — a 
condition satisfied by the proposed “periods of integration.*' Attribute thou 
to i, e, e average values, and put 

^ = (72) 

W To sui 4e 

and integrate, sind we have 

^ - 1 + {(1 - ?) + (1 - r^) +7(1- D} 

This is the approximate form of the equation of conservation of monuiut of 
momentum, and it is very nearly accurate, provided f does nob vary loo 
widely. 

By putting ^ = 0, 7 = 50 , we sec that, if there be only two bodies, the 
earth and moon, the equation is independent of the obliquity, provided wcj 
neglect the fourth power of the sine of the obliquity. 

The equation of reaction (68) may be written 


g|-/^-^p(Wsin4e4:Xsin2e') (74) 

jj. 

Also, multiplying the equation of obliquity (66) by jg , wc have 

rtf 

logios d% 

smrck)si(i-.isitf‘i) dr L( 1 “ ^ ® ^ 

_ m, 4e + V sin 2€') - R sin 4e"^ 

By far the most impoi-tant term in ^ is that in which W occurs, 
1 df 

and therefore only depends on the obliquity in its smaller term. 

Then, since 2W = co8“i, 

df cosH\ d|/ 

cos*i - - sini 

sin i cos i (1 - f sin^ %) ~ * i 

= d . log. tan i (1 - 4 sin® i) 
when the fourth power of sin i is neglected. 
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Hence the equation may be written 

^ log„ tan i (1 - J sin® i) = ^ ^ 2 W ^ + u,^ (P sin 4 e + Q sin 26 ') 

- p R sin 4e" (U sin 46 + Y sin 26 ')J (75) 

The term in P (which is a constant) is hy far the most important of 

those within brackets [ ] on the right-hand side, and 2 W ^ has been shown 

only to involve i in its smaller term. Hence the whole of the right-hand 
side only involves the obliquity to a subordinate degree, and, in as far as it 
does so, an average value may be assigned to i without producing much error. 

In the equation of tidal reaction ( 68 ) or (74) also, I attribute to i in W 
and X an average value, and treat them as constants. As the accumulation 
of the error of time from period to period is unimportant, this method of 
approximation will give quite good enough results. 

We are now in a position to trace- the changes in the obliquity, the day, 
and the month, and to find the time occupied by the changes by tho method 
of quadratures. 


First estimate an average value of i and compute Q, E ...Z, y 8 , 7 . Take 
seven values of f, viz.: 1 , *98, *96 ... * 88 , and calculate seven corresponding 
values of N"; then calculate seven corresponding values of sin 4 e, sin 2 e', 

sinie'". Substitute these values in and take the reciprocals so as to 
get seven equidistant values of 

Combine these seven values by Weddle’s rule, viz. : 


f 


Uasdcc — A [Uq + 'M2 + ^4"W4-|-Wj-l-5 (Ui “f 'Mg •+ 'Ifg)] 


and so find the time corresponding to | = * 88 . It must bo noted that the 
time is negative because df is negative. 


dt 

In the course of the work the values of ^ corresponding to ^= 1 , ‘96, ‘92, 


•88 have been obtained. Multiply them by 2W; these values, together with 
the four values of sin4e, sin 26 ', sin 4e" and the four of N, enable us to corn- 


ed 


pute four of ^ log„ tan i (1 - J sin® i), as given in ( 76 ). 


Combine these four values by the rule 

fSh 

tAsd® = f A [tio + «, + 3 (■!4i + lij)] 


/■ 


and we get 


lo- tanA(l -isin®i) 
tanio(l — Jsin’i,) 
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from which the value of % corresponding to ^ = *88 may easily bo found. It 
is here useless to calculate more than four values, because the function to bo 
integrated does not vary rapidly. 

We have now obtained final values of i, N, t corresponding to f = "88. 

Since the earth is supposed to bo viscous throughout tho changes, 
its figure must always be one of equilibrium, and its ellipticity of figui'O 

e = WV 


Also since 


whoro c is the moon’s distance from tho 



, which gives the 


moon’s distance in caiijh’s mean radii. 


The fifth and sixth columns of Table IV. were calculated from those 
formuliB. 


The seventh column of Table IV. shows the distribution of moment of 
momentum in the system; it gives /a the ratio of the inomont of momentum 
of the moon’s and earth’s motion round their common centre of inei*tia to 
that of tho earth’s rotation round its axis, at the beginning of each period of 
integration. 


Table I. shows the values of e, e" tho angles of lagging of th(i semi- 
diurnal, diurnal, and fortnightly tides at tho beginning of each period. 

Tables II. and III. show tho relative importance of tho contributions of 


d 

each term to tho values of ^ and logi 


>tani(l- 'jHiii“i) at the beginning 


of each period. 

The several lines of the Tables II. and III. are not comparable with one 
another, because they are referred to different initial values of fi and n in 
each line. 


I will now give some details of tho numericixl results of each integration. 
The computation as originally carried out* was based on a method slightly 
different from that above explained, but I was able to adapt the old computa- 
tion to the above method by the omission of certain terms and tho application 
of certain correcting factors. For this reason the results in the first throe 
tables are only given in round numbers. In the fourth table tho length of 
day is given to tho nearest five minutes, and the obliquity to tho nearest five 
minutes of ai’c. 


The integration begins when the length of the sidereal day is 2S hra. 56 m., 
the moon’s sidereal period 27*3217 m.s. days, the obliquity of the ecliptic 
23° 28', and the time zero. 


* I have to thank Mr E. M. Langley, of Trinity College, for carrying out the laborious com- 
putations. The work was checked throughout by myself. 
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First period, Integfration ifrom f==l to ‘88; seven equidistant values 
computed for finding the, time, and four for the obliquity. 

For the obliquity the integration was not carried out exactly as 

d 

above explained, in as much as that ^ logic tan i was found instead of 

d 

^ logi, tan i (1 — -J sin® i), but the difference in method is quite unimportant. 

d 

The result marked ♦ in Table HI. is ^ logic tan i. 

The estimated average value of i was 22® 15'. 

The final result is 

1-550, i = 20®42', =46,301,000 


Second period. Integration firom ^ = 1 to seven values computed for 
the time, and four for the obliquity. 

The estimated average for i was 19®. 

The final result is 

i\r= 1-559, i = ir21', = 10,275, 000 

Third period. Integration from f = 1 to *76 ; four values computed. 

The estimated average for i was 16° 30',. 

The final result is 

iV^= 1-267, i = 15°30', -t= 326,000 


Fourth period. Integration from J = 1 to '76 ; four values computed. 

The estimated average for ^ was 15°. The small terms in ^ and y were 
omitted in the equation of conservation of moment of momentum. All the 
solar and combined terms, except that in V in the equation of obliquity, were 
omitted. 

The final result is 

if =1-160, f = 14®25', -t = 10,300 


Table I. Showing the lagging of the several tides at the beginning of 

each period. 



Semi-diumal 

w 

Diurnal 

(«') 

Fortnightly 

(.") 

I. 

17f 

m 

0" 44' 

II. 

23i° 

28i“ 

r 5' 

III. 


1 40° 

r 27' 

IV. 

aai' 

1 4ei- 

5® 30' 
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Table IL Showing the contribution of the several tidal effects to tidal 
reaction to at the beginning of each period. The number’s to 
be divided by 10“. 


Diurnal 


1-2 

6*3 

200 * 

6100- 



Semi-diurnal 

I. 

12* 

IL 

69* 

IIL 

2200- 

IV. 

70000* 


Table III. Showing the contributions of the several tidal effects to the 
change of obliquity to ^ logiotani(l — ■IsmH*)^ at the beginning 
of each period. 



Lunar 

Bomi- 

diurnal 

Lunar 

diurnal 

Solar 

Bomi- 

diurnal 

Solar 

diurnal 

Com- 

bined 

semi- 

diurnal 

Com- 

bined 

diurnal 

Fort- 

nightly 

^ log tan i (1 - 1 Bin** /) 

*1. 

*82 

•13 

•18 

03 

-*06 

--48 

-*006 

•60* 

II. 

*44 

-06 

•02 


-•01 

-•16 

-•003 

•36 

III. 

-22 

•03 

••• 

... 

... 

-•02 

-•003 

•23 

IV. 

-13 

•02 

... 

... 

... 

... 

-•004 

•14 


Table IV. Showing the physical meaning of the results of the integiixtion. 



Time 

(“0 

Sidereal 
day in 
m. s. 
hours 

Moon’s 
sidereal 
period 
in m. 8. 
days 

Obliquity 

of 

ecliptic 

(i) 

Becipro- 
oal of 
ellipticity 
of figure 

Moon’s 
distance 
In earth’s 
mean 
radii 

Batio of 
m.of m.of 
orbital 
motion to 
m.of m.of 
earth’s 
rotation 

Heat gene- 
rated (see 
Section 16) 

Initial 

state 

Years 

0 

h. m. 

23 56 

d. 

27-32 

23" 28' 

232 

60*4 

4-01 

Degrees Fahr. 
0" 

L 

46, .300, 000 

16 30 

18-62 

20" 40' 

96 

46*8 

2*28 

225" 

II. 

56,600,000 

9 55 

8-17 

17" 20' 

40 

27*0 

1*11 

760" 

III. 

56,800,000 

7 50 

3*59 

15" 30'* 

25 

15*6 

•67 

1300" 

IV. 

56,810,000 

6 45 

1-58 

14" 25'* 

18 

9*0 

•44 

1760" 
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TOT LOSS OF ENEEGY OP THE SYSTEM, 


[« 

The whole of these results are based on the supposition that the plants of 
the lunar orbit will remain very nearly coincident with the ecliptic thi-ough- 
out these changes. I now (July, 1879), however, see rejison to believer that 
the secular changes in the plane of the lunar orbit will have an important 
influence on the obliquity of the ecliptic. Up to the end of th(i Hccond p(*rio<l 
the change of obliquity as given in Table IV. will be approximatc^ly correct., 
but I find that during the third and fourth periods of integration there will 
be a phase of considerable nutation. The results in the column of oblicputy 
marked (*) have not, therefore, very much value as far as regards tlu^ (explana- 
tion of the obliquity of the ecliptic; they are, however, retained as b(*ing 
instructive fix)m a dynamical point of view. 


§ 16. The loss of en&^gy of the systeni. 

It IS obvious that as there is tidal friction the mo()n-oarth systcun must b(‘ 
losing energy, and I shall now examine how much of this lost (uuu'gy turns 
into heat in the interior of the earth. The expressions potential and kimd.ie 
energy will be abbreviated by writing them p.e. and K.E. 

The K.E. of the earth’s rotation is 

The K.E. of the earth’s and moon’s orbital motion round thi-ii- ooniinon 
centre of mertia is 


But since the moon’s orbit is circular ft“r l±i! , „() tiuit ™ . 

Hence the whole k.e. of the moon-earth system is 

The P.E. of the system is — ^ 

^ r j; r 

Therefore the whole energy E of the system is 

and in gravitation units — 

I 0 * rr 

itsellT^iei^y throughout all these changoH, 


e 



^=ilfoUe-^4 

I ^ vrj 


and 
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If e, « + and r, r + Ar be the ellipticity of figure, and the moon’s 
distance at two epochs, if J be Joule's equivalent, and cr the specific heat of 
the matter constituting the earth; then the loss of energy of the system 
between these two epochs is sufiicient to heat unit mass of the mattm* (ion- 
stituting the earth 

degrees 

and is therefore enough to heat the whole mass of the earth 
- A degrees 

It must be observed that in this formula the wholti loss of K.E, of tlie 
earth's rotation, due both to solar and lunar tidal friction, is included, whilst 
only the gain of the moon's p.e. is included, and the ofiect of the solar tidal 
reaction in giving the eaiijh greater potential energy relatively to tins sun is 
neglected. 

In the fifth and sixth columns of Table IV. of the last section the 
ellipticity of figure and the moon's distance in earth's radii are givcui ; and 
these numbers were used in calculating the eighth column of th(^ namo 
table. 

I used British units, so that 772 foot-pounds being required to heat 1 lb. 
of water 1° Fahr,, J = 772; the specific heat of the earth was taken as -jl-tli, 
which is about that of iron, many of the other metals having a still smaller 
specific heat ; the earth’s radius was taken, as before, equal to 20*9 niillion 
feet. The last column states that energy oiunigh lias been turned into 
heat in the interior of the earth to warm its whole mass so many degrcuis 
Fahrenheit within the times given in the first column of the same table. 

The consideration of the distribution of the generation of h<.iat and 
the distortion of the interior of the earth must bo postponed to a futnr(^ 
occasion. 

In the succeeding paper [Paper 4] I have considered the bearing of these 
results on the secular cooling of the earth, and in a subsequent pajior 
[Paper 5] the general problem of tidal friction is considered by the aid of 
the principle of energy. 
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§ 17. IrUegration in the cctse of small variable viscosity*. 


In the solution of the problem which has just been given, where the 
viscosity is constant, the obliquity of the ecliptic does not diminish as fast as 
it might do as we look backwards. The reason of this is that the ratio of the 
negative terms to the positive ones in the equation of obliquity is not as 

small as it might be ; that ratio principally depends on the fraction » 

which has its smallest value when e is very small. 

I shall now, therefore, consider the case where the viscosity is small, and 
where it so varies that € always remains small. 


This kind of change of viscosity is in general accordance with what one 
may suppose to have been the case, if the earth was a cooling body, gradually 
freezing as it cooled. 


The preceding solution is moreover somewhat unsatisfactory, inasmuch as 
the three semi-diumal tides are throughout supposed to suffer the same 
retardation, as also are the three diurnal tides ; and this approximation ceases 
to be sufficiently accurate towards the end of the integration. 

In the present solution the retardations of all the lunar tides will be kept 
distinct. 


By (40) and (40'), Section 11, for the lunar tides. 


2(«-n) 

i. 0 

tan2e = — , 

2(.+n) 

tan ie" = — 

P 

, , n — 2D, 

tan 61 = — , 

P 

P 

tan 6 = - , 

P 

P 

. , » + 2J[i 

tan 63 = 

p 

P 


For the solar tides we may safely neglect compared with n, and wo 

have tan 2€ = — , tan e' — ~ for the semi-diumal and diurnal tides respectively. 
P P 

The semi-annual tide will be neglected. 


If the viscosity so varies that all the e*s are always small, and if we 
put ~ we have 


sin 4ei _ - si n 4g'^ _ ^ sia4€2_. 

sin4e ’ sin4e ' sin4e 

ain2e/ . sin2e' . sin 263' ^ ^ 

sin4e“'^ ’ sin46“** 


,(76) 


By means of these equations we may express all the sines of the e’s in 
terms of sin4e. 


* This section has been partly re\7ritten and rearranged, and whoHj recomputed since tlie 

paper was presented. The alterations are in the main dated December 19, 1878. 
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Eememberiag that the spheroid is viscous, and that therefore = cos 2ei, 
.E/ = cos e/. See., we have by Sections 4 and 7, equations (16) and (29), 

W “ ]f ^0 ~ ~ ~ 

+ (^ + 3g*) sin 2ei' - \pq {p^ — j*)“ sin 2e' - (3jo® H- j®) sin 2e./] 

0^) 

— = — [ip® sin 4ei + 2p*5^ sin 4e + ig* sin 4fiB 

+p®g*sin 2ei' +i3®g®(p® — g®)“8in 2e'+^g®8in2ea'] ...<..(78) 
And by (57), Section 14, 
d/p T® 

— — 4€i — sin 4ea — ^p^(t 

at gUo 

+ 2p®3® sin 2 €i' — 2^®^“ sin 2 ^. 2 '] (*79) 

The first two of theso equations only refer to the action, of the moon on 
the lunar tides, but the last is the sixine whether there bo solar tides or not. 

If we substitute from (76) for all the e's in terms of sin 4fe, and introduce 
cos i = P =p® — q\ sin 2pq, we find on reduction 



/*S=i:?-sin4€[P-X.] 

®gn, '■ / 

di dN 

The parts of ^ and which arise from the attraction of the sun on the 

solar tides may be at once written down by symmetry, and \ = ^ may be 

considered as a small fraction to bo neglected comj)ared with unity. Thus 
we have 

%.'4.|.-n4,.JPe ) 

2 y 

Lastly as to the terms due to the combined action of the two disturbing 
bodies, it was remarked that they only involved e and e , which are inde- 
pendent of the orbital motions. 

Thus by (33) we have 

sin 4 .. jpg' 

* (S2) 
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Oollectiag results from the last three sets of equations and sub- 
stituting cosi and sini for P and Q, and ^ for X, we have 

di 1 sin 4e , . . • f. , , ."I \ 


— — — 1 

dt ttjio 


(1 — sin® i) (t® -I- T,®) + ^T, sin® i — — t® cos i 

71 


1(83) 


dP . sin 4)6 
— ^—z — cos 
dt ^ g?ao 


^1 — — 


These are the simultaneous equations Mrhich are to be solved. 

Subject to the special hypothesis regarding the relationship between the 
retardations of the several tides, and except for the neglect of a term 

— — ' seci in the first of them, and of — ~ r ® cos i in the second, they arc 

rigorously true. 

We -will first change the independent variable in the first two equations 
from t to f. 

Dividing the first and second equations by the third, and observing that 


we have 


-^^. = (ilog tan^^i 
sm^ ^ * 




-5llogtoa*ii = 

^ ' I (84) 

_ dF _ cos^ |_ \T/ I ^ \T/ n 

fidP ” - fl . 

1 sec ^ 

n 

If there be only one disturbing body, which is an interesting case from a 
theoretical point of view, the equations may be found by putting = 0 , and 
may then be written 

. 2a y 

, .J cos ^ 

-- 77 ; log tan® H ^ 

ndf ® ^ N .a 

cos ^ 

71 


n 1 • a 

J7VT 1 — cos I 

dZv ® n 

/j>d^ ~ . a 

^ cos^ 

n 

1 • A f . n\ 

^ = i sin4e. — cos ^ 

dt ^ fiWoV n 
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From these equations wc see that so long as XI is loss than n cos the 
satellite recedes from the planet as the time increases, and the planet’s 
rotation diminishes, because the numerator of the second equation may be 

written cos i ^cos ^ + -y- sin® i, which is essentially positive so long as 11 is 

less than n cos i. But the tidal firiction vanishes whenever Sl^n . 

2 cos^ 


The fraction 


1 + cos® i . 


2 cos i 


is however necessarily greater than unity, and there- 


fore the tidal friction cannot vanish, unless the month be as short or shorter 
than the day. The obliquity increases if XI bo loss than ^wcosi, but 
diminishes if it be greater than ^ncosi Honce tho equation X2 = >jRCosi 
gives the relationship which determines the position and configuration of tho 
system for instantaneous dynamical stability with regard to the obliquity 
(compare the figures 2, 3, 4). From this it follows that the position of zero 
obliquity is one of dynamical stability for all values of n between XI and 2X1, 
but if n be greater than 2X1, this position is unstable* 


* Added on Soptembor "25, 1879.— The result in tho text applios to the case of ovanosoent 
visoosity. If tho viscosity be infinitely largo tho sines of twioo tho angles of lagging vrill be 
inversely instead of directly proportional to tho speeds of tho corresponding tides (oomparo 
p. [74]). Thus we must here invert the right-hand sides of the six equations (76). If tho 
obliquity be very small (77), (78), (79) become 


di 1 . . . . r, 2(1-X) 

"■j: = XT - ■ J sin i sin 4ei 1 + ' ' 

dt N * L 1 - 2X 

1 t 2 ^ . /l + 2\-4Xa\ 

= - a sai t sin 4ei „ — — 

\ 1“2X ) 


.2(l-\) 


- -3- =/4 = — 4 sm4€i I 

dt dt gwo •* f 

When 2\=1, apparently becomes infinite; but in this oase tho viscosity must bo infinitely 

large in order to make the tide of speed n - 20 lag at all, and if it be infinitely large sin 46i is 
infinitely small. If the viscosity be large but finite, then when 2X=1, tho slow diurnal tido of 
speed 71-20 is no longer a true tide, but is a permanent alteration of figure of the spheroid. 
di 

Thus ei^=0 and ^ depends on [sin 46i - sin 2eq which is equal to sin 4ei [1 - 2 (1 - X)] when tho 
viscosity is large, and vanishes when 2X=1. Thus when the viscosity is very large (not infinite) 
^ vanishes when 20 -^m= 1, as it does when the viscosity is very small. 

When 1-I-2X- 4X5*=0, that is, when X= =1-5-1*236, ^ vanishes; and it is negative if 

X be a little greater, and positive if a little less than 1^1*286. And 1 - 2X is negative if X be 
greater than 4> 

Hence it follows that /or large viecosity of tJie planet, zero obliquity u dynamically unstable, 
■if the satellite's period be less than 1*286 of the planefs period of rotation; is stable if the satel- 
lite's period be between 1*236 and 2 of the planet's period; and is unstable for longer periods of the 
satellite* 

If the viscosity be very large — jz logtan^ Jt= but if the viscosity be very small 

/u a^ JL -• 
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We will now return to the problem regarding the earth. Wc may hen*, 
egard ~ as a small fraction, and i as sufficiently small to j)onnit us to 

leglect i sin'* i ; also sec ^ ~ sect, ~ see i will bo lu^gloctcsd. 

Our equations thus become 

i , , ^ (5)’- (r) 


W 

fT *r ifi 1 

^ (t j T 1) j 

The experience of the preceding integration shows that % varies v<iry 
slowly compared with the other variables B and f ; honco in integrating f,h(‘H(‘ 
equations an average value will be attributed to i, as it occurs in stnall t(jnus 
on the right-hand sides of these equations. 

The second equation will be considered first. 

We have t = p . so that if we put , y = L „i„ i ,u,fi 

omit the last term, we get by integrating from 1 to J' and from 1 to f 

JV=l+/t{l-f +^(1 

as a first approximation. This is the form which was used in the, nroviotis 
solution, for, by ossifying the tides in three groups as regards rotar(laf,i<m of 
phase, we virtually neglected il compared with n. 

This equation will be sufficiently accurate so long ixs ^ is a inodomtcly 

•PF«rim.ti„n by 


= 4 sm^i 


flo 



by substituting an approximate value for 


the same expression = i 

l-i-1-447 the fn * 7 ^ ^ fpcoator than ‘(iOlO or 

fonner is’ greater t^tl^'late. 1^1-447 and greater than 0 the 

obligiulj of 

of evolution, for large than for smaU visoositieT ^ *“ «<»«>■«« 

as ve see by comparing figs. 2 and 4. « ‘here be two satcllitos, 
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A more correct form for the equation of consei’vation of moment of 
momentum will bo given by adding to the right-hand side of equation (87) 
the integral of this last expression from 1 to f and multiplying it by /*. And 
in effecting this integration i may be regarded as constant. 


Lot^" = i±i^. 

/* 


Then since 
1 1 


therefor© 


+J_+JL+... 1-.... 


111 


^(k-i)- 

‘2k(i^~^)'^k=('i~^)'^k< f (F=T) 


= (1 lUi , 1+3M f /X Y n + m(W)1 

2 (l + /*)\? j if 14 -/* j "^ 1)16 + 1 / f J 


Hence the second approximation is 

iv=i+/*{(i-f)+/s(i-p)+7(i-r)} 

l + 3/*> 





It would no doubt be possible to substitute this approximate value of i\r 
in terms of in the equation which gives the rate of change of obliquity, and 
then to find an approximate analytical integral of the first equation. But 
the integral would bo very long and complicated, and I prefer to determine 
the amount of change of obliquity by the method of quadratures. 


In the present case it is obviously useless to try to obtain the time 
occupied by the changes, without making some hypothesis with regard to 
the law governing the variations of viscosity; and even supposing the 
viscosity small but constant during the integration, the time would vary in- 
versely as the coefficient of viscosity, and would thus bo arbitrary. The only 
thing which can be assorted is that if the viscosity be small, the changes pro- 
ceed more slowly than in the case which has been already solved numerically. 


To return, then, to the proposed integration by quadratures : by means of 
the equation (88) we may compute four values of iV" (corresponding, say, to 

^ = 1, *96, *92, *88) ; and since ^ = -p , and ^ ~ > we may compute four 

equidistant values of all the terms on the right-hand side of the first of 
equations (86), except in as far as i is involved. Now i being only involved in 
small terms, we may take as an approximate final value of i that which is 
given by the solution of Section 16, and take as the four corresponding values 
hf % + ^ (i — io)> h + f (i "" %)} 
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Hence four equidistant values of the right-hand side may be computed, 

and combined by the rule / tia,dis = | A -t- + 3 («, -t- ita)], which will give 

J 0 

the integral of the right-hand side from f to 1 ; and this is equal to 

log tan® — log tan® 

The integration was divided into a number of periods, just as in the 
solution of Section 16. The following were the results: 


First period. Fi-om f=l to ‘88; ya = 4*0074; i = 20°28'; i\r= 1*6478. 
The term in — in the expression for N added *0012 to the value of N. 

Second pet'iod. From f = l to *76; /^ = 2*2784; i=l7"4'; -2^ = 1*6590. 

The term in — added *0011 to the value of K 
no 

Third period. From 1^ = 1 to *76; /i.= T1107; i = 15“22'; i\r = 1*2677. 
The term in — added *0007 to the value of N. 

no 


It may be observed that during the first period of integration £1/71 diminishes, 
and reaches its minimum about the end of the period. During the rest of 
the integration it increases. If we neglect the solar action and the obliquity, 


it is easy to find the minimum value of ~. For — = ~ and roaches its 

n n Uq ivp 


minimum when 


dF 

d^ 


3^ 

I ’ 



fi. 


Therefore 


Now 


JV = l + /t(l-f), aud hence ^ = If /i = 4, f = ^ = -9376. This 

value of ^ is passed through at near the end of the first period of integration. 
At this period there are 19*2 mean solar hours in the day ; 22^ mean solar 
days in the sidereal month ; and 28f rotations of the earth in the sidereal 
month. This result 28f is, of course, only approximate, the tnie result 
being about 29*. 


The physical meaning of these results is given in a table below. 


At the end of the third period of integration the solar terms (those in tJt) 
have become small in all the equations, and as they are rapidly diminishing 
they may be safely neglected. To continue the integration from this point a 
slight variation of method will be convenient. 


* The subject is referred to from a more general point of view in a paper on the “ Secular 
Effects of Tidal Friction,” see Proc. Boy. Soc.^ No. 197, 1879. [Paper 6.] 
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Our equations may now be written approximately 

iV = l+;*(l-|) 

, 2a 

j sec* 


M 


1 - 


a 


In order to find how largo a diminution of obliquity is possible if the 
integration bo continued, we require to stop at the point where n cos i = 2D. 

The equation = 1 + ya (1 - J) may be written 
n 




= l + /i 




If therefore wo put = we must stop the integration at tho point 
where n *= 2 ir*seci, x being given by the equation 


2 ^ 1 ?® sec i 


= 1 


'l _ Mol 
_ 


If we assume i = 14°, since /t = 1 -t- x is given by 

a!* — Jjiocos 14° (1 + /t) ff 4 - ^ cos 14° = 0 

At tho end of the third period of integration, which is the beginning of 
the new period, I found 

log = 3-84763, log ^ 1 = 9-82338 -10, iuid logs = 5-39378 - 10 
the unit of time being the present tropical year. 

Hence the equation is 

- 6690® + 19586 = 0 

The required root is nearly a/SOOD, and a second approximation gives 
a = il’f = 16-703 (16-51 would have been more accurate). 

But a^ = 8-616. Hence wo desire to stop tho integration when 

(iloVa- 8-616 


/floVa- 8-616 
^ = “T6"703- 


Now fi = -6669 ; hence when f = -516, N = 1-322. 

In order to integrate the equation of obliquity by quadratures, I assume 
the four equidistant values, 

1-000, 1-107, 1-214, 1-321 
iV -1 


And by means of the equation f = 1 — '.(3059 

corresponding values of f are found to be 

1 - 000 , -8393, -6786, -5179 


= 1-(JV-1) (1-602) the 


D. II. 


7 
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By means of the formula ~ = corresponding values of 

are found to be 

•0909, *1388, -2395, *4951 

I assumed oonjecturally four values of i lying between io = 15° 22' and 
i = 14°, which I knew would be very nearly the final value of i ; and then 

computed four equidistant values of — ^-logio tanji. 

The values were 

•19881, -16230, -11882, -*00684 

The feet that the last value is negative shows that the integration is 
carried a little beyond the point where n cos i = 211, but this is unimportant. 

Combining these values by the rules of the calculus of finite differences, 
I find i = 13° 59'. 

This final value of f (viz.: *5179) makes the moon’s sidereal period 
12 hours, and the value of N (viz.: 1*321) makes the day 5 hours 55 minutes. 

These results complete the integration of the fifth period. 

The physical meaning of the results for all five periods is given in the 
following table : — 


Sidereal day in m.s. 
hoars and inizmteB 

Moon’s sidereal period 
in m.s. days 

Obliquity of 
eoliptio , 

h. m. 

Initial 23 56 

27*32 days 

23° 28' 

15 28 

18-62 „ 

20° 28' 

9 56 

8-17 „ 

17“ 

4' 

7 49 

3-59 „ 

15“ 22'* 

Final 6 65 

12 hours 

14“ 

O'* 


It is worthy of notice that at the end of the first period there wore 
28*9 days of that time in the then sidereal month ; whilst at the end of the 
second period there were only 19*7. It seems then that at the present time 
tidal fidetion has, in a sense, done more than half its work, and that the 
number of days in the month has passed its maximum on its way towards 
the state of things in which the day and month are of equal length — as 
investigated in the following section. 

In the last column of the preceding table the last two results in the 
column giving the obliquity of the ecliptic (which are marked with asterisks) 
cannot safely be accepted, because, as I have reason to believe, the simultaneous 
changes of inclination of the lunar orbit will, after the end of the second period 
of integration, have begun to influence the results perceptibly. 
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For this same reason the intogmtion, which has been C4iri*ied to the critiotU 
point where n cos i = 2fl, and where dijdt changes sign, will not bo pursued any 
further. Nevertheless we shall be able to trace the moon’s periodic time, and 
the length of day to their initial condition. It is obvious that as long as n is 
greater than 12, there will be tidal fi‘iction, and n will continue to approach f2, 
whilst both increase retrospectively in magnitude. 

I shall now refer to a critical phase in the relationship between n and 12, 
of a totally different character from the preceding one, and which must occur 
at a point a little more remote in time than that at which the above 
integration stops. 

This critical phase occurs when the free nutation of the oblate spheroid 
has a frequency equal to that of the forced fortnightly nutation. 


In the ordinary theory of the precosBion and nutation of a rigid oblate 
spheroid, the fortnightly nutation arises out of terms in the couples acting 
about a pair of axes fixed in the equator, which have speeds n-- 2X2 and 
n + 212. If 0 and A be the greatest and least principal moments of inertia. 


C-A 


on integration these terms arc divided by 92. + mT 2X2 mid give rise 


di 

di 


dyjr 

di 


to terms in and sini of speed 2X2. 


When 2X2 is neglected compared 


with n, we obtain the formula for the fortnightly nutation given in any work 
on physical astronomy. 


0 — A 

It is obvious that if “ ^-w + w«2X2, the former of these two terms 

C — A 

becomes infinite. Since in our case the spheroid is homogeneous ^ = e, 

the cllipticity of the spheroid ; and since the spheroid is viscous e = -J- . 

3 

Therefore the critical relationship is J — = 2X2. 


When this condition is satisfied the ordinary solution is nugatory, and 
the true solution represents a nutation the amplitude of which increases with 
the time. 


The critical point where the above integration stops is given by — = cos i, 

2X2 71^ X2 

and this critical point by — = l4*i r ; it follows therefore that - is little 
^ n ^ g n 

larger in the second case than in the first. Therefore this critical point has 

not been already reached where the integration stops, but will occur shortly 

afterwards. 


It is obvious that the amplitude of the nutation cannot increase for an 
indefinite time, because the critical relationship is only exactly satisfied for a 

7—2 
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single instant. In fact, the problem is one of far greater complexity than 
that of ordinary disturbed rotation. The system is disturbed periodically, 
but the periodic time of the disturbance slowly increases, passing through a 
phase of equality to the free periodic time ; the problem is to find the ampli- 
tude of the oscillations when they are at their maximum, and to find the 
mean configuration of the system some time before and some time after the 
maximum, when the oscillations are small. This problem does not seem to 
be soluble, unless we take into account the slow variation of the argument in 
the periodic disturbing term ; and when the argument varies, the disturbing 
term is not strictly a simple time-harmonic. 

In the case of the viscous spheroid, the question would be further com- 
plicated by the fact that when the nutation becomes large, a new series of 
bodily tides is set up by the effects of inertia. 

I have been unable to make a satisfactory examination of this problem, 
but as far as I have gone it appeared to me probable that the mean obliquity 
of the axis of the spheroid would not be affected by the passage of the system 
through a phase of large nutation; and although I cannot pretend to say how 
large the nutation might be, yet I consider it probable that the amplitude 
would not have time to increase to a very wide extent*. 

Throughout all the preceding investigations, the periodic inequalities 
have been neglected. Now a full development of the couples ^IW, 
which are due to the tides, shows that there occur terms of speeds n — 2f2, 
and 31 — 4f2 in the first two, and of speeds 2fl and 4£t in the last. The terms 
in n — 2(1 in '31 and jitt will clearly give rise to an increasing nutation at the 
critical point which we are considering, but they will be so very much smaller 
than those arising out of the attraction on the permanent equatorial pro- 
tuberance that they may be neglected. The terms in n - 4(1 are multiplied 
by very small quantities, and I think it may safely be assumed that the 
system would pass through the critical phase where = 4(1 with 

sufficient rapidity to prevent the nutation becoming large. 

If we were to go to higher orders of approximation in the disturbing 
forces, it is clear that we should meet with an infinite number of critical 
phases, but the coefl5cients representing the amplitudes of the resulting 
nutations would be multiplied by such small quantities that they may safely 
be neglected. 


* I believe that I shall be able to show in an investigation, as yet incomplete, that when this 
critical phase is reached, the plane of the lunar orbit is nearly coincident with the equator of the 
earth. As the amplitude of this nutation depends on the sine of the obliquity of the equator 
to the lunar orbit, it seems probable that the nutation would not become considerable,-— 
June 30, 1879, 
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§ 18, The initial ca)idition of the earth and moon^. 

It is now supposed that, when the earth’s rotation has boon (inured bm‘.k 
to where it is equal to twice the moon’s orbital motion, tlu^ <»brKiuitiy to tht^ 
plane of the lunar orbit htis become zero. It is chsar that, as long iis 
there is any relative motion of the earth and moon, th(5 liidal fri(sti<»n and 
reaction must continue to exist, and n and H must tend to an (wpiality. Thi\ 
pi*evious investigation shows also that for small viscosity, howtsver nearly n 
approaches fl, the position of zero oblhiuity is dynamically stabh^. 

As n is approaching XI, the changes must have taken place mort» and moroi 
slowly in time. For if the earth wjis a cooling spheroid, it is uimuusonabh^ to 
suppose that the process of becoming Ic^ss stiff in consisUmey (whicth has 
hithei’to been supposed to be talking place, as we go backwards in tiuu^) eould 
ever have been revei*sed; and if it wore not reversc^d, tlu^ lunar tidies 
must have lagged by less and less, as more and more time was given by l-he! 
slow relative motion of the two bodies for tiui moon’s attractiion to have il»H 
full effect. Hence the effects of the sun’s attraction must again btHtonif^ 
sensible, after passing through a phase of insensibility — a pluise pt^rhaps short 
in time, but fertile in changes in the system. I shall not hen^ make the 
attempt to tiaoc thes reappcjarance of these solar terms. 

It is, however, possible to make a rough investigation of what must have 
been the initial state from which the earth and moon started the courses of 
development, which has boon tnicod biick thus far. do this, it is only 
necessary to consider the equation of conservation of moment of momentum. 

When the obli(iuity is neglected, that e<iuatioij may bo writtem 



and it is proposed to find what values of n would mak<s n (Hjual to il. 

In the coui*se of the above investigation four difforerit starting points wtsre 
taken, viz. : those at the beginning of each period of int(%gration. 'IPhcre art^ 
objections to taking any one of those, to give the numerical values r<Mjuii’<Ml 
for the solution of the above equation; for, on the one hand, tlie (errors of 
each period accumulate on the next, and therefore it is advantage-ous to kike, 
one of the early periods ; whilst, on the other hand, in the early jssriods tlu^ 
values of the quantities are affected by the sensibility of the solar tttrms, an<l 
by the obliquity of the ecliptic. The beginning of the fotirth periotl was 
chosen, because by that time the solar terms had become insignificMint. At 
that epoch I found log = 3*84753, when the present tropical year is the unit 

* For farther oonsideration of this subject, soe a paper on the ** Secular EiloctH of Tidal 
Friction,” Proc, Boy, Soc., No. 197, 1879. [Paper 5.1 Tlie arithmetic of this Hootion has boon 

recomputed since the paper was presented. 
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of time, and /ir = '6659, fM being the ratio of the orbital moment of momentum 
to the earth's moment of momentum; also log 5 = 6’39878 — 10, s being a 
constant. Now put ^*’ = 91 = 11, and we have 

— (1 + + •“ = 0 

Substituting the numerical values, 

4- 40385 = 0 

This equation has two real roots, one of which is nearly equal to V11727 , 
and the other to 40385 -5- 11727. By Homer’s method these roots are found 
to be 21*4320 and 3*4559 respectively. These are the two values of the cube 
root of the earth’s rotation, for which the earth and moon move round as a 
rigid body. 

The first gives a day of 5 hours 36 minutes, and the second a day of about 
66| m. s. days. 

The latter is the state to which the earth and moon tend, under the 
influence of tidal friction (whether of oceanic or bodily tides) in the far distant 
future. For this case Thomson and Tait give a day of 48 of our present 
days**^; the discrepancy between my value and theirs is explicable by the fact 
that they are considering a heterogeneous earth, whilst I treat a homogeneous 
one. Since on the hypothesis of heterogeneity the earth’s moment of inertia 
is about JMa®, whilst on that of homogeneity it is and since the ^ which 
occurs in the quantity s enters by means of the expression for the earth’s 
moment of inertia, it follows that in my solution fi has been taken too small 
in the proportion 5 : 6. Hence if we wish to consider the case of heterogeneity, 
we must solve the equation — 12664a? + 48462 = 0. The two roots of this 
equation are such that they give as the corresponding lengths of the day, 
6 hours 16 minutes and 40*4 days respectively. The remaining discrepancy 
(between 40 and 48) is doubtless due in part to the crude method of amending 
the solution, but also to the fact that they partly include the obliquity in one 
way, whilst I partly include it in another way, and I include a large part of 
the solar tidal friction whilst they neglect it. It is interesting to note that 
the larger root, which gives the shorter length of day, is but little affected by 
the consideration of the earth’s heterogeneity. 

With respect to the second solution (56 days), it must be remarked that 
the sun’s tidal friction will go on lengthening the day even beyond this point, 
but then the lunar tides will again come into existence, and the lunar tidal 
friction will tend in part to counteract the solar. The tidal reaction will also 
be reversed, so that the moon will again approach the earth. Thus the effect 
of the sun is to make this a state of dynamical instability. 

* Natural Philosophy f § 276. They say: — ^“It is probable that the moon, in ancient times 
liquid or viscous in its outer layer or thi-oughout, was thus brought to turn always the same 
face to the earth.” In the new edition (1879) the ultimate effects of tidal friction are considered. 
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The first solution, where both the day and month are 5 hours 36 minutes 
in length, is the one which is of interest in the present inquiry, for this is 
the initial state towards which the integration has been running back. 

This state of things is one of d37namical instability, as may be shown as 
follows : — 

First consider the case where the sun does not exist. Suppose the eai*th 
to be rotating in about 5^ hours, and the moon moving orbitally around it in 
a little less than that time. Then the motion of the moon relatively to the 
earth is consentaneous with the earth's rotation, and therefore the tidal 
friction, small though it be, tends to accelerate the earth’s rotation ; the tidal 
reaction is such as to tend to retard the moon’s linear velocity, and therefore 
incretise her orbital angular velocity, and reduce her distance from the earth. 
The end will be that the moon falls into the ciarth. 

This subject is gi*aphically illustrated in a paper on the “ Secular Effects 
of Tidal Friction,” read before the Royal Society on June 19, 1879*. 

Secondly, take the case where the sun also exigts, and suppose the system 
started in the same way as before. Now the motion of the earth relatively to 
the sun is rapid, and such that the solar tidal friction rettirds the earth’s rotation ; 
whilst the lunar tidal friction is, as before, such iis to accolorato the rotation. 

Hence if the viscosity be very large the earth’s rotation may be accelerated, 
but if it be not very large it will be retarded. The tidal reaction, which 
depends on the lunar tides alone, continues negative, and the moon approaches 
the earth jxs before. Thus after a short time the motion of the moon relatively 
to the earth is more rapid than in the previous Cfxse, whatever be the ratio 
between solar and lunar tidal friction. Hence in this cose the moon will fall 
into the earth more rapidly than if the sun did not exist, and the dynamical 
instability is more marked. 

If, however, the day were shorter than the month, the moon must con- 
tinually recede from the earth, until it reaches the outer limit of a day of 
56 m. s. days. 

There is one circumstance which might perhaps decide that this should bo 
the direction in which the equilibrium would break down ; for the ejxrth was 
a cooling body, and therefore probably a contracting one, and therefore its 
rotation would tend to increase. Of course this increase of rotation is partly 
counteracted by the solar tidal friction, but on the present theory, the mere 
existence of the moon seems to show that it was not more than counteracted, 
for if it had been so the moon must have been drawn into and confounded 
with the earth. 

This month of 6 hours 36 minutes corresponds to a lunar distance of 2*52 
earth’s mean radii, or about 10,000 miles ; the month of 5 hours 16 minutes 


Paper 6 in this volume. 
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corresponds to 2*39 earth’s mean radii; so that in the case of the Oiirthn 
homogeneity only 6,000 miles intervene between the moon’s centre and tlu^ 
earth’s surfece, and even this distance would be reduced if wo ti'oatod thc^ 
earth as heterogeneous. This small distance seems to me to point to a bn^ak- 
up of the earth-moon mass into two bodies at a time when they were rofaiting 
in about 6 hours; for of course the precise figures given above winnob clniin 
any great exactitude (see also Section 23). 

It is a material circumstance in the conditions of the broaking-ui) of tht» 
earth into two bodies to consider what would have been the cllipticity of tins 
earth’s figure when rotating in 6^ hours. Now the reciprocal of the elli 2 )ticity 
of a homogeneous fluid or viscous spheroid varies as the squares of th(i jx'.riod 
of rotation of the spheroid. The reciprocal of the ellipticity for a rotation in 
24 hours is 232, and therefore the reciprocal of the ellipticity for a rotai»ion in 

hours is of 232 = AVr x 232 = 12*2. 

Hence the ellipticity of the earth when rotating in S-J hours is -jJ^ th. 

The conditions of stability of a rotating mass of fluid are as yet unknown, 
but when we look at the planets Jupiter and Saturn, it is not cjisy to beliovo 
that an elUptieity of ,^th is sufficiently great to cause the hreuk-up of tho 

A hornopneous fluid spheroid of the same density as the earth hjw its 
compatible with equilibrium when rotating in 2 hours 


spheroids of the same density is tlu^ 
^me and their penods of rotation multipUed by the square root of their 
den^ties is a function of the elhpticity onl/ Hence a sphLid, wltich LtaUii 

in 4 hours 48 minutes, will be in limiting equilibrium if its density is 

e«th' -r If «■“ 

this Umitmg 

to a, S.dih^ H “““ r ‘"‘k Ix-u™. 

• Pratt’s , P ® Obliquity of the ecliptic, 

forthlarapidrotTS^* ^“4 edition. Arts. 68 and 70. [The figure is however unatnble 
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the equation (57) of tidal reaction, when adapted to the case of a viHoeus 
spheroid, becomes 

It is clear that the rate of tidal reaction can never be greater than 
when sin 4ei = 1, when the lunar semi-diurnal tide lags by 22^°. Then since 
T = To/^®, we shall obtain the minimum time by integrating the equation 

Whenos 

lo To 

Now foimd by the solution of the biqiiadmtic tlmt 

the initial condition is given by = 21‘4320 ; also with the present value of 

the month = 4’38, the present year being in both cases tho unit of time. 
Hence it follows that | is very nearly % and may bo neglected cotupirtid 

with unity. Thus — # = ^ . 

lo To 

Now /* = 4’007 and ^ is 86,844,000 years. 

Hence —t = 63,540,000 years. 

Thus we see that tidal reaction is competent to reduce the system from 
the initial state to the present state in something over 64 million years. 

The rest of the paper is occupied with the consideration of a number of 
miscellaneous points, which it was not convenient to discuss earlier. 


§ 19. The change in th>e length of year. 


The effects of tidal reaction on the earth’s orbit round the sun have boon 
neglected ; I shall now justify that neglect, and show by how much tho length 
of the year may have been altered. 

It is easy to show that the moment of momentum of the orbital motion of 


the moon and earth round their common centre of inertia is 


Q 

— } , where 0 is 


the earth’s moment of inertia, and s = 



The moment of momentum of the earth’s rotation is obviously Cn. Tho 
normal to the lunar orbit is inclined to tho earth’s axis at an angle i. Hence 
the resultant moment of momentum of the moon and earth is 


l|n® 


2n 

__ ^ QOS t 

■k-A*’ 




■li 

I • 
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The change in this quantity from one epoch to another is the amount of 
moment of momentum of the moon-earbh system which has been destroyed 
by -solar tidal friction. This destroyed moment of momentum reappears in 
the form of moment of momentum of the moon and earth in their orbital 
motion round the sun. 

At the beginning of the integration of Section 17, that is to say at 
the present time, I find that when the present year is taken as the unit of 
time, the resultant moment of momentum of the moon and earth is 11369 0. 

At the end of the third period of integration (after which the solar terms 
were neglected), and when the obliquity has become 15° 22', I find the same 
quantity to be 11626 C. 

Hence the loss of moment of momentum is 266 0, or 102*4 Ma\ 

At the present time the moment of momentum of the moon and 
earth in their orbit is + ^ is clearly the 

sun’s parallax, and with the present unit of time is 27r. 

Hence the loss of moment of momentum is equal to the present moment 

102*4 V 

of momentum of orbital motion multiplied by ■ (sun’s parallax)^. 


But the moment of momentum of the earth’s and moon’s orbital motion 

round the sun varies as ^ ; hence the loss of moment of momentinn cor- 
responding to a change of fl, to is the present moment of momentum 

SH 

multiplied by J , whence it is clear that 

^ ^ ^ iTI- 

SO 

But the shortening of the year is of a year; taking therefore the sun’s 

parallax as 8"'8, we find that at the end of the third period of integration tho 
year was shorter than at present by 


which will be found equal to 2*77 seconds. 

Thus the solar tidal reaction had only the effect of lengthening the year 
by 2| seconds, since the epoch specified as the end of the third period of 
integration. The whole change in the length of year since the initial condi- 
tion to which we traced back the moon would probably be very small indeed, 
but it is impossible to make this assertion positively, because, as observed 
above, the solar effects must have again become sensible, after passing through 
a period of insensibility. 
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§ 20. Terms of the second order in the tide-generating potentiaL 


The whole of the previous investigation has been conducted on the hypo- 
thesis that the tide-generating potential, estimated per unit volume of the 
earth’s mass, is wt?’®(cos‘‘*PM — J)*, but in fact this expression is only the 
first term of an infinite series. I shall now show what quantities have been 
neglected by this treatment. According to the ordinaiy theory, the next 
term of the tide-generating potential is 

Vs = w (I coa» PM - f cos PM) 

Although for my own satisfaction I have completely developed the influence 
of this term in a similar way to that exhibited at the beginning of this paper, 
yet it does not seem worth while to give so long a piece of algebra; and 
I shall here confine myself to the consideration of the terms which will arise 
in the tidal friction fi:om this tenn in the potential, when the obliquity is 
neglected. A comparison of the result with the value of the tidal friction, as 
already obtained, will afford the requisite informatiofi iis to what has been 
neglected. 

When the obliquity is put equal to zero (see fig. 1), 
cos PM = sin 9 sin — a)) 
where to is written for - fl for brevity. Then 

COS’* PM = f sin* 9 sin ~ i sin* 9 sin 3 — 6)) 

and 

COS* PM 

Since 
we have 

V.J -r - r* = — -5^^ sin* 9 sin tS (<^ — w) + J sin ^ (1 — 6 cos* 9) sin — w) 
c 


— § cos PM = sin 0(1 — 5 cos* 9) sin (0 - «) — J sin* 9 sin 3 — (o) 

m fry - v** _ 

c\c)^ c 


If sin 3(^ — 0)) and sin {<f> — (o) be expanded, we have Vg in the desired 
form, viz. : a series of solid harmonics of the third degree, each multiplied 
by a simple time-harmonic. If WT^SgCos (^;^ + 17) be a tide-generating po- 
tential, estimated per unit volume of a homogeneous perfectly fluid spheroid 
of density w, Ss being a surface harmonic of the third order, the equi- 

^9 

^Cb 

^ Sj cos (trt + 17). Hence just as in Section 2, the tide-generating 


librium tide due to this potential is given by o- = -^ S. cos + »?), or 


a 


log' 


See Section 1. 
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potential of the third order of harmonics due to the moon will miw! tidt'H 
in the earth, when there is a frictional resistance to the iiitenuil motion, 
given by 

^ p [- A sin* 0 sin 3 (^ - o) +/ ) 

+ \F' sin 0 (1 - 6 COB* ff) sin ((f> — a + /')] 

Now <r is a surfiwse harmonic of the third order, and therefore the potetitial 
of this layer of matter, at an external point whose coordinates are r, 6, ip, is 

, /aV Ma* 

Hence the moment about the earth’s axis of the forces which tlio atfcniction 
of the distorted spheroid exercises on a particle of mass vi, situatt^d at 

a j. • n da , . 

r, <f>, is f ^ . If this mass be equal to that of the moon, and r = 

then f -^=^-J!fa*=f-0, where, as before, C is the moment of inertia of 
the eartL 

Hence the couple which the moon’s attraction exercises on the (uirtli, 
IS given byjas = -fl0^, where after differentiation we p\it and 

Now 

~ 7 ^ ^ ~ ® +/) 

- iJ” sin 0 (1 - 5 cos* 6) cos (<^ - © + /')] 

Hence ^ ^ | cos (f ^ + 3/) - IF' cos +/') 

= |^sm3/+iJ’'sin/' 

In the case of viscosity 

^’=cos3/, F' = coBf' 

Therefore ^ = gj t sin 6/+ ^ sin 2/') 

If the ohUquity had been neglected, the tidal friction M, due to tlio 
term of t^fet order in the tide-generating potential, 

given by ^ = sin 4e,. 

Hence ^ = l /“V 6/+ sin 2/'\ 

® VC/ V sin4ei ) 

bcl2.” "“i” «f •»» t*™ "egteed pr^rioMly t„ 
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According to the theory of viscous tides*, 

•' 3 gwa * ” \2gwaJ 

where v is the coefficient of viscosity. 

2gw(i 

But throughout the previous work wo have wntten p = • 

Hence tan 8/= , and similarly tan/ = It ~ • 

P ^ 

2(0 

Also tan 2ei = — . 

P 


I will now consider two cases : — 

1st. Suppose the viscosity to be small, thou /, f\ ei are all small, and 


sin 6/ _ tan 3/ _ 
sin 4ei ” tan 2ei 


^ ’ sin 4ei tan 2ei ^ 


Therefore 


.^13 ^ 0 

Ml \oJ 

2nd. Suppose the viscosity very great, then 3/, /', 2«i arc very nearly 
eqxial to t "jr, and 

tan (^TT - 3/) = ^ , tan Q TT -/') = £ > tan (i’r - 2ei) = , 


so that we have approximately 

sin4ei sm(7r — 4ei) 

and similarly ^ ^ ^ 

So that ^ i X + 2) = (g) 

Hence it follows that the tenns of the second order may boar a ratio to 
those of the first order lying between || , or 1T6 , and ^ , or 

At the end of the fourth period of integration in the solution of Section 15, 
cjd or the moon’s distance in earth’s mean radii was 9, hence the terms of 
the second order in the equation of tidal fiiction must at that epoch lie in 
magnitude between -T^th and y^t of those of the first order. It follows 


* Bodily Tides,” &o., PhiU Tram., 1879, Part i.. Section 6. [Paper 1.] 
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that even at that stage, when the moon is comparatively near the earth, the 
effect of the tides of the second order (the third degree of harmonics) is 
insignificant, and the neglect of them is justified. 

In the case of those terms of this order, which affect the obliquity, a very 
similar relationship to the terms of the lower order would he found to hold 
good. 


§ 21. On cefi'tain other mmll terms. 


It will be well to advert to certain terms, the neglect of which might bo 
suspected of vitiating my results. 


According to the hypothesis of the plastic nature of the earth’s mass, 
that body must always have been a figure of equilibrium throughout 
the series of changes which are to be followed out. In consequence of 
tidal friction the earth’s rotation is diminishing, and therefore its ellipticity 
(which by the ordinary theory is is also diminishing; this change of 

fiigure might be supposed to exercise a material influence on the results, but 
I will now show that in one respect at least its effects are unimportant. 


In a previous paper* I showed that, neglecting (C — A)/A compared with 
unity, when the earth’s figure changed symmetrically with respect to the axis 
of rotation, 


di 

dt 


r + T, 

Cn^ 


d 

'dV 


son ^ cos ^ — (C — A) 


But if e be the ellipticity of figure, 

0 — A = 


So that 
and therefore 


1 d 
Cdt 


/r\ A\ f,nadn 

(C-A)-s=»7a— 

di T-f . . .iS 

= — ^Sini C0S^=7^ 

dt C 


SC 


On 


Numerical calculation shows that at present ^ ^ and since 


sm^cos^ IS 


is of the same order of magnitude as ^ (on which the 


changes of obliquity have been shown to depend), it follows that this term is 
fairly negligeable compared with those already included in the equations. 


* On the Influencje of Geological Ohanges,” Ao., Phil Trans.^ Vol. 167, Part i., page 272, 
Section 8. [To be reproduced in Vol. ni.] The notation is changed, and the equation presented 
in a form suitable for the present purpose. 
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As far as it goes, however, this term tends in the direction of increasing the 
obliquity with the time*. 

It will however appear, I believe, that this secular change of ellipticity of 
the earth’s figure will exercise an important influence on the plane of the 
lunar orbit and thereby will affect the secular change in the obliquity of the 
ecliptic. The investigation of tliis point is however as yet incomplete. 

The other small term which I shall consider arises out of the ordinary 
precession, together with the fact that the tide-generating force diminishes 
with the time on account of the tidal I’eaction on the moon. 


The differential equations which give the ordiimry precession are in effect 
(compare equations (26)) 


dt 


C-A 

r — 


sini cos i sin » 



C-A . . . 

T — ^ sini cosi COSH 


and they give rise to no change of obliquity if t be constant, hut 



when t is small. 


n 


AT C — A on^a , , , , 

Also - = e = -^- = J , Hence iis far as regards the change of 

obliquity the equations may be written 

d<», . . .^ . 

dt ^(^jsmzcos»tsm 

d(M)% Stq 71)^ f c[i^\ • • • i 

~dt^ -g-(Jjsm^cos^fco8« 

If WO regard all the quantities, except t, on the right-hand sides of 
these equations as constants and integrate, wo have 

3 to fd^\ . . . , . . . 

G>i = “ J sin % cos ^ {'/wt cos n — sin 7i} 


©2 = “ j sin ^ cos % {nt sin n + cos /i} 


* In a paper in the Phil, Mag,, March, 1877, 1 suggested that the obluiuity might possibly be 
due to the contraction of the terrestrial nebula in cooling ; I there neglected tidal friction and 
assumed the conservation of moment of momentum to hold good for the earth by itself, so that 
the ellipticity was continually increasing with the time. I id not at that time perceive that 
this increase of ellipticity was antagonistic to the effects of contraction. Though the work of 
that paper is correct, as I believe, yet the fundamental assumption is incorrect, and therefore 
the results are not worthy of attention. [This paper will be reproduced in Vol. in.] 
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And if these be substituted in the geometrical equations (1) we have 


dt 


3to . . . df 

= — sm i cos i 

g di 


On comparing this with the small term due to the secular change of 
figure of the earth, we see that it is fairly neghgeable, being of the same 
order of magnitude as that term. As far as it goes, however, it tends to 
increase the obliquity of the ecliptic. 


§ 22 . ThA change of ohliqwvby and tidal JHcbicyn due to an annular satellite. 

Conceive the ring to be rotating round the planet with an angular 
velocity O, let its radius be c, and its mass per unit length of its arc mj2vc, 
so that its mass is m. Let cl be the length of the arc measured from some 
point fixed in the ring up to the element cBl ; and let Hit be the longitude of 
the fixed point in the ring at the time t. Let SV be the tide-generating 

potential due to the element ^ Bl. Then we have by (5) 

-J- = - (? - rf) - &c. 

where the suflSxes to the functions indicate that £l + l is to be written 
for fl. Integrating all round the ring from Z = 0 to i!= 2 ' 7 r it is clear 
that 

V 

sin’ 6 QOS 2 (<j) — n) + 2pq (p® — g’) sin 0 cos ^ cos (<j> — n) 

+ (i - cos’ d) i (1 - ep’g'’) 
which is the tide-generating potential of the ring. 

Hence, as in Section 2, the form of the tidally-distorted spheroid is given 
by (9), save that JEi, E^, E^, E{, E" are all zero. Also, as in that section, 
the moments of the forces which the tidally-distorted spheroid exerts on the 

element of ring are f Si) ^ ^ , &o., &«., where fr, tfr, are 

put equal to the rectangular coordinates of the element of ring, whose annular 
coordinate is 1. 

If ai, y, z are the direction cosines of the element, equations (7) are simply 
modified by fl being written n + i. Hence the couples due to one element 
of ring may be found just as the whole couples were found before, and the 
integrals of the elementary couples from i = 0 to 2^- are the desired couples 
due to the whole ring. A little consideration shows that the results of 
this integration may be written down at once by putting E^, E-l, Ef, E" 
zero in (15), (16), and (21). Thus in order to determine the change of 
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obliquity and the tidal friction duo to an annular satellite, wo have simply 
the expressions (3f3) and (34), save that tt, must be replaced by 

It thus appears that an annular satellite causes tidal friction in its planet, 
and that the obliquity of the planet’s axis to the ring tends to diminish, but 
both these effects are evanescent with the obliquity. Since this ring only 
raises the tides which are called sidereal semi-diurnal and sidereal diurnal, 
and since we see by (57), Section 14, that tidal reaction is independent of 
those tides, it follows that there is no tangential force on the ring tending to 
accelerate its linear motion. If, however, the arc of the ring bo not of \iniforin 
density, there is a slight tendency for the lighter parts to gain on the 
heavier, and for the heavier parts to become more remote ff’om the planet 
than the lighter. 


§ 23. Double tidal reaction. 

Throughout the whole of this investigation the moon has boon HUi)poHed 
to bo merely an attractive particle, but there can bo no doubt but that if the 
earth was plastic, the moon was so also. To take a simple ctise, I shall now 
suppose that both the earth and moon are homogeneous viscous spheres 
revolving round their common centre of inertia, and that the moon is rotating 
on her own axis with an angular velocity and that their axes are paiullel 
and perpendicular to the plane of their orbit. Then the whole of the argu- 
ment with respect to the earth txs disturbed by the moon, may bo transferred 
to the Ciise of the moon jis disturbed by the earth. 

All symbols which apply to the moon will bo distinguished from those 
which apply t(j the earth by au Jiccont. 

From (21) or (43) wo have 

^ = i 8in4€i' 


and the equation which gives the lunar tidal friction is 



dt 

m 

Now 

, M wa? 

“ & wa -' 


and 

, „ 2gv/ w' 

" a oa V) 10 ' 


So that 

s' WaV g 

(90) 

Also 

OlQ 

li 


and therefore 




D. II. 


8 
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The force on the moon tangential to her orhit, results from a double tidal 
reaction. By the method employed in Section 14, the tangential force due 
to the earth’s tides is 


T = ^ = ^-sin46i 
r 2r g 


and similarly the tangential force due to the moon’s tides is 



r 


0 T® vf^a 
2r g 


sin 4ei' 


and the whole tangential force is (T + T'). 

Hence following the ar^ment of that section, the equation of tidal 
reaction becomes 



1 

SI 


sin 4 €i + 


'uPa 

w'^a/ 


sin 4i€i 


Taking the moon's apparent radius as 16', and the ratio of the earth’s 

mass to that of the moon as 82, we have 4 = 3*567 and = 1*806 (so 

a w 

that taking ^ as 5^, the specific gravity of the moon is 3), and hence 

— = 11-64 
wV 


At first sight it would appear from this that the effect of the tides in the 
moon was nearly twelve times as important as the effect of those in the earth, 
as far as concerns the influence on the moon's orbit, and hence it would seem 
that a grave oversight has been made in treating the moon as a simple 
attractive particle; a little consideration will show, however, that this is by 
no means the case. 


Supposing that v\ v are the coefficients of viscosity of the moon and 
earth respectively, the only tides which exist in each body being those of 
which the speeds are 2 (© — il), 2 (ti — II) in the moon and earth respectively, 
we have 


tan 2fri' 


19 v'(a>-a ) 

g'a'w' 


and tan2€i 


19v {n — O) 
gaw 


But 

and hence 




It will be found that == 41T0. It is also almost certain that v* 

\w a / 

must for a long time be greater than u, because the moon being a smaller 
body must have stiffened quicker than the earth. Hence unless © — 12 is 
very much less than n-Cl, €i must be larger than ei. Therefore if in the 
early stages of development the earth had a small viscosity, it is probable that 
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the effects of the moon’s tides on her own orbit must have hjwl a much nuinj 
important influence than had the tides in the earth. 


I shall now show, however, that this sforte of things must probably have 
had so short a duration as not to seriously affect the investigation of this 
paper. By (89) and (90) we have, as the eqxiation which <iotormine8 tho rate 
of tidal friction reducing the moon’s rotation round her axis, 



( WCL^ \ 3 

=12,148; jind horice, for tho same mluos of e/ and thc^ 

moon’s rotation round her axis is reduced 12,000 times as rapidly as that of 
the earth round its axis, and therefore in a very short period the moon’s 
rotation round her axis must have been roducHxl bo a sensible i<ieritity with 
the orbital motion. As co becomes very n(‘.arly equal to 12, sin 4^/ bc^comi^s 
very small. Hence the term in tho equation of tidal reaction depondciit on 
the moon’s own tides must have become mpidly cvatu^sccuit. While this 
shows that the main body of our investigation is unafFected by the lunar ti<le, 
there is one slight modification to which it Icmls. 


In Section 18 we tmeed back the moon to tixe initial condition, when her 
centre was 10,000 miles from the earth’s centre. If lunar ti<lal friction had 
been included, this distance would have been increased ; for the coefficituit of 


0 ) in tho biquadratic (viz.: 11,727) would have to be diminished by (&> — ek>o). 


wa^ 


Now is very nearly being the year, it follows 

that wo should have to suppose an enormously rapid primitive rotation of tins 
moon round her axis, to make any seimiblo <liffen.‘,nce in the cumfiguration ol‘ 
the two bodies when her centre of inertia moved as though rigidly conn<^ct(‘d 
with the earth’s surface. 


The supposition of two viscous globes moving orbibilly rouTid their common 
centre of inertia, and one having a coTigi'uent and tlio other an incongruenb 
axial rotation, would load to some veiy curious results. 


§ 24. Secular oontr action of the eimiih^. 

If the earth be contracting as it cools, it Ibllows, from tho principles of 
conservation of moment of momentum, that th(i angular velocity of rotation 
is being increased. Sir William Thomson has, however, shown that the con- 
traction (which probably now only takes place in the superficial stmta) ciiinnot 
be sufficiently rapid to perceptibly countemet the influence of tidal friction 
at the present time. 


Bowritton in July, 1870. 


8—2 
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SECULAR CONTRACTION OF THE EARTH. 


The enormous height of the lunar mountains compared to those in tl 
earth seems, however, to give some indications that a cooling celestial o: 
must contract by a perceptible fraction of its radius after it has consolidated 
Perhaps some of the contraction might be due to chemical combinations : 
the interior, when the heat had departed, so that the contraction might 1 
deep-seated as well as superficial. 

It will be well, therefore, to point out how this contraction will influen( 
the initial condition to which we have traced back the earth and moon, whe 
they were found rotating as parts of a rigid body in a little more tha 
6 hours. 


Let 0, Co be the moment of inertia of the earth at any time, and initial! 
Then the equation of conservation of moment of momentum becomes 

And the biquadratic of Section 18 which gives the initial configuratio 
becomes 

The required root of this equation is very nearly equal to |^(1 -f /jl) — ' 


Now = hence il is nearly equal to But in Section II 

when 0 was equal to Co, it was nearly equal to (1 + /,6) 7 i„. Therefore on th 
present hypothesis, the value of Cl as given in that section must bo multiplie 


Suppose a sphere of radius a to contract until its radius is a + 8a, but that, its surfa< 
being incompressible, in doing so it throws up n conical mountains, the radius of whose basi 
18 6, and th eir height /i, and let h be large compared with h. Tho surface ol such a cone : 
irbfJh T Hence the excess of the surface of the cone abovo the area of the bat 

iB ixfta, and W = 4jr (o + fia)» + Jnrfts. Therefore - - = Y'* 

a 10 \a J 

Suppose we have a second sphere of primitive radius a\ which contracts and tlirows u 

the same number of mountains; then similarly — ~ f—Y'* and No’ 

a' 16 V«7 a' 'a \1w/ ) ^ 

let these two spheres be the earth and moon. The height of the highest lunar mountain i 
8,000 feet (Grant s Physical Astroii.^ p. 229), and the height of the highest terrestrial mountai 

IS 29,000 feet ; therefore we may take j=U- Also ^ = -2729 (Hersohol’s Antron., Section 404) 

Therefore g =|S of -2729= -344, and (gj =-U83 or (g)* =8-45. Hence =84 

whence it appears that, if both lunar and terrestrial mountains are due to tho crumpling of th 
surfaces of those globes in contraction, the moon’s radius has been diminished by about eigh 
times as large a fraction as the earth’s. 

This is, no doubt, a very crude way of looking at the subject, because it entirely omit 
vo camo action from consideration, but it seems to justify the assertion that the moon ha 
contracted much more than the earth, since both bodies solidified. 
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C 0 

by Q®; and the periodic time must be multiplied by ^ 


But in this initial 


state 0 is greater than Co; hence the periodic time when the two bodies 
move round as a rigid body is longer, and the moon is more distant from the 
earth, if the ojirth has sensibly contracted since this initial configuration. 


If, then, the theory here developed of the history of the moon is the true 
one, as I believe it is, it follows that the earth cannot have contracted since 
this initial state by so much as to considerably diminish the effects of tidal 
friction, and it follows that Sir William Thomson’s result as to the present 
unimport?mce of the contraction must have always been true. 

If the moon once formed a part of the earth we should expect to ti*ace the 
changes back until the two bodies were in actual contact. But it is obvious 
that the data at our disposal arc not of sufficient accuracy, and the equations 
to be solved arc so complicated, that it is not to be expected that wo should 
find a closer accordance, than has been found, between the results of com- 
putation and the result to be expected, if the moon was really once a part of 
the earth. 


It appoai-fl tome, therefore, that the present considerations only negative the 
hy],)othosiH of any large contraction of the cjxrth since tlie moon has existed. 


Part III. 


Summary and discussion of results. 

The general object of the earlier or propanitory part of the paper is 
sufficiently explained in the introductory remarks. 

The earth is treated 4 is a homogeneous spheroid, and in what foll<JWs, 
except where otherwise expressly stated, the matter of which it is formed is 
supposed to be purely viscous. The word “ earth ” is thus an abbreviation of 
the exproHsioii **a hoinogoueous rotating viscous spheroid”; also wherever 
numerical values arc given they arc taken from the radius, mean density, 
11 mss, &c., of tho eaith. 

The Ciise is considoj’cd finat of the action of one tide-raising body, namely, 
the moon. To simplify tho problem the moon is supposed to tnovc in a 
circular orbit in the ecliptic* — that plane being the average position of tho 


* The effect of neglecting the ocoontrioity of the moon’s orbit is, that we underestimate the 
effidenoy of tlio tidal offeots. Those efTeots yary as the inverse sixth power of r the radius 

1 3. dt 

vector, and if T bo the periodic time of the moon, tho average value of ^ is ^ If c be 

the moan diHtanoo and e the ecoentridty of the orbit, this integral will be found eq[ual to 

L If the eooentridty be small tho average value of i is -tYi + v » if e is 

cc 0 \ 


this is of ~. There are obviously forces tending to modify the eccentricity of tho moon’s orbit, 

OO Cr 
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lunar orbit with respect to the earth’s axis. The case becomes enormously 
more complex if we suppose the moon to move in an inclined eccentric orbit 
with revolving nodes. The consideration of the secular changes in the 
inclination of the lunar orbit and of the eccentricity will form the subject 
of another investigation [in Paper 6]. 

The expression for the moon’s tide-generating potential is shown to 
consist of 13 simple tide-generating terms, and the physical meaning of this 
expansion is given in the note to Section 8. The physicjil causes represented 
by these 13 terms raise 13 simple tides in the earth, the heights and retard- 
ations of which depend on their speeds and on the coefficient of viscosity. 

The 13 simple tides may be more easily represented both physicixlly and 
analytically as seven tides, of which three are approximately semi-diurnal, 
three approximately diurnal, and one has a period equal to a half of the 
sidereal month, and is therefore called the fortnightly tide. 

By an approximation which is sufficiently exact for a great part of the 
investigation, the semi-diurnal tides may be grouped together, and the 
diurnal ones also. Hence the earth may be regarded jis distorted by two com- 
plex tides, namely, the semi-diurnal and diurnal, and one simple^, tide, namely, 
the fortnightly. The absolute heights and rehudations of those three tides are 
expressed by six functions of their speeds and of the coefficient of viscosity 
(Sections 1 and 2). 

When the form of the distorted spheroid is thus given, the. coupk^s about 
three axes fixed in the earth due to the attraction of the moon on the tidal 
protuberances are found. It must here be remarked that this attraction must 
in reality cause a tangential stress between the tidal protuboranct's and the 
true surface of the mean oblate spheroid. This tangential stress must cause 
a certain very small tangential flow*, and hence must (insuc a viay small 
diminution of the couples. The diminution of coupk‘. is horcj neglected, and 
the tidal spheroid is regarded as being instantaneously rigidly coniu‘.cU‘.<l with 
the rotating spheroid. The full expressions for the couples on tlu^ earth are 
long and complex, but since the nutations to which they givc^ rise are 
exceedingly minute, they may bo much abridged by tlio omission of all terms 
except such as can give rise to secular changes in the prece.ssion, the obliquity 
of the ecliptic, and the diurnal rotation. The terms retairuul ri^prcjsent that 
there are three couples independent of the tiiiu^, the first of which tends to 
make the earth rotate about an axis in the equator which is always 90® from 
the nodes of the moon’s orbit: this couple affects the obliquity of the ecliptic; 
second, there is a couple about an axis in the equator which is always coin- 
cident with the nodes: this affects the procession; third, tluire is a couple 
about the earth’s axis of rotation, and this affects the length of the (lay 


* See Part I. of Paper 5, 
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(Sections 3, 4, and 5). All these couples vaiy as the fourth power of the 
moon’s orbital angular velocity, or as the inverse sixth power of her distance. 

These three couples give the alteration in the precession duo to the tidal 
movement, the rate of increase of obliquity, Jind the rate at which the diurnal 
I'otation is being diminished, or in other woids the tidal friction. The change 
of obliquity is in reality due to tidal friction, but it is convenient to retain 
the term specially for the change of rotation alone. 

It appears that if the bodily tides do not lag, which would be the case 
if the earth were perfectly fluid or perfectly elastic, there is no alteration 
in the obliquity, nor any tidal friction (Section 7). The alteration in the 
precession is a very small fraction of the precession duo to the earth con- 
sidered as a rigid oblate spheroid. I have some doubts as to whether this 
result is properly applicable to the case of a perfectly fluid spheroid. At any 
nxte, Sir William Thomson hiis stated, in agreement with this result, that a 
perfectly fluid spheroid has a precession scarcely differing from that of a 
perfectly rigid one. Moreover, the criterion which ho gives of the neglige- 
ability of the ixdditional terms in the precession in a closely iuialogous problem 
appears to be almost identical with that found by mo (Section 7). I am not 
aware that the investigation on which his statement is founded has ever been 
published. The alteration in the precession being insignificant, no more 
reference will be made to it. This concludes the analytical investigation as 
far as concerns the effects on the disturbed spheroid, where there is only one 
disturbing body. 

The sun is now (Section 8) introduced as a second disturbing body. Its 
independent effect on the earth may be determined at once by analogy with 
the effect of the moon. But the sun attracts the tides raised by the moon, 
and vice ve7'sd. Notwithstanding that the periods of the sun and moon 
about the earth have no common multiple, yet the interaction is such as to 
produce a secular alteration in the position of the earth’s axis and in the 
angular velocity of its diurnal rotation. A physical explanation of this 
curious result is given in the note to Section 8. I have distinguished this 
from the separate effect of each disturbing body, as a combined effect. 

The combined effects are represented by two terms in the tide-genomting 
potential, one of which goes through its period in 12 sidereal hours, and the 
other in a sidereal day* ; the latter being much more important than the 
former for moderate obliquities of the ecliptic. Both these terms vanish 
when the earth’s axis is perpendicular to the plane of the orbit. 

As far as concerns the combined effects, the disturbing bodies may be 

* These combined effects depend on the tides whioh are designated as Ki and K 2 in the 
British Association’s Report on Tides for 1872 and 1876, and whioh I have called the sidereal 
semi-diurnal and diurnal tides. [See Paper 1, Vol. i.] For a general explanation of this result 
see the abstract of this paper in the Proceedings of the Royal Society, No. 191, 1878. [See the 
Appendix to this paper.] 
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conceived to te replaced hy two circular rings of matter coincident with their 
orbits and equal in mass to them respectively. The tidal friction due to 
these rings is insignificant compared with that ai'ising separately from the 
sun and moon. But the diurnal combined effect has an important influence 
in affecting the rate of change of obliquity. The combined effects are such 
as to cause the obliquity of the ecliptic to diminish, whereas the separate 
effects on the whole make it increase — at least in general (see Section 22). 

The relative importance of all the effects may bo seem from an inspection 
.of Table IIL, Section 15. 

Section 11 contains a graphical analysis of the physical meaning of the 
equations, giving the rate of change of obliquity for various degrees of 
viscosity and obliquity. 

Figures 2 and 3 refer to the case where the disturbed planet is the earth, 
and the disturbing bodies the sun and moon. 

This analysis gives some remarkable results lus to the (i 3 mamiciil stability 
or instability of the system. 

It will be here sufficient to state that, for modoxutc dcgi’eos of viscosity, 
the position of zero obliquity is unstable, but that there is a position of 
stability at a high obliquity. For largo viscosities the position of zero 
obliquity becomes stable, and (except for a very cUkso approximation to 
rigidity) there is an unstable position at a largoi* obli(iuity, aiul again a stable 
one at a still larger one*. 

These positions of dynamical equilibrium do not strictly deserve the 
name, since they are slowly shifting in consequoneo of the i^do.cts of tidal 
fiiction; they are rather positions in which the rat.<^ of c-hangt^ of obliquity 
becomes of a higher order of small quantities. 

It appears that the degree of viscosity of the earth which at the present 
time would cause the obliquity of the ecliptic to increase most rapidly is such 
that the bodily semi-diurnal tide would be retankid by about 1 hour and 
10 minutes; and the viscosity which would cause tlu^ oblicjuiby to decroase 
most rapidly is such that the bodily semi-diurnal tid<‘. would be*. Retarded by 
about 2f hours. 

The former of these two viscosities was the one which I chose for sub- 
sequent numerical application, and for the consideration oFsoculai- changes in 
the system. 

Figure 4 (Section 11) shows a similar analysis of the case where there 
is only one disturbing satellite, which moves orbitally with one-fifth of thi^ 
velocity of rotation of the planet. This case differs froiii thcj preceding 
one in the fact that the position of zero obliquity is now unstable for all 

* For a general explanation of some part of these resalts, sec the abstract of this paper in 
the Proceedings of the Royal Society, No. 191, 1878. [See the ApiKjndix below. ] 
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viscosities, and that there is always one other, and only one other position of 
equilibrium, and that is a stable one. 

This shows that the fact that the oai*th’s obliquity would diminish for 
large viscosity is due to the attraction of the aim on the lunar tides, and of 
the moon on the solar tides. 

It is not shown by these figures, but it is the fact that if the motion of 
the satellite relatively to the planet bo slow enough (viz. : the month less 
than twice the day), the obliquity will diminish. 

This result, taken in conjunction with results given later with regard to 
the evolution of satellites, shows that the obliquity of a planet perturbed by 
a single satellite must rise from zero to a maximum and then decrease again 
to zero. If we regard the earth as a sati^llite of thes moon, wo see that this 
must have been the case with the moon. 

Figure 5 (Section 12) contains a similar graphicixl analysis of the various 
values which may be assumed by the tidal friction. As might be expected, 
the tidal friction always tends to stop the plaiuit’s rotixtioii, unless indeed tlie 
satellite’s period is loss than the planet’s day, when the friction is reversed. 

This completes the consideration of the effect on the earth, at any instant, 
of the attraction of the sun and moon on their tides ; the next subject is to 
consider the reaction on the disturbing bodies. 

Since the moon is tending to retard the earth’s diurnal rotation, it is 
obvious that the earth must exemise a force on the moon tending to 
accelerate her linear velocity. The effect of this force is to cause her to 
recede from the earth and to decrease her orbital angular velocity. Hence 
tidal reaction causes a secular retanlation of the moon’s imsan motion. 

The tidal reaction on the aim is shown to have a comparatively small 
influence on the earth’s orbit and is neglected (Sections 14 and 19). 

The influence of tidal reaction on the lunar orbit is determined by finding 
the disturbing force on the moon tangential to her orbit, in terms of the 
couples which have been alresady found as perturbing the earth’s rotation; 
and hence the tangential force is found in teims of the mte of tidal friction 
and of the rate of change of obliquity. 

It appears that the non-poriodic part of the force, on which the secular 
change in the moon’s distance diipcnda, involves the lunar tides alone. 

By the consideration of the effects of the perturbing force on the moon’s 
motion, an equation is found which gives the rate of increase of the square 
root of the moon’s distance, in tonns of the heights and retardations of the 
several lunar tides (Section 14). 

Besides the interaction of the two bodies which affects the moon’s mean 
motion, there is another part which affects the plane of the lunar orbit ; but 
this latter effect is less important than the former, and in the present paper 
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is neglected, since the moon is throughout supposed to remain in the ecliptic. 
The investigation of the subject will, however, lead to interesting results, 
since a complete solution of the problem of the obliquity of the ecliptic 
cannot be attained without a simultaneous tracing of the secular changes in 
the plane of the lunar orbit. 

It appears that the influence of the tides, here called slow semi-diurnal 
and slow diurnal, is to increase the moon’s distance from the earth, whilst the 
influence of the fast semi-diurnal, fast diurnal, and fortnightly tide tends to 
diminish the moon’s distance ; also the sidereal semi-diurnal and diurnal tides 
exercise no effects in this respect. The two tides which tend to increase the 
moon’s distance are much larger than the others, so that the moon in general 
tends to recede from the earth. The increase of distance is, of course, 
accompanied by an increase of the moon’s periodic time, and hence there is 
in general a true secular retardation of the moon’s motion. But this change 
is accompanied by a retardation of the earth’s diurnal rotation, and a 
terrestrial observer, taking the earth as his clock, would conceive that the 
angular velocity of an ideal moon, which was undisturbed by tidal reaction, 
was undergoing a secular acceleration. The apparent acceleration of the 
ideal undisturbed moon must considerably exceed the true retardation of the 
real disturbed moon, and the diflference between these two will give an 
apparent acceleiation. 

It is thus possible to give an equation connecting the apparent acceleration 
of the moon’s motion and the heights and retardations of the several bodily 
tides in the earth. 

There is at the present time an unexplained secular acceleration of the 
moon of about 4" per century, and therefore if we attribute the whole of 
this to the action of the bodily tides in the earth, instead of to the action of 
ocean tides, as was done by Adams and Delaunay, we get a numei-ical relation 
which must govern the actual heights and retardations of the bodily tides in 
the earth at the present time. 

This equation involves the six constants expressive of the heights and 
retardations of the three bodily tides, imd which are detenniiu'.d by the 
physical constitution of the earth. No further advarict^ (*.an thcirtdbre bo 
made without some theory of the earth’s nature. Two thcsoricss ai’e 
considered. 

First, that the earth is purely viscous. The result shows that the earth 
is either nearly fluid — ^which we know it is not — or exceedingly nearly rigid. 
The only traces which we should ever be likely to find of such a high degi'ee 
of viscosity would be in the fortnightly ocean tide; and oven hero the 
influence would be scarcely perceptible, for its height would be ’992 of its 
theoretical amount according to the equilibrium theory, whilst the time of 
high water would be only accelerated by six hours and a half. 
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It is interesting to note that the indications of a fortnightly ocean tide, as 
deduced from tidal observations, are exceedingly uncertain, as is shown in a 
preceding paper* where I have made a comparison of the heights and phases 
of such small fortnightly tides as have hitherto been observed. And now (July, 
1879) Sir William Thomson has informed me that he thinks it very possible 
that the effects of the earth’s rotation may be such as to prevent our trusting 
to the equilibrium theory to give even approximately the height of the fort- 
nightly tide. He has recently read a paper on this subject before the Royal 
Society of Edinburgh f. 

With the degree of viscosity of the oai'th, which gives the observed 
amount of secular accelonition to the moon, it appears that the moon is 
subject to such a true secular retardation that at the end of a century she is 
3"’l behind the place in her orbit which she would have occupied if it were 
not for the tidal reaction, whilst the earth, considered as a clock, is losing 
13 seconds in the same time. This rate of retardation of the earth is such 
that an observer taking the earth as his clock would conceive a moon, which 
was undisturbed by tidal reaction, to b<3 7"*1 in advance of her place at the 
end of a century. But the actual moon is 3"-l behind her true place, and 
thus our observer would suppose the moon to be in advance 71 — 31 or 4" at 
the end of the century. Distly, the obli<iuity of tlie ecliptic is diminishing at 
the rate of 1® in 600 million years. 

The other hypothesis considered is that the earth is very nearly perfectly 
clastic. In this cjise the semi-diurnal and diurnal tides do not lag perceptibly, 
and the whole of the reaction is thrown on to the fortnightly tide, and more- 
over there is no perceptible tidal frictional couple about the earth’s axis of 
rotation. From this follows the remarkable conclusion that the moon may be 
undergoing a true secular acceleration of motion of something less than 8"*6 
per century, whilst the length of day may remain almost unaffected. Under 
theses circumstances the obliquity of the ecliptic must be diminishing at the 
rate of I" in something like 130 Tuillion yoai-s. 

This supposition leads to such curious results, that I investigated what 
state of things we should arrive at if we look back for a very long penod, and 
I found that 700 million years ago the obliquity might have been 5® greater 
than at present, whilst the month would only be a little less than a day 
longer. The suppositions on which these results are based ixre such that they 
neomaHly give results more striking than would be physically possible. 

The enormous lapse of time which has to be postulated renders it in the 

* Soo tho Appendix to nijr paper on the “Bodily Tides,” <feo. [This Appendix is however 
omitted from tho present volume on account of its incompleteness, and is replaced by Paper 9, 
p. 340, Vol. I.] 

t [See Paper 11, Vol. i. An inveHtigation by l)r W. Sohweydar (lieitriigm zur Oeophydk, 
Vol. IX. p. 41) seems to indicate that the equilibrium theory is nearly fUlfiUed by the fortnightly 
tide, and it is explained by Lord Rayleigh (Phil Mag, 1003) how this may be the case for 
an ocean interrupted by barriers of land.] 
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highest degree improbable that more than a very small change in this 
direction has been taking place, and moreover the action of the ocean tides 
has been entirely omitted from consideration. 

The results of these two hypotheses show what fundamentally different 
interpretations may be put to the phenomenon of the secular acceleration of 
the moon. 

Sir William Thomson also has drawn attention to another disturbing 
cause in the fall of meteoric dust on to the earth*. 

Under these circumstances, I cannot think that any estimate having any 
pretension to accuracy can be made as to the present rate of tidal friction. 

Since the obliquity of the ecliptic, the diurnal rotation of the eai-th, mid 
the moon's distance change, the whole system is in a state of flux ; and the 
next question to be considered is to determine the state of things which 
existed a very long time ago (Part II.). This involved the integration of 
three simultaneous differential equations ; the mathematical difficulties were, 
however, so great, that it was found impracticable to obtain a general 
analytical solution. I therefore had to confine myself to a numerical solution 
adapted to the case of the earth, sun, and moon, for one particular degree of 
viscosity of the earth. The particular viscosity was such that, with the 
present values of the day and month, the time of the lunar somi-cliurnal tide 
was retarded by 1 hour and 10 minutes ; the greatest possible lagging of this 
tide is 3 hours, and therefore this must be regarded as a very niodemtii 
degree of viscosity. It was chosen because initially it makes the rate of 
change of obliquity a maximum, and although it is not that dt^grcio of viscosity 
which will make all the changes proceed with the greatest possible rapidity, 
yet it is sufficiently near that value to enable us to estimate veuy wtdl the 
smallest time which can possibly have elapsed in the history of the (‘.arth, if 
changes of the kind found really have taken place. This estimates of tinus is 
confirmed by a second method, which will be referred to latm*. 

The changes were traced backwards in time from the prescuit epoch, and 
for convenience of diction I shall also reverse the form of speech — e.g., a true 
loss of energy as the time increases will be spoken of as a gain of c‘ntirgy as we 
look backwards. 

I shall not enter at all into the mathematical difficulties of thi‘. problem, 
but shall proceed at once to comment on the series of tabliis at the end of 
Section 16, which give the results of the solution. 

The whole process, as traced backwards, exhibits a gain of kintitic energy 
to the system (of which more presently), accompanied by a transference of 
moment of momentum from that of orbital motion of the moon and earth 
to that of rotation of the earth. The last column but one of Tables IV. 
exhibits the fall of the ratio of the two moments of momentum from 4*01 

* Proceedings of Glasgow Geological Society , Vol. in. Address “ On Geological 
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down to *44. Tho whole moment of momentum of the moon-earth system 
rises slightly, because of solar tidal friction. The change is investigated in 
Section 19. 

Looked at in detail, we see the day, month, and obliquity all diminishing, 
and the changes proceeding at a rapidly increasing rate, so that an amount of 
change which at the beginning required many millions of years, at the end 
only requires as many thousands. The reason of this is that tho moon’s 
distance diminishes with groat rapidity ; and as the effects vary as the square 
of the tide-generating force, they vary as the inverse sixth power of the 
moon’s distance, or, in physical language, the height of the tides increases 
with gi'cat rapidity, and so also docs tho moon’s attraction. But there is a 
counteracting principle, which to some extent makes the changes proceed 
slower. It is obvious that a disturbing body will not have time to raise such 
high tides in a rapidly rotating spheroid as in one which rotates slowly. As 
the earth’s rotation incrojisos, the lagging of the tides increases. Tho first 
column of Table I. shows tho angle by which tho crest of the lunar semi- 
diurnal tide precedes the moon ; wo see that the angle is almost doubled at 
the end of the series of changes, as trjxced backwards. It is not quite so easy 
to give a physical meaning to the other columns, although it might bo done. 
In fiict, as the rotation inoroaHOS, the effect of each tide rises to a maximum, 
and then dies away ; tho tides of longer period roach their maximum effect 
much morci slowly than the ones of short period. At the point where I have 
found it convenient to stop the solution (see Table IV.), the semi-diurnal effect 
has passed its maximum, thc^ diumal tide has just come to give its maximum 
effect, whilst tht^ fortnightly tide has not nearly risen to that point. 

As tho lunar effects incnniso in importance (when we look backwards), 
the rolativ(s value of th(' solar effects decreases rapidly, because tho sohir tidal 
Hiaction leaves the. earth’s orbit sensibly unaffected (sec Section 19), and 
thus the. solar (iffects rcjinain nearly constant, whilst the lunar effects have 
largely increased. The relative value of the sevcml tidal effects is exhibited 
in Tables II. and III. 

Table IV. exhibits the hmgth of day decreasing to a little more than a 
(piarter of its present value, whilst the obliquity diminishes through 9°. But 
the length of tho month is the clement which changes to tho most startling 
extent, for it actually falls to -^th of its primitive value. 

It is particularly important to notice that all tho changes might have 
taken placci in 57 million years; and this is far within the time which 
physicists admit that the oaith and moon may have existed. It is easy to 
find a great many verm oausm for changCvS in tho planetary system ; but it is 
in genei’al correspondingly hai*d to show that they are competent to produce 
any marked effects, without exorbitant demands on tho efficiency of the 
causes and on lapse of time. 
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It is a question of great interest to geologists to detenniiic whether any 
part of these changes could have taken place during geological history. It 
seems to me that this question must he decided by whether or not a globe, 
such as has been considered, could have alBforded a solid surface for animal 
life, and whether it might present a superficial appearance such as we loiow 
it. These questions must, I think, be answered in the affirmative, for the 
following reasons. 

The coefficient of viscosity of the spheroid with which the previous 

solution deals is given by the formula tan 35® (sec Section 11, (40)), 

when gravitation units of force are used. This, when turned into numbers, 
shows that 2'065 x 10^ grammes weight are required to impart unit shear to 
a cubic centimetre block of the substance in 24 hours, or 2,056 kilogs. per 
square centimetre acting tangentially on the upper face of a slab one centi- 
metre thick for 24 hours, would displace the upper surfiico through a 
millimetre relatively to the lower, which is held fixed. In British units this 
becomes, — IS-J- tons to the square inch, acting for 24 hours on a slab inch 
thick, displaces the upper surface relatively to the lower through onc-tenth 
of an inch. It is obvious that such a substance as this would hi‘. called n 
solid in ordinary parlance, and in the tidal problem this must bo regarded tie 
a rather small viscosity. 

It seems to me, then, that we have only got to postulate that the upper 
and cool surface of the earth presents such a difference from the interior that 
it yields with extreme slowness, if at all, to the weight of continents and 
mountains, to admit the possibility that the globe on which we live may be 
like that here treated of. If, therefore, astronomie«Til facts should confirm the 
argument that the world has really gone through chaiig( 5 .s of the kind hero 
investigated, I can see no adequate reason for iissuiuing that the whole 
process was pro-geological. Under these circumstances it must be admitted 
that the obliquity to the ecliptic is now probably slowly (hu'.rc^asing; that a 
long time ago it was perhaps a degree greater than at ])r(\sont, and that it 
was then nearly stationaiy for another long time, and that in still earlier 
times it was considerably less* 

The violent changes which some geologists seem to nujiiirci in gc‘.ologically 
recent times would still, I think, nob follow from the theory of the earth’s 
viscosity. 

According to the present hypothesis (sxnd for the moment looking forwai*d 


* In my paper “ On the Effects of Geological Changes on the Earth’s Axis,” rhil. TmnB,, 
1877, p, 271 [Vol. in,], I arrived at the conolnsion that the obli<puty had bcoii unchanged 
throughout geological history. That result was obtained on the hypothesis of the earth's rigidity, 
except as regards geologicsal upheavals. The result at which I now arrivo affords a warning 
that every conolnsion must always be read along with the postulates on which it is based. 
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in time), tho luoon-oarth system is, from a dymuniciil point of view, con- 
tinuiilly losing energy from the internal tidal friction. One part of this 
energy turns into potential energy of tho moon's position relatively to the 
earth, and the rest developes heat in the interior of the earth. Section 16 
contains the investigation of the amount which has turned to heat between 
any two epochs. The heat is estiniatccl by tho number of degrees Falircnheit, 
which the lost energy would bo sufficient to raise tho toinpertiture of the 
whole earth's imias, if it wore all applied at once, and if th(i earth had the 
specific heat of iron. 

The hist column of Table IV., Section 16, gives the niimencal nisults, and 
it appears therefrom that, during the 57 million yearn embraced by the 
solution, tho energy lost suffices to heat tho whole earth's injiss 1760® Fahr. 

It would appear at fimt sight that this large*, amount of heat, genenited 
internally, must seriously interfere with the accurjicy of Sir William Thomson’s 
investigation of the secular cooling of the (wirth*; but a fiu*ther consideration 
of the subject in the next paper will show that this Ciinnot bo tho wise. 

There arc other consequences of interest to geologists which flow from tho 
, present hypothesis. As wc look at the whok*. series of changes from tho 
remote past, thci ellii)ticity of figure of the earth uuist have boon continually 
diminishing, and thus tho polar regions must have boon ever rising and the 
equatorial oiuis falling; but, as tho ocean always followed those changes, they 
might quite well have left no geological traces. 

Tho tides must have been very much more frequent and larger, and 
accordingly the rate of oc(Minic denudation mucli accelerated. 

The more rapid alternations of day and night f would probably lead to 
more sudden and violent storms, and th<'. increased rotation of the earth 
would augimmt tho violence of the trade winds, which in lihoir turn would 
aftcct oceanic (jurrenlis. 

Thus there would rc^sult an acceleration of gcologiwil action. 

The problem, of which tho solution has jus!) been discussed, deals with a 
spheroid of constant viscosity; but there is every resison to boliovo that the 
earth is a cooling body, and hius stiffened jis it cooled. Wo therefore have to 
deal with a spheroid whose viscosity diminishes as we look backwards. 

A second solution is accordingly given (Section 17) where tho viscosity is 
variable; no definite law of diminution of viscosity is assumed, however, but it 
is merely supposed that the viscosity always remjiins small from a tidal point 
of view. This solution gives no indication of tho time which may have elapsed, 
and differs chiefly from the preceding one in the fact that the change in the 
obliquity is rather greater for a given amount of chmige in the moon's distance. 

* Nat Phil.i Appondix. 

i’ At tho point where the solution stops there are just 1,800 of the sidereal days of that time 
in the year, instead of 808 as at present 
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There is not much to say about it here, because the two solutions follow 
closely parallel lines as far as the place where the former one left off. 

The first solution was not carried farther, because as the month ap- 
proximates in length to the day, the three semi-diurnal tides cease to be of 
nearly equal frequencies, and so likewise do the three diurnal tides ; hence 
the assumption on which the solution was founded, as to their approximately 
equal speeds, ceases to be sufficiently accurate. 

In this second solution all the seven tides are throughout distinguished 
from one another. At about the stage where the previous solution stops the 
solar terms have become relatively unimportant, and are dropped out. It 
appears that (still looking backwards in time) the obliquity will only continue 
to diminish a little more beyond the point it had reached when the previous 
method had become inapplicable. For when the month has become equal to 
twice the day, there is no change of obliquity ; and for yet smaller values of 
the month the change is the other way. 

This shows that for small viscosity of the planet the position of zero 
obliquity is dynamically stable for values of the month which arc less than 
twice the day, while for greater values it is unstable ; and the same appears * 
to be true for very large viscosity of the planet (see the foot-note on p. 93). 

If the integration be carried back as far as the critical point of relationship 
between the day and month, it appears that the whole change of oblitjuity 
since the beginning is 9^®. 

The interesting question then arises — Does the h 3 ^othcsis of the earth's 
viscosity afford a complete explanation of the obliquity of the ecliptic ? It 
does not seem at present possible to give any very conclusive answer to this 
question ; for the problem which has been solved differs in many respects 
from the true problem of the earth. 

The most important difference from the truth is in the neglect of the 
secular changes of the plane of the lunar orbit; and I now (September, 1879) 
see reason to believe that that neglect will make a material difference in the 
results given for the obliquity at the end of the third and fourth periods of 
integration in both solutions. It will not, therefore, be possible to discuss 
this point adequately at present; but it will be well to refer to some other 
points in which our hypothesis must differ from reality. 

I do not see that the heterogeneity of density and viscosity would make 
any very material difference in the solution, because both the chjingc of 
obliquity and the tidal friction would be affected pari passil, and therefore 
the change of obliquity for a given amount of change in the day would not 
be much altered. 

Although the effects of the contraction of the earth in cooling would be 
certainly such as to render the changes more rapid in time, yet as the tidal 
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friction would be somewhat counteracted, the critical point where the month 
is equal to twice the day would be reached when the moon was further from 
the earth than in my problem. I think, however, that there is reason to 
believe that the whole amount of contmetion of the earth, since the moon has 
existed, has not been large (Section 24). 

There is one thing which might cxerasc a considerable influence favour- 
able to change of obliquity. We are in almost complete ignorance of the 
behaviour of semi-solids under very gi^eat pressures, such as must exist in the 
earth, and there is no reason to suppose that the amount of relative displace- 
ment is simply proportional to the stress and the time of its action. Suppose 
that the displacement varied as some other function of the time, then clearly 
the relative importance of the several tides might be much altered. 

Now, the great obstacle to a largo change of obliquity is the diurnal 
combined effect (see Table IV., Section 16); and so any change in the law of 
viscosity which allowed a relatively greater influence to the semi-diurnal tides 
would cause- a groatt^r changes of obliquity, and this without much affecting 
the tidal friction and nnxetion. Such a law Hecrna quite within the bounds of 
possibility. Th(^ special hypotlujsis, however, of elastico-viscosity, used in the 
previous paper, makes the other way, and allows gre^ater influence^- to the tides 
of long period than to thosii of short. Thin was exemplified whore it was 
shown that the tidal nuiction might depend principally on the fortnightly 
tide. 

The whole investigixtiou is bixsed on a theory of tides in which the effects 
of inertia are ncgkjchd. Now it will b(^ shown in Part III. of the n<^xt paper 
that the effect of inertia will be to niak<^ tlu'. cre^st of the tidal spheroid lag 
mor(‘- for a given h(.ught of tidt^ than results from the th(‘.ory founded on the 
neglect of inertia. An analysis of the cfti'ct produced on the pn'isont re, suits, 
by the modification of the theory of tidies introduc(«l by inertia, is given in 
th(i next paper [Paper 4]. 

On the whol(^ w<‘. can only say at pnjscuit that it sooms probable that a 
part of the obliipiity of th(^ ecliptic may b(‘. refi^md to the causes here con- 
sid(n‘ed ; but a coinpl(it(». discussion of the subject must bo d(‘.ferr(d to a 
future occjision, whim the secular changes in the piano of the lunar orbit will 
bo treated. 

The question of the obli(juity is now mt on one side, and it is supposed 
that when the moon hfis rcjached th(^ critical point (where the month is twice 
the day) the oblicjuity of the planer of the lunar orbit Wiis ;5oro. In the more 
remote pust the obliquity hmi no tendency to alter, excopt under tho influonco 
of certain nutations, which arc refined to at tho end of Section 17. 

Tho niaimor in which the moon’s periodic time approximates to the day 
is an inducement to speculate as to the limiting or initial condition from 
which the earth and moon started their course of development. 


D. II. 
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So long as there is any relative motion of the two bodies there must be 
tidal firiction, and therefore the moon’s period must continue to approach the 
day. It would be a problem of extreme complication to trace the changes in 
detail to their end, and fortunately it is not necessary to do so. 

The principle of conservation of moment of momentum, which has been 
used throughout in tracing the parallel changes in the moon and earth, affords 
the means of leaping at once to the conclusion (Section 18). The equation 
expressive of that principle involves the moon’s orbital angular velocity and 
the earth’s diurnal rotation as its two variables ; and it is only necessary to 
equate one to the other to obtain an equation, which will give the desired 
information. 

As we are now supposed to be transported back to the initial state, I shall 
henceforth speak of time in the ordinary way; there is no longer any con- 
venience in speaking of the past as the future, and vice versd. 

The equation above referred to has two solutions, one of which indicates 
that tidal friction has done its work, and the other that it is just about to 
begin. Of the first I shall here say no more, but refer the reader to Section 18. 

The second solution indicates that the moon (considered as an attractive 
particle) moves round the earth as though it were rigidly fixed thereto in 
6 hours 36 minutes. This is a state of dynamical instability; for if the month 
is a little shorter than the day, the moon will approach the earth, and ulti- 
mately fall into it ; but if the day is a little shorter than the month, the 
moon will continually recede from the earth, and pass through the series of 
changes which were traced backwards. 

Since the earth is a cooling and contracting body, it is likely that its 
rotation would increase, and therefore the dynamical equilibrium would be 
more likely to break down in the latter than in the former way. 

The continuous solution of the problem is taken up at the point where 
the moon has receded from the earth so fer that her period is twice that of 
the earth’s rotation. 

I have calculated that the heat generated in the interior of the earth in 
the course of the lengthening of the day from 5 hours 36 minutes to 23 hours 
56 minutes would be sufficient, if applied all at once, to heat the whole earth’s 
mass about 3000® Fahr., supposing the earth to have the specific heat of iron 
(see Section 16). 

A rough calculation shows that the minimum time in which the moon 
can have passed from the state where it had a period of 5 hours 36 minutes 
to the present state, is 64 million years, and this confirms the previous esti- 
mates of time. 

This periodic time of the moon corresponds to an interval of only 6,000 
miles between the earth’s surface and the moon’s centre. If the earth had 
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been treated as heterogeneous, this distance, and with it the common periodic 
time both of moon and earth, would be still further diminished. 

Those results point strongly to the conclusion that, if tho moon and earth 
were ever molten viscous masses, they once formed parts of a common mass. 

We are thus led at once to the inquiry as to how and why the planet 
broke up. The conditions of stability of rotating masses of fluid arc un- 
fortunately unknown*, and it is therefore impossible to do more than speculate 
on tho subject. 

The most obvious explanation is similar to that given in Laplace’s nebular 
hypothesis, namely, that the planet being partly or wholly flirid, contracted, 
and thus rotated faster and faster until the cllipticity became so great that 
the equilibrium was unstable, and then an equatoi-ial ring separated itself, and 
the ring finally conglomerated into a satellite. This theory, however, presents 
an important difference from tho nebular h)q)othcsis, in as far as that tho ring 
was not left behind 240,000 miles away from tho earth, when tho planet was a 
rare gas, but that it was shod only 4,000 or 6,000 miles from the present surfiico 
of tho earth, when the planet was perhaps partly solid and partly fluid. 

This view is to some extent confirmed by the ring of Saturn, which would 
thus be a satellite in the course of formation. 

It appears to me, however, that there is a good deal of difficulty in the 
acceptance of this view, when it is considered along with tho numerical 
results of the previous investigation. 

At the moment when the ring separated from tho planet it must have 
had the same linear velocity as the surface of the planet; and it appears 
from Section 22 that such a ring would not tend to expand from tidid reac- 
tion, unless its density varied in different parts. Thus wo should hardly 
expect the distance from the oaith of the chain of meteorites to have 
increased much, until it had agglomerated to a considerable extent. It 
follows, therefore, that we ought to bo able to trace back the moon’s path, 
until she was nearly in contact with the earth’s surface, and was always 
opposite the same face of the etxrth. Now this is exactly what has been done 
in the previous investigation. But there is one more condition to be satisfied, 
namely, that the common speed of rotation of the two bodies should be so 
great that the equilibrium of the rotating spheroid should be unstable. 
Although we do not know what is the limiting angular velocity of a rotating 
spheroid consistent with stability, yet it seems improbable that a rotation in 
a little over 5 hours, with an ellipticity of one-twelfth would render tho 
system unstable. 

Now notwithstanding that the data of the problem to be solved are to 
some extent uncertain, and notwithstanding the imperfection of the solution 
of the problem here given, yet it hardly seems likely that better data and a 

* [This statement is now no longer correct.] 
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moro perfect solution would largely affect the result, so as to mako the coin- 
xnoii period of revolution of the two bodies in the initial configuration very 
much less than 5 hours*. Moreover we obtain no help from the hypothesis 
that the earth has contracted considerably since the shedding of the satellite, 
but rather the reverse ; for it appears firom Section 24 that if the earth has 
contracted, then the common period of revolution of the two bodies in the 
configuration must have been slower, and the moon more distant from 
the earth. This slower revolution would correspond with a smaller elliptieity, 
and thus the system would probably be less nearly unstable. 

The following appears to me at least a possible cause of instability of the 
spheroid when rotating in about 5 hours. Sir William Thomson has shown 
that a fluid spheroid of the same mean density as the earth would perform a 
complete gravitational oscillation in 1 hour 34 minutes. The speed of oscil- 
lation varies as the square root of the density, hence it follows that a h^ss 
dense spheroid would oscillate more slowly, and therefore a sphorend of thc^ 
same mean density as the earth, but consisting of a denser nucleus and a 
rarer surface, would probably oscillate in a longer time than 1 hour 34 minutes. 
It seems to be quite possible that two complete gravitational oscillations of 
the earth in its primitive state might occupy 4 or 5 hours. But if this wore 
the case, the solar semi-diurnal tide would have very nearly the same period 
as the free oscillation of the spheroid, and accordingly the solar tides wotild 
be of enormous height. 

Does it not then seem possible that, if the rotation wore fiist enough io 
bring the spheroid into an^hing near the unstable condition, the large solar 
tides might rupture the body into two or more parts ? In this case one would 
conjecture that it would not be a ring which would detach itself f. 

It seems highly probable that the moon once did rotate more mi)idly 
round her own axis than in her orbit, and if she was formed out of the fusion 
together of a ring of meteorites, this rotation would necessarily result. 

In Section 23 it is shoAvn that the tidal friction due to the cari/h*.s fiction 
on the moon must have been enormous, and it must necessarily havci soon 
brought her to present the same face constantly to the earth. This (ixplfina- 
tion was, I believe, first given by Helmholtz J. In the process, the inclination 
of her axis to the plane of her orbit must have rapidly increased, and them, as 
she rotated more and more slowly, must have slowly diminished again, ITcr 
present aspect is thus in strict accordance with the results of the jjurely 
theoretical investigation. 

* This is iUustrated ty my paper on “The Secular Eflects of Tidal Friction,” [Paper 5J, whore 
it appears that the “ line of momentum ” does not out the “ curre of rigidity ” at a very small 
angle, so that a smaU error in the data would not make a very large one in the solution. 

t [On this subject see Professor A. E. H. Love, “On the osoDlations of a rotating liquid 
Spheroid and the genesis of the Moon,” PhiL Mag,^ March, 1889.] 

J [Both Eant and Laplace gave the same explanation many years before.] 
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It would perhaps be premature to undertake a complete review of the 
planetary system, so as to see how far the ideas here developed accord with it. 
Although many fects which could be adduced seem favourable to their accept- 
ance, I will only refer to two. The satellites of Mars appear to me to afford 
a remarkable confirmation of these views. Theii* extreme minuteness has 
prevented them from being subject to any perceptible tidal reaction, just as 
the minuteness of the earth compared with the sun has prevented the eaiish’s 
orbit from being perceptibly influenced (see Section 19); they thus remain 
as a standing memorial of the primitive periodic time of Mam i*ound his axis. 
Mars, on the other hand, has been subjected to solar tidal friction. This case, 
however, deserves to be submitted to numerical calculation. 

The other case is that of Uranus, and this appears to be somewhat un- 
favourable to the theory ; for on account of the supposed adverse revolution 
of the satellites, and of the high inclinations of their orbits, it is not easy to 
believe that they could have arisen from a planet which ever rotated about 
an axis at all nearly perpendicular to the ecliptic. 

The system of planets revolving round the sun presents so strong a resem- 
blance to the systems of satellites revolving round the planets, that we are 
almost compelled to believe that their modes of devolopnuuit have been 
somewhat alike. But in applying the present theory to explain the orbits ot 
the planets, we are met by the great difficulty that the tidal reaction dtio to 
solar tides in the planet is exceedingly slow in its influence ; and not inucli 
help is got by supposing the tides in the sun to react on the planet. Thus 
enormous periods of time would have to be postulated for the evolution. 

If, however, this theory should bo found to explain the greater part of the 
configurations of the satellites round the planets, it would hardly be logical to 
refuse it some amount of applicability to the planets. Wo should then liav(j 
to suppose that before the birth of the satellites the planets occupie<l very 
much larger volumes, and possessed much more moment of momentum than 
they do now. If they did so, wo should not expect to trace back the positions 
of the axes of the planets to the state when they wore perpendicular to tlxo 
ecliptic, as ought to bo the case if the action of the satellites, and of the sun 
after their birth, is alone concerned. 

Whatever may be thought of the theory of the viscosity of the earth, and 
of the large speculations to which it has given rise, the fact X'emains that 
nearly all the effects which have boon attributed to the action of bodily tides 
would also follow, though probably at a somewhat less rapid rate, from the 
influence of oceanic tides on a rigid nucleus. The efi’bct of oceanic tidal fric- 
tion on the obliquity of the ecliptic has already been considered by Mr Stone, 
in the only paper on the subject which I have yet scen^. His argument is 
based on what I conceive to bo an incori’ect assumption as to the nature of 

* Ant. Soc, Monthly Notices, March 8, 1867. 
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the tidal firictional couple, and he neglects tidal reaction ; he finds that the 
effects would be quite insignificant. This result would, I think, be modified 
by a more satisfactory assumption. 


Appendix. 

An mtract from the abst^wt of tlis foregoing paper, Proc. Roy. Soo., 
Vol. XXVIII. (1879), pp. 184—194. 


I will now show, from geometrical considerations, how some of the results 
previously stated come to be true. It will not, however, be possible to obtain 
a quantitative estimate in this way. 

The three following propositions do not properly belong to an abstract, 
since they are not given in the paper itself; they merely partially rephme 
the analyiiical method pursued therein. The results of the analysis were so 
wholly unexpected in their variety, that I have thought it well to show that 
the more important of them are conformable to common sense. These 
general explanations might doubtless be multiplied by some ingenuity, but 
it would not have been easy to discover the results, unless the way had been 
first shown by analysis. 

Prop. I. If the viscosity he s^nall the earth's ohliguity w^oi'eases, the rota- 
tion is retarded, and the mooris distance and periodic time increase. 

The figure represents the earth as seen from above the South Pole, so 
that S is the Pole, and the outer circle the Equator. The earth's rotation is 
in the direction of the curved arrow at S. The half of the inner circle which 
is drawn with a full line is a semi-small-circle of S. lat., and the dotted semi- 
circle is a semi-small-circle in the same N. lat. 

Generally dotted lines indicate parts of the figure which are below the 
plane of the paper. 

It will make the explanation somewhat simpler, if we suppose the tides 
to be raised by a moon and anti-moon diametrically opposite to one another. 
Accordingly let M and M' be the projections of the moon and anti-moon on 
to the terrestrial sphere. 

If the substance of the earth were a perfect fluid or perfectly elastic, the 
apices of the tidal spheroid would be at M and M'. If, however, there is 
internal fiiction due to any sort of viscosity, the tides will* lag, and we may 
suppose the tidal apices to be at T and T', 

Suppose the tidal protuberances to be replaced by two equal heavy 
particles at T and T', which are instantaneously rigidly connected with the 
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earth. Then the attraction of the moon on T is greater than on T' ; and of 
the anti-moon on T' is greater than on T. The resultant of these forces is 
clearly a pair of foi-ces acting on the oai*th in the direction of TM, TTM!'. 

The effect on the obliquity will be considered first. 

These forces TM, T'M', clearly cause a couple about the axis in the 
equator, which lies in the same meridian as the moon and anti-moon. The 
direction of the couple is shown by the curved arrows at L, L'. 



Fia. G. 



If the effects of this couple be compounded with the existing rotation 
of the earth, Jiccording to the principle of the gyroscope, it will be seen that 
the South Pole S tends to approach M, and the North Polo to approach M'. 
Hence supposing the moon to move in the ecliptic, the inclination of the 
earth’s axis to the ecliptic diminishes, or the obliquity increases. 

Next, the forces TM, TM', clearly produce a couple about the earth’s 
polar axis, which tends to retard the diurnal rotation. 

Lastly, since action and reaction are equal and opposite, and since the 
moon and anti-moon cause the forces, TM, T'M', on the earth, therefore the 
earth must cause forces on those two bodies (or on their equivalent single 
moon) in the directions MT and M'T. These forces arc in the direction of 
the moon’s orbital motion, and therefore her linear velocity is augmented. 
Since the centrifugal force of her orbital motion must remain constant, her 
distance increases, and with the increase of distance comes an increase of 
periodic time round the earth. 

This general explanation remains a fair representation of the state of the 
ciise so long jis the difiTerent harmonic constituents of the aggregate tide-wave 
do not sufier very different amounts of retardation ; and this is the Cixse so 
long as the viscosity is not great. 
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Prop. II. The attraction of the moon on a lagging fortnightly tide caitses 
the earths obliquity to diminish, but does not affect the diurnal rotation ; the 
reaction on the moon causes a diminution of her distame and periodic time. 

The fortnightly tide of a perfectly fluid earth is a periodic increjisc and 
diminution of the ellipticity of figure ; the increment of ellipticity varies as 
the square of the sine of the obliquity of the equator to the ecliptic, and 
the cosine of twice the moon’s longitude from her node. Thus the ellipticity 
is greatest when the moon is in her nodes, and least when she is 90® removed 
fi-om them. 

In a lagging fortnightly tide the ellipticity is greatest some time after the 
moon has passed the nodes, and least an equal time after she has passed th(‘. 
point 90® removed fi:om them. 

The effects of this alteration of shape may be obtained by substittiting 
for these variations of ellipticity two attractive or repulsive particles, one at 
the North Pole and the other at the South Pole of the earth. These particles 
must be supposed to wax and wane, so that when the real ellipticity of figun^ 
is greatest they have their maximum repulsive power, and when Last tluty 
have their maximum attractive power; and their positive and negative 
maxima are equal. 

We will now take the extreme case when the obliquity is 90'' ; this makes 
the fortnightly tide as large as possible. 



Let the plane of the paper be that of the ecliptic, and lot the ontiir aomi- 
^le be the moon’s orbit, which she describes in bho direction of the arrows 
^t NS be the earth’s axis, which by hypothesis lies in the ecliptic, and U,t 
L, L be the nodes of the orbit. Let N be the North Polo; that i.s to say if 
the earth were turned about the Une LL', so that N rises above the plane of 
the pa,per, the earth’s rotation would be in the same direction as the moon’s 
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First consider the case where the earth is perfectly fluid, so that the tides 
do not lag. 

Let ??i 2 , ^4 he points in the orbit whoso longitudes are 45*" and 135° ; and 
suppose that couples acting on the eai*th about an axis at 0 perpendicular to 
the plane of the paper are called positive when they are in tlic direction of 
the curved arrow at 0. When the moon is at mi the i)articles at N and 
S have their maximum repulsion. But at this instant the moon is etpii- 
distant from both, and there is no couple about O. As, however, thts moon 
passes to thei*e is a positive couple, whicli vanishes when the moon is at 
TTia, because the particles have waned to zero. From to wi., the couple is 
negative; from to positive; and from to ms uegtitivo. Now, tho 
couple goes through just the same changes of magnitude, as tho moon passtss 
from rrii to as it does while tho moon passes from to but in this revtu’st* 
Older; the like may be said of the arcs and Hence it follows 

that the average effect, as the moon passes through half its course, is uil, and 
therefore there can be no secular change in tlie position of tho earth*H axis. 

But now consider tho case when tho tide lags. When the moon is at '/>/j 
the couple is zero, because she is equally distant from botli partich.^s. 
particles have not, however, reached thoir maximum of r(q)ulHivom^SH; tliis 
they do when the moon has reached Mi, aiwl they do not ctwiscs to bo r<^j)ulsiv(^ 
until the moon has reached Ma. Hence, <luring tln^ description of tlu^ arc. 
miMa, the couple round 0 is positive. 

Throughout the arc the couple is negativci, but it vanislu^s when tlio 
moon is at ms, because the moon and the two particles are in a stniight liiu‘. 
The particles reach thoir maximum of attractivonoss when tlus moon is at M.,, 
and the couple continues to be positive until thc‘, moon is at M 4 . 

Lastly, during tho description of the arc thc^ couple is nogativa 

But now there is no longer a balance between the arcs and 

nor between MsTtis and 7ris^4- The arcs during which the c^ouplos arc^ positivi^ 
are longer and the couples aro more intense than in th(^ n^st of tlui sc^mi-orbit. 
Hence tho average effect of tho couples is a i)()sitiv(^ couples that is to siiy, in 
the direction of the curved anuw round 0 . 

It may bo remarked that if the arcs WiMj, ?7iaMa, m 4 M 4 luwl btum 

45°, there would have been no negative couples at all, and the positive c.()tipl<‘.H 
would merely have vjmod in intensity. 

A couple round 0 in the direction of tho arrow, wlnm combi mul with the 
earth’s rotation, would, according to the principle of the gyroscopci, catise 
the pole N to rise above the plane of the paper, that is to say, the obli(iuity 
of the ecliptic would dimmish. The same thing would happen, but to a h^ss 
extent, if the obliquity had been less than 90°; it would not, however, be 
nearly so easy to show this from general considerations. 
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Since the forces which act on the earth always pass through N and S, 
there can be no moment about the axis NS, and the rotation about that axis 
remains unaffected. This can hardly be said to amount to strict proof that 
the diurnal rotation is unaffected by the fortnightly tide, because it has not 
been rigorously shown that the two particles at N and S arc a complete 
equivalent to the varying ellipticity of figure. 

Lastly, the reaction on the moon must obviously be in the opposite direc- 
tion to that of the curved arrow at 0; therefore there is a force retarding her 
linear motion, the effect of which is a diminution of her distance and of her 
periodic time. 

The fortnightly tidal effect must be far more efficient for very great vis- 
cosities than for small ones, for, unless the viscosity is very great, the substance) 
of the spheroid has time to behave sensibly like a perfect fluid, and the tide 
hardly lags at all. 

Peop. m. An annular satellite not parallel to the planet's equator attracts 
the lagging tides raised hy it^ so as to diminish the inclination of the planet's 
equator to the pla/ne of the ring, a/nd to diminish the planet's rotation. The 
effects of the joint action of sun and moon may he explained from this. 

Suppose the figure to represent the planet as seen from vorticiilly over 
the South Pole S; let L, L' be the nodes of the ring, and LRL' the projection 
of half the ring on to the planetaiy sphere. 



If the planet were perfectly fluid the attraction of the ring would producer 
a ridge of elevation all along the neighbourhood of the arc LRL', together 
with a compression in the direction of an axis perpendicular to the i)laiie of 
the ring. This tidal spheroid maybe conceived to bo replaced by a repulsive 
particle placed at P, the pole of the ring, and an equal repulsive pailiiclo at 
its antipodes, which is not shown in the figure. 
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Suppose that the spheroid is viscous, and that the tide lags ; then since 
the planet rotates in the dii’ection of the curved arrow at S, the repulsive 
particle is carried past its place, P, to P'. The angle PSP' is a measure of 
the lagging of the tide. 

We have to consider the effect of the repulsion of the ring on a particle 
which is instantaneously and rigidly connected with the planet at P'. 

Since P' is nearer to the half L of the ring, than to the half L', the gonenil 
effect of the repulsion must be a force somewhere in the direction P'P. 

Now this force P'P must cause a couple in the direction of the curved 
arrows K, K' about an axis, KK', peipendicular to LL', the nodes of the ring. 
The effects of this couple, when compounded with the phuiet’s rotation, is to 
cause the pole S to recede from the ring LUL'. Hence the inclination of tht^ 
planet’s equator to the ring diminishes. 

Secondly, the force P'P produces a couple about S, tidvoi'so to the planet’s 
rotation about its axis S. If the obliquity of the ring bo small, this couple 
will be small, because P' will lie close to S. 

Lastly, it may be shown analytically that the tangential force- on the ring 
in the direction of the planet’s rotation, corresponding with the tidal friction, 
is exactly counterbalanced by a tangential force in the opposite direction, 
corresponding with the change of the oblicjuity. Thus th(5 diametm* of the 
ring remains constant. It would not b(^ vesry cwisy to prove this from general 
considerations. 

It may bo shown that, as far as concorns their joint action, the sun and 
moon may be conceived to be replaced by a pair of rings, and thc^se rings 
may be replaced by a single one ; hence the abovcj proposition is also applic- 
able to the explanation of the joint action of the two bodies on the earth, and 
numerical calculation shows that those joint effects exorcise a veiy important 
influence on the rate of variation of obliquity. 
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In the following paper several problems are considered, which werc^ 
alluded to in my two previous papers on this subject*. 

The paper is divided into sections which deal with the problems referrcKl 
to in the table of contents. It was found advantageous to throw the several 
investigations together, because their separation would have entailed a good 
deal of repetition, and one system of notation now servos throughout. 

It has, of course, been impossible to render the mathematical parts 
entirely independent of the previous papers, to which I shall accordingly 
have occasion to make a good many references. 

As the whole inquiry is directed by considerations of applicability to the 
earth, I shall retain the convenient phraseology afforded by speaking of the 
tidally distorted spheroid as the earth, and of the disturbing body as the 
moon. 

It is probable that but few readers will care to go through the somewhat 
complex arguments and analysis by which the conclusions are supported, and 

* [Papers 1 and 8 above. They wiU be referred to hereafter as “ Tides” and “ Precession” 
respectively.] 
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therefore in the fourth part a summary of results is given, together with 
some discussion of their physical applicability to the case of the earth. 


I, Secular distortion of the spheroid, and certain tides of the 

second ordet\ 


In considering the tides of a viscous spheroid, it was supposed that the 
tidal protuberances might be considered as the excess and deficiency of 
matter above and below the mean sphere — or more strictly the mean spheroid 
of revolution which represents the average shape of the earth. The spheroid 
was endued with the power of gravitation, and it was shown that the action 
of the spheroid on its own tides might be found approximately by considering 
the state of flow in the mean sphere caused by the attraction of the pro- 
tuberances, and also by supposing the action of the protuberances on the 
sphere to be nonnal thereto, and to consist, in fact, merely of the weight 
(either positive or negative) of the protuberances. 

Thus if a bo the mean radius of the sphere, w its density, g mean gravity 
at the surface, and r =« oi + cr^ the equation to the tidal protuberance, whore 
cTi is a surface harmonic of order i, the potential per unit volume of the 

protuberance in the interior of the sphere is (a) sphere is 

subjected to a normal traction per unit area of surface equal to — gwai. 


It vrwA also shown that thciso two actions might be compounded by 
considering the interior of the sphere (now free of gravitation) to be under 

the action of a potential — 1 ^ (^) 


This expression therefore gave the effective potential when the sphere 
was treated as devoid of gravitational power. 

It Wfis remarked* that, strictly speaking, there is tangential action 
between the protuberance and the surface of the sphere. And latcrf it was 
stated that the action of an external tide-generating body on the lagging 
tides was not such as to form a rigorously equilibniting system of forces. 
The effects of this non-equilibration, in iis far as it modifies the rotation of 
th(i spheroid as a whole, wore considered in the paper on Precession.” 

It is tijxsy to see fi-om genend considerations that these previously 
neglected tangcuitial stresses on the surface of the sphere, together with the 
effects of inertia due to the secular retardation of the earth’s rotation (pro- 
duced by the non-equilibrating forces), must cause a secular distortion of the 
spheroid. 

This distortion I now propose to investigate. 


* “Tides,” Section 2. 


t “ Tides,” Section 5. 
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In order to avoid unnecessary complication, the tides will be supposed to 
be raised by a single disturbing body or moon moving in the plane of the 
earth’s equator. 

Let r = a + <r be the equation to the bounding sur&ce of tho tidally- 
distorted earth, where <t is a surfece harmonic of the second order. 

I shall now consider how the equilibrium is maintained of tho layer of 
matter <r, as acted on by the attraction of the spheroid and under the 
influence of an external disturbing potential V, which is a solid harmonic of 
the second degree of the coordinates of points within the sphere*. Tho 
object to be attained is the evaluation of the stresses tangential to tho 
surface of the sphere, which are exercised by the layer <r on tho sphere. 

Let 6, <f> be the colatitude and longitude of a point in the layer. Then 
consider a prismatic element bounded by the two cones 0, 0 + 80, and by tho 
two planes ^ + 8<f>, 

The radial feces of this prism are acted on by the pressures and tangential 
stresses communicated by the four contiguous prisms. But tho tangential 
stresses on these faces only arise from the fact that contiguous prisms are 
solicited by slightly different forces, and therefore the action of the four 
prisms, surrounding the prism in question, must be principally pressure. 
I therefore propose to consider that the prism resists the tendency of the 
impressed forces to move tangentially along the surface of the sphere, by 
means of hydrostatic pressures on its four mdial faces, and by a tangential 
stress across its base. 

This approximation by which the whole of the tangential stress is thrown 
on to the base, is clearly such as slightly to accentuate, jxs it wore, thv. 
distribution of the tangential stresses on the surface of the sphere, by which 
the equilibrium of the layer <r is maintained. For consider the following 
special case ; — Suppose o- to be a surface of revolution, and V to be such that 
only a single small circle of latitude is solicited by a tangential force (W(iry- 
where perpendicular to the meridian. Then it is obvious that, strictly 
speaking, the elements lying a short way north and south of the small circle 
would tend to be carried with it, and tho tangential stress on tho sphenj 
would be a maximum along the small circle, and would gradually die away to 
the north and south. In the approximate method, however, which it is 
proposed to use, such an application of external force would be deomc^xi to 
cause no tangential stress to the surface of the sphere to the north and south 
of the small circle acted on. This special case is clearly a gnjat exaggeration 
of what holds in our problem, because it postulates a finite diffenmee of 
disturbing force between elements infinitely near to one another. 


A pai’allel investigation would be applicable, when a and V are of any urdere. 
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We will first find what are the hydrostatic pressures transmitted by the 
four prisms contiguous to the one we are considering. 

Let p be the hydrostatic pressure at the point r, 5, of the layer <r. 
If we neglect the variations of gravity duo to the layer a and to V, p is 
entirely due to the attraction of the mean sphere of radius a. 

The moan pressure on the radial faces at the point in question is ^gwa - ; 
where a is negative the pressures are of course tractions. 

Wo will first resolve along the meridian. 

The excess of the pressure acting on the fiico ^ -l- 85 over that on the face 
6 (whose area is aa sin 58<^) is 

d d 

[ifl'W'o’ • o"® sin dS<f>] or ^(/wa (<r® sin 0) BdStfe 

and it acts towards the polo. 

The resolved part of the pressures on the fiices sind <f> (whose arosi 

is <raS0) along the meridian is 

(^gwa) (<ra80) (cos 68^) or ^gwaa^ cos 680 B<l) 
and it ^icts towards the equator. 

Hence the whole foixso duo to pressure on the element resolved along the 
meridian towai-ds the equator is 

■^gwu808<f>[a‘Goa6 — ^I^(ff^sin0)], or —gwa868<f>iiin6(r^ 

But the mass of the elemontaiy prism Sra = wa* sin 0808<ft. <r. 

Hence the meridional force due to pressure is — - 8tn • 

a (10 

Wc will next resolve the pressures perpendicular to the meridian. 

The excess of pressure on the face (j> + 8<j> over that on the face <f> (whose 
area is ca86), measured in the direction of <f> inci'easing, is 

- ^ 1 — I 

Hence the force due to pressure perpendicular to the meridian is 

g f. 1 d<r 
a*"sin0 dify 

We have now to consider the impressed forces on the element. 

Since <r is a surface harmonic of the second degree, the potential of the 
layer of matter <r at an external point is ^ga- f -j . Therefore the forces 
along and perpendicular to the meridian on a particle of mass 8m, jxrst outside 
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Q d(T 

the layer <r but infinitely near the prismatic element, are 
Q 1 dc 

i- 8m - 7 . -jy , and these are also the forces acting on the element Sm due 
® a sm u a<p 

to the attraction of the rest of the layer o*. 

1 dV 

Lastly, the forces due to the external potential V are clearly Sm- 


and 8m- 


1 dY 


a sin. 6 d<l>* 

Collecting results we get for the forces due both to pressure and attraction, 
along the meridian towards the equator 

and perpendicular to the meridian, in the direction of tf> incroasing, 


8 m 


a sin 6 d<f> 5a sin d d<f>^ a sin ffd<l>] 


1=8m } (V-M 

a sm d d<j>^ ^ 


Henceforward will bo written g, as in the presdous papers. 


These are the forces on the element which must bo balanced by the 
tangential stresses across the base of the prismatic element. 

It follows from the above formulae that the tangential strcRsos com- 
municated by the layer <r to the surfiico of the sphere are those due to 
a potential V — gc&o- acting on the layer < 7 . 

If <r = V/ga there is no tangential stress. But this is the condition that 
a should be the equilibrium tidal spheroid duo to V, so that the result fulfils 
the condition that if <7 be the equilibrium tidal spheroid of V there is no 
tendency to distort the spheroid further ; this obviously ought to hi\ the cjiscj. 

In the problem before us, however, cr docs not fulfil this condition, and 
therefore there is tangential stress across the base of each prismatic element 
tending to distort the sphere. 

Suppose V = r®S where S is a surface harmonic. 

Then at the surfime V = a®S. If 8 m be the mass of a prism cut out of the 
layer a, which stands on unit area as base, 8m = wc. 


Therefore the tangential stresses per unit area coinmunicatcHl to th(‘. 
sphere are 


and 


wa? ^ ^ f ® “ 2 aloiig the meridian 

^ ~ ® a) the meridian 


( 1 ) 
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Besides these tangential stresses there is a small radial stress over and 
above the radial traction — guaa-, which was taken into account in forming the 
tidal theory. But wo remark that the part of this stress, which is periodic in 
time, will cause a very small tide of tho second order, and the part which is 
non-periodic will cause a very small permanent modification of the figure of 
tho sphere. These effects arc, however, so minute as not to bo worth 
investigating. 

Wo will now apply those results to tho tidal problem. 

Lot X, Y, Z (fig. 1) bo rectangular axes fixed in tho earth, Z being tho 
axis of rotation and XZ the plane finm which 
longitudes arc measured. 

Lot M be tho projection of the moon on tho 
equator, and let (o bo tho earth’s angular 
velocity of rotation relatively to the moon. 

Lot A be the major axis of tho tidal ellipsoid. 

Let AX=<b<, whore t is tho time, and let 
MA = e. 

Lot m bo tho moon’s mass measured astro- 
nomically, and c her disfemco, and t = f . Pm. 1. 

According to the usual formula, tho moon’s tide-generating potential is 
rr* [sin’ 0 cos’ (^ — ©< - c) — J] 

which may bo written 

^tt’ (i — cos’ 6) + sin’ 6 cos — at — e) 

Tho former of these terms is not a function of tho time, and its effect is 
to cause a ponnariont small increase of cllipticity of figure of tho earth, which 
may bo neglected. We are thus left with 

irr* sin’ 6 cos 2 (^ — od< — e) 
as tho true tide-generating potential. 

If tan 26 = > where v is tho coefficient of viscosity of tho spheroid, 

by tho theory of tho paper on “Tides,” such a potential will raise a tide 


expressed by 

- = J^cos2esin’0cos2(^ — (ot)* 

a g 

(2) 

If we put 

S — sin’ 6coB2{<j> — tat — e) 

(3) 


S — g- = jTsin2esin’0sin2(^ - cat) 

it 

(4) 

D. II. 

* “ Tides,” Seotio^ 5. 

10 
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and 


A 

de 

1 d 


_ g = T sin 26 sin 6 cos 6 sin 2 {(f)- tot) 

( S — 8 - 1 = T sin 2e sin 0 COS 2 (0 — a:t) 
smo d(f>\ aJ 


Multiplying these by we find from (1) the tangential stresses 

communicated by the layer cr to the sphere. 

They are 


and 


~ sin 46 sin® 0 cos 0 sin 4 — G>t) along the meridian 

S 

J wci^ — sin 4e sin® 0 [1 + cos 4 (^ — <oty] perpendicular to the meridian 

s 


These stresses of course vanish when e is zero, that is to say when the 
spheroid is perfectly fluid. 

In as far as they involve <})- cot these expressions are periodic, and the 
periodic parts must correspond with periodic inequalities in the state of flow 
of the interior of the earth. These small tides of the second order have no 
present interest and may be neglected. 

We are left, therefore, with a non-periodic tangential stress per unit area 
of the surface of the sphere perpendicular to the meridian from cast to west 

*7^ . • 

equal to — sin 4e sin® 0» 

a 

The sum of the moments of these stresses about the axis Z constitutes 
the tidal frictional couple i®, which retards the earth's rotation. 

Therefore 

iS = sin 46 JJsin® 0 . a sin 0 . a® sin 0d0dj> 

integrated all over the surface of the sphere. 

On effecting the integration wo have iS = f 

a 

But if 0 be the earth’s moment of inertia, 0 = 

7-3 


Therefore 


^ = i|sm46. 


.(5) 


This expression agrees with that found by a different method in the 
paper on “Precession*.” 

We may now write the tangential stress on the surface of the sphere as 


* “Precession,” Section 5 (22), when i=0. 
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sin® 0 ; and the components of this stress parallel to the axes X, 
Y, Z are 

- \wa^ ^ sin® 6 sin 4 ^ ^ sin® 0 cos </>, 0 ( 6 ) 

We next have to consider those effects of inertia which equilibrate this 
system of surface forces. 

The couple jS, retards the earth’s rotation very nearly as though it were 
a rigid body. Hence the effective force due to inertia on a unit of volume of 

the interior of the earth at a point r, 6, ^ is wr sin 0 ™ , and it acts in a 

small circle of latitude from west to cast. The sum of the moments of these 
forces about the axis of Z is of course equal to and therefore this bodily 
force would equilibrate the surface forces found in ( 6 ), if the earth were rigid. 

The components of the bodily force parallel to the axes are in rectangular 
coordinates 

0 (7) 

The problem is therefore reduced to that of finding the state of flow in 
the interior of a viscous sphere, which is subject to a bodily force of which 
the components arc (7) and to the surface stresses of which the components 
are ( 6 ). 

Lot a, <y be the component velocities of flow at the point x, y, z, and v 
the coefficient of viscosity. Neglecting inertia because the motion is very 
slow, the equations of motion arc 

-^ + ^V^a + w§y=,0' 
dy ^ 


-g+„vv =0 

da dy _n 

Sa ^ dy ^ 

We have to find a solution of those equations, subject to the condition 
above stated, as to surface stress. 

Let a', be functions which satisfy the equations ( 8 ) throughout 

the sphere. If wc put o£ = a' + a^, /9 = j 8 ' 4 j 8 ,, 7 = 7 '+ 7 ,, + we see 

that to complete the solution we have to find a^, 7 ^, as determined by 

the equations 

^ + |'te = 0 , |■&o. = 0, g + |.+ ^ = 0 ,..( 9 ) 


10—2 
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which they are to satisfy throughout the sphere. They must also satisfy 
certain equations to be found by subtracting from the given surface stresses 
(6), components of surfece stress to be calculated from a', y', p*. 

We have first to find o', y , p'. 

Conceive the symbols in equations (8) to be accented, and differentiate 
the first three by y, z respectively and add them ; then bearing in mind 
the fourth equation, we have V^'= 0, of which p' = 0 is a solution. 


Thus the equations to be satisfied become 


Solutions of these are obviously 






...( 10 ) 


These values satisfy the last of (8), viz. : the equation of continuity, and 
therefore together with p' = 0, they form the required values of a', 7', jp'. 

We have next to compute the surface stresses corresponding to these 
values. 

Let P, Q, R, S, T, XT be the normal and tangential stresses (estimated as 
is usual in the theory of elastic solids) across three planes at right angles at 
the point x, y, z. 

Then p = _p'+2u^. S = v(^ + ^) (11) 

Q, R, T, U being found hy cyclical changes of symbols. 

If F, G, H denote the component stresses across a piano perpendicular to 
the radius vector r at the point a?, y, z 

Fr = Pfl? 4 XJy 4 Tlz^ 

Gr = UrD4 Qy4S^l (12) 

Hr= Ta ?4 Sy 4 Rf 

Substitute in ( 12 ) for P, Q, &e., from (11), and put = a'ic? 4 yS'y 47'^, 

, c? « d d d 

and r-j- for j“ 4 y x • Then 
dr ax ^ dy dz 

Fr = -p'« + u|(r^-l)a'.|- J'., Gr=&c., Hr = &c. ...( 13 ) 

These formulae give the stresses across any of the concentric spherical 
surfaces. 


* This statement of method is taken from Thomson and Tait’s Natural Philosophji § 738. 
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In the particular case in hand p' =0, y'= 0, f ' = 0, and a', /S' are homo- 
geneous fiinctions of the third degree ; hence 

F = — ^^r“sin 0 sin^, G = ^ sin ^ cos H = 0...(14) 

and at the surface of the sphere r — a. 

According to the principles above explained, we have to find a^, / 8 ,, 7 ^ 
so that they may satisfy 

-^'-J-uV‘a, = 0 ,&c.,&c. 

throughout a sphere, which is subject to surface strosises given by subtracting 
from ( 6 ) the surface values of F, G, H in (14). Hence the surfiwe stresses to 
be satisfied by a,, / 8 ,, 7 ,, have components 

As = -Jw ^ a’ (^ - sin® d) sin $ sin ^ 


Bs = - iw ^ tt® — sin® 0) sin 6 cos Os = 0 
These arc surface harmonics of the third order as they stand. 

The solution of Thomson’s problem of the state of strain of an incom- 
pressible elastic sphere, subject only to surfiice stress, is applicable to an 
incompressible viscous sphere, mutatis mutandis. His solution* shows that 
a surface stress, of which the components are Aj, B^, Of (surface harmonics 
of the ith order), gives rise to a state of flow expressed by 

«-JLI 

va"-* (2 (2i® -I- 1) da> ^i-lL(2't“ + l)(2'‘ + l)cte ‘ ’ 




']} (IS) 


2i(2i+l) dx 

and symmetrical expressions for ) 8 , 7 , where ’'P' and <J> are auxiliary functions 
defined by 




= (A (A,r^-)+ 1 + 5 (C,^') 


(0 


.(1C) 


In our case i = 3, and it is easily shown that the auxilitu-y functions are 
both zero, so that the required solution is 

a, = “ ^ (^ - sin® 0) j-® sin 0 sin ^ 

/8,= -^^(f-sin®^)sindcos^, 7, = 0, 


* Thomson and Tait’s* Natural Philosophy^ § 787. 
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If we add to these the values of a', ;8', 7' from (10), we have as the 
complete solution of the problem, 

a = ^ ^sin 0 , ^ ^ r^sin® 9 cos<^, 7 = 0...(17) 

These values show that the motion is simply cylindrical round the earth’s 
axis, each point moving in a small circle of latitude from east to west with a 

linear velocity ^ ^ 7’*sin^ 0 , or with an angular velocity about the axis equal 

to ^ ^ r® sin® 0*. 

81; (J 


In this statement a meridian at the pole is the curve of reference, but it 
is more intelligible to state that each particle moves from west to east with 

an angular velocity about the axis equal to ~ (a® — 7*® sin® 0), with refer- 

ence to a point on the surface at the equator. 


The easterly rate of change of the longitude L of any point on the surface 

in colatitude 0 is therefore -3— ^ cos® 0 , 

ov O 

Since S ^ sin 26 cos 2e, and tan 2e = ^ . , 

C g ^ gt(;a® ’ 

= M (I cos 26^0)003®^ (17') 

This equation gives the rate of change of longitude. The solution is not 
applicable to the case of perfect fluidity, because the terms introduced by 
inertia in the equations of motion have been neglected; and if the viscosity 
be infinitely small, the inertia terms are no longer small compared with those 
introduced by viscosity. 


In order to find the total change of longitude in a given period, it will be 
more convenient to proceed from a different formula. 

Let 71 , fl be the earth’s rotation, and the moon’s orbital motion at any 
time ; and let the suffix 0 to any symbol denote its initial value, also let 



It was shown in the paper on “Precession” that the equation of conserva- 
tion of moment of momentum of the moon-earth sj’stem is 


Wt) 




,(18) 


* The problem might probably be solved more shortly without using the general solution, 
but the general solution will be required in Part III. 

+ “ Precession,** equation (73), when i=0 and /asO. 
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where is a certain constant, which in the case of the homogeneous earth 
with the present lengths of day and month, is almost exactly equal to 4. 

By differentiation of (18) 


dn 

di 



(19) 


But the equation of tidal friction is 


dn 

di 


0 * 


Therefore 

Now 

Therefore 


dt /A Cno 

dt~livC 
dL VHJ? , a 


(ly) 


All the quantities on the right-hand side of this equation are constant, 
and therefore by integration we have for the change of longitude 


AL=/tn,'^(|-l)cos»d 


But since 6)o = i^nd tan 2eo == f therefore in degrees of arc, 

AL = — im, cot 2*0 (f - 1) cos* d 

TT g 


In order to make the numerical results comparable with those in the 
paper on Precession,” I will apply this to the particular case which was the 
subjc'ct of the first method of integration of that papor^. It was there sup- 
lX)scd that €0 = 17*’ 30', and it was shown that looking back about 4C million 
years f h*ul fallen from unity to ’88, Substituting for the various quantities 
their numerical values, I find that 


- AL = 0"’3l cos® 0 = 19' cos® 6 


Hence looking bick 40 million yearn, wo find the longitude of a point in 
latitude 30", further west by 4^' than at present, and a point in latitude 60®, 
further west by 14y — both being referred to a point on the equator. 

Such a shift is obviously quite insignificant, but in order to see whether 
this screwing motion of the earth's mass could have had any influence on the 
crushing of the surfiice strata, it will be well to estimate the amount by which 
a cubic foot of the earth's mass at the surface would have been distorted. 


The motion being refeiTod to the pole, it appears from (17) that a point 
distant p from the axis shifts through ^ ^ p^ht in the time ht. There would 


* Precession,” Section 16* 
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be no shearing if a point distant /o + S/o shifted through — ^ (p + S/>) Bt ; 

hut this second point does shift through -f Spy St 

Hence the amount of shear in unit time is 

Therefore at the equator, at the surface where the shear is greatest, the 
shear per unit time is 

/•j-\9 1*S4 

, With the present values of t and ©, ^ j co is a shear of per arinuiu. 

Hence at the equator a slab one foot thick would have one face displaced 
with reference to the other at the rate of cos® 2e of an inch in a million 
years. 

The bearing of these results on the histoiy of the earth will bo considered 
in Part IV. 


The next point which will be considered is certain tides of the second 
order. 

We have hitherto supposed that the tides arc superposed upon a splnu'c^ ; 
it is, however, clear that besides the tidal protuberance there is a pennaiuiiit 
equatorial protuberance. Now this permanent protuberance is by hypotihosis 
not rigidly connected with the mean sphere; and, as tlit^ atl»nu*-tiou of the 
moon on the equatorial regions produces the uniform prectsssion and the 
fortnightly nutation, it might be (and indeed hjis been) Huppose<l that there 
would arise a shifting of the surface with reference) to the interior, an<l that 
this change in configuration would cause the earth to rotate round a m^w axis, 
and so there would follow a geographical shifting of tho poh^s. I will now 
show, however, that the only consequence of the non-rigid attach nunit of the 
equatorial protuberance to the moan sphere is a series of tidies of the st^cond 
order in magnitude, and of higher orders of hannonics than tho st^cond. 

For a complete solution of the problem the task b(^fore us would bo to 
determine what are the additional tangential and normal slrosscts existing 
between the protuberant parts and the mean sphere, and then to find tho 
tides and secular distortion (if any) to which they give rise. 

The first part of these operations may be done by the same process which 
has just been carried out with reference to the secular distortion duo to tidal 
fiction. 

The additional normal stress (in excess of ~-giu<rj the mean weight of an 
element of the protuberance) can have no part in the processional and 
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nutational couples, and the remark nuay be repeated that, that part of it 
which is non-periodic will only cause a minute change in the mean figure of 
the spheroid which is ncgligeable, and the part which is periodic will cause 
small tides of about the same magnitude as those caused by the tangential 
stresses. With respect to the tangential stresses, it is d priori possible that 
they may cause a continued distortion of the spheroid, and they will cause 
certain small tides, whose relative importance we have to estimate. 

The expressions for the tangential stresses, which wo have found above in 

(1), are not linear, and therefore we must consider the phenomenon in its 
entirety, and must not seek to consider the processional and nutational efiects 
apaii; from the tidal effects. 


The whole bodily potential which acts on the earth is that due to the 
moon (of which the full expression is given in equation (3) of '' Precession ”), 
together with that due to the earth's diurnal rotation (being ( J — cos® 6)); 

the whole may be called The form of the surface <r is that due to the 
tides and to the non-pcriodic part of the moon's potential, together with that 


due to rotation — being ^ — ( J — cos® $). 

9 


If we form the effective potential a® - g , which determines the 

tangential stresses between <r and the moan sphere, we sliall find that all 
except pciriodic terms disappear. This is so whether wo suppose the earth's 
axis to be obli<ju() or not to tlio lunar orbit, and also if the sun be supposed 
to iict. 


If we (liflbreritiatc these and form the expressions 



wa^ 


d 


a sin 0d<l> 



we shall find that there are no non-periodic terms in the expression giving 
the tangential stress along the meridian; and that the only non-periodic 
terms which exist in tlui expression giving the tangential stress pcrj)ondicular 
to the mcjridian are precisely those whose effects have been already considered 
as causing socidar distortion, and which have their maximum effect when the 
obliquity is zero. 


Hence the whole result must be — 


(1) A very minute change in the permanent or average figure of the 

globe ; 

(2) The secular distortion already investigated ; 

(3) Small tides of the second order. 

The only question which is of interest is — Can these small tides be of any 
importance ? 
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The sum of the moments of all the tangential stresses which result from 
the above expressions, about a pair of axes in the equator, one 90® removed 
from the moon’s meridian and the other in the moon’s meridian, together 
give rise to the precessional and nutational couples. 

Hence it follows that part of the tangential stresses form a non-equilibrating 
system of forces acting on the sphere’s surface. In order to find the distorting 
effects on the globe, we should, therefore, have to equilibrate the system 
by bodily forces arising from the effects of the inertia due to the uniform 
precession and the fortnightly nutation — just as was done above with the 
tidal friction. This would be an exceedingly laborious process ; and although 
it seems certain that the tides thus raised would be very small, yet we are 
fortunately able to satisfy ourselves of the fact more rigorously. Certain 
parts of the tangential stresses do form an equilibrating system of forces, and 
these are precisely those parts of the stresses which are the most important, 
because they do not involve the sine of the obliquity. 

I shall therefore evaluate the tangential stresses when the obliquity 
is zero. 

The complete potential due both to the moon and to the diurnal 
rotation is 

r^S = Jr® + r) (J — cos® 6) +• sin® 6 cos 2 (^ — oi — e) 
and the complete expression for the surface of the spheroid is given by 

g - = J (w® + t) (J — cos® 6) + Jt cos 2e sin® 6 cos 2 - (ot) 

Cb 

Hence S-g- = jTsin2€sin“tfsm2(^ — ©f) 

Cb 

Neglecting compared with to®, and omitting the terms which were 
previously considered as giving rise to secular distortion, we find 

a ^ ® a) “ ^ ^ (4 “ 2 — (ot) 

wa^ ~ ® a) ~ ^ ^ ^ (4 “ 2 (</) — (ot) 

The former gives the tangential stress along, and the latter perpendicular 
to, the meridian. 

If we put e = J7i®/g, the ellipticity of the spheroid, we see that the intensity 
of the tangential stresses is estimated by the quantity waJ ^ . t 6 sin 2e. But 
we must now find a standard of comparison, in order to see what height of 
tide such stresses would be competent to produce. 

It appears fi*om a comparison of equations (7) and (8) of Section 2 of the 
paper on ‘‘ Tides,” that a surface traction (a surface harmonic) everywhere 
normal to the sphere produces the same state of flow as that caused by 
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a bodily force, whoso potential per unit volume is 


S.^; and convci*soly 


a potential is mechanically equivalent to a surface traction 



Now the tides of the first order are those due to an effective potential 





and hence the surface normal traction which is competent to 


produce the tides of the firat order is wa!^ ® a) ' equal to 


\wa^r sin sin*** 6 sin 2 (^ — (ot\ Hence the intensity of this normal tmetion 
is estimated by the quantity \%oaH sin 2e, and this affords a standard of com- 
parison with the quantity wa^re sin 26, which was the estimate of the intensity 
of the secondary tides. The i-atio of the two is 26, and since the ellipticity of 
the mean spheroid is small, the secondary tides must be small compared with 
the primary ones. It cannot be asserted that the ratio of the heights of the 
two tides will be 26, because the secondary tides are of a higher order of 
harmonics than the primary, and because the tangential stresses have not 
been reduced to harmonics and the problem completely worked out. I think 
it probable that the height of the secondary tides would bo considerably less 
than is expressed by the (piantity 26, but all that we are concerned to know 
is that they will bo m^gligeablo, and this is established by the preceding 
calculations. 


It follows, then, that the processional and nutational forces will cause no 
secular shifting of th(^ surfiice with reference to the interior, and therefore 
ciiimot cause any such geographical deplaccment of the poles, as htxs been 
sometimes supposed to have taken place. 


II. The iUstrihntion of heat genemted ly inteimal fnction, 
and secular cooling. 

In the paper on “ Precession ” (Section 16) the total amount of heat Wiis 
found, which was generated in the intciior of the cai*th, in the course of its 
retardation by tidal friction. The investigation was founded on the principle 
that the entu’gy, both kinetic and potential, of the moon-earth system, which 
was lost during any p(u*iod, must reappear as heat in the interior of the 
earth. This method could of course give no indicixtion of the manner and 
distribution of the generation of heat in the interior. Now the distribution 
of heat must have a very importjint influence on the way it will affect the 
secular cooling of the earth’s mass, and I therefore propose to investigate the 
subject from a different point of view. 

It will be sufficient for the present purpose if wo suppose the obliquity of 
the ecliptic to be zero, and the earth to be tidally distorted by the moon 
alone. 
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It has already been explained in the first section how we may neglect the 
mutual gravitation of a spheroid tidally distorted by an external disturbing 

potential if we suppose the disturbing potential to be wr^ (® ® a) ’ 

where r = a + or is the equation to the tidal protuberance. 

It is shown in ( 4 ) that 

S - g- = ir sin 2€ sin® 6 sin 2 (^ — cot) 
a 


If we refer the motion to rectangular axes rotating so that the axis of w 
is the major axis of the tidal spheroid, and that of z is the earth’s axis of 
rotation, and if W be the effective disturbing potential estimated per unit 
volume, we have 

W = wr^ — g sin 2e . ( 20 ) 

It was also shown in Paper 1 that the solution of Thomson’s problem 
of the state of internal strain of an elastic sphere, devoid of gravitation, as 
distorted by a bodily force, of which the potential is expressible as a solid 
harmonic, function of the second degree, is identical in form with the solution 
of the parallel problem for a viscous spheroid. 

That solution is as follows : 

with symmetrical expressions for and 7. 

o- d /W\ 1 dW 5 ® ^ 

da “ r» da “ solution may be wntten 

Substituting for W from (20) we have 


a = sin 2e [(8a» - 6r“) y + 4a’y]'| 

y 3 = sin 2 e [(8a* — 5 r*) x + 4 ay*] 

7 = sm 2e ixyz 


.( 21 ) 


Putting K = sin 2c, we have 

^ = - Kay, ^ = iK [8a* - (a* + 15 y* + Sir*)], ^ = - 5Kyz^ 


dx 

d /3 


dy 


^ - JK[8a“-(15a* + y* + 5i;*)], ^ = -Kay, ^ = — SKxz 

dy 


dz' 

d^ 


y (22) 




2 Kzx, 

dy 


2B:ayJ 

See Thomeon and Tait’s Natural Philotophy, § 834 , or “Tides,” Section S. 
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( 23 ) 

If P, Q, R, S, T, U be the stresses across three mutually rectangular 
pianos at x, y, z, estimated in the usual way, the work done per unit time 
on a unit of volume situated at x, y, z is 

But P = — jp + 2t;^, S = t; , and Q, R, T, U have symmetrical 

forms. Therefore, substituting in the expression for the work ^which will be 
dEN 


aE\ 

called , and remembering that 


we have 


dy"^ dz 



Now from (22) 


i [(£)’ + ©' + (ST] “ - Jr* sin' 0 [1 - CO. 4 (♦ - »()].. .(24) 

and from (23) 



= 9x“ (a;* + y*) + [8 (a* - as® — y“) — 6^®]® 

= 9j'* sin® 6 cos® 6 + (8a® — St'* — 3/‘® sin® 0)* (26) 

Adding (24) and (26) and rearranging the terms 

Khi ^ ~ ~ ^ ^ cos 4 (^ — «i) + ~ 5r®)® 

- 1 r® sin® ^ [32a® - r® (26 + sin® 

The first of those terms is periodic, going through its cycle of changes in 
six lunar hours, and therefore the average rate of work, or the average rate of 
heat generation, is given by 

= i sin 2ey [(8a® - Sr*)* - ^r® sin® 0 (32o» - r® (26 + sin® I?)}]. . .(26) 

It will now be well to show that this formula leads to the same results as 
those given in the paper on “ Precession.” 


Thomson and Tait, Natural Philosophy , § 670. 
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In order to find the whole heat generated per unit time throughout the 
sphere, we must find the integral 7^ 8in0<ird&d<f>, from r = a to 0, 

5 = TT to 0, ^ = 27r to 0. 

In a later investigation we shall require a transformation of the expression 

dE 

for ^ , and as it will here facilitate the integration, it will bo more con- 
(tt 

venient to effect the transformation now. 

If Q2J Q4 te the zonal harmonics of the second and fourth orders, 


Now 


cos® 0 — |Q2 4-^ 
cos^ ^ Q4 + f Q2 "I" 


(8a> - 5r®)« - f r® sin» 6 [32a® - (26 + sin® 9) 7*®] 

= C8a® -- 5r®)® - r® [48a® - r® - f (32a® - 28?*®) cos® 6 - § ?-® c( ks" 9] 

= i {320a^ - 560a®7-® + 259r^) - f (112a® - 95r®) (27) 

the last transformation being found by substituting for coh®^ and cos^^ 
in terms of Qj and Q4, and rearranging the terms. 

The integrals of Qj and Q4 vanish when bikon all roTind thc^ sphere, and 

- SSOa®?-® 4- 259r^) r» sin edrd6d(f> = 4- ^5?^} 

Ca.® _ ... 

= — X 5 X 19 

70 ^ 

where C is the earth’s moment of inertia, and therefore e<pial to 
Hence we have 


lfji(320a^ 


^ sin 2eJ Ca® . | x 1!) = 

■R„+ o 19170) . 19iro) . , ^ 5w;a® © 

Buttaii2€--— = 2.^,so that -_=^c<.t2e. 




Therefore the whole work done on the sphere per unit tinus is J ~ sin 4e . Co). 

5 

Now, it was shown in equation (5) of Part I. of the pn^smit j)<iper that, if 
iE be the tidal frictional couple, ■^ = | ^ 8in4e. 

Therefore the work done on the sphere per unit time is jli©. 

It is worth mentioning, in passing, that if the integral be taken from -Ja 
to 0, we find that *32 of the whole heat is generated within th(‘. central eighth 
of the volume; and by taking the integral from to a, wc find that ono- 
tenth of the whole heat is generated within 600 miles of the surface. 

* Todiunter’s Fumthns oj Laplace, Ssa. v. 13; or any other work on the subject. 
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It remains to show the identity of this remarkably simple result, for the 
whole work done on the sphere, with that used in the paper on “ Procession.” 
It was there shown (Section 16) that if n be the earth’s rotation, r the moon’s 
distance at any time, v the ratio of the earth’s mass to the moon’s, then the 
whole energy both potential and kinetic of the moon-oarth system is 




Now c being the moon’s distance initially, since the lunar orbit is supposed 
to be circular, 


c_fSl\^ 1 




Therefore 


according to the notation of the paper on ‘‘ Procession.” 


In that paper I aho put - = 

Therefore 

2vr f 

And the whole energy of the system is JO • 

Therefore the nite of loss of energy is — C ^ flo . 

But ^ — shown in the first i>art (19), 


Therefore the rate of loss of energy is Ji (n — fl) or Ji®, which expression 
agrees with that obtained above. The two methods therefore lead to the same 
result. 

I will now return to the investigation in hand. 

The average throughout the earth of the rate of loss of energy is 
jE®-r which quantity will bo called H. Then 

^ “ 4wa» M ■ i sin 4e . ® = iwa’’ . sin 4e . a 

Now 

“ (-^gWT sin 26 )“ 2 e . ■j'gT’ sin’ 26 . wa‘ = -^wa^o) ^ sin 46 = ^> 5 H 

Hence (26) may bo written 

S -*H [{s - 6 g)]' - } « |32 - (20 + Bin- «) g)’|] ...(28) 
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This expression gives the rate of generation of heat at any point in terms 
of the average rate, and if we equate it to a constant wo get the o<juati(>u to 
the family of surfaces of equal heat-generation. 

We may observe that the heat generated at the centre is 3^ tinu^s the 
average, at the pole 1/2-J of the average, and at the equator 1/12§ of the avenigo. 

The accompan 3 dng figure exhibits the curves of equal hcat-gcncration ; 
the dotted line shows that of \ of the 
average, and the others those of 1, 

1^, 2, 2J, and 3 times the average. 

It is thus obvious from inspection of 
the figure that by far the largest part 
of the heat is generated in the central 
regions. 

The next point to consider is the 
effect which the generation of heat 
will have on underground temperature, 
and how far it may modify the in- 
vestigation of the secular cooling of 
the earth. 

It has alr^dy been shown* that the total amount of heat which might 
be generated is very large, and my impression was that it might, to a great 
extent, explain the increase of temperature underground, until a convcrsjition 
with Sir William Thomson led me to undertake the following calculations 

We will first calculate in what length of time the earth is losing by 
cooling an amount of energy equal to its present kinetic energy of rotation. 

The earth’s conductivity may be taken as about -004 according to the 
results given in Everett s illustrations of the centimctre-grammo-sccond Kystiuii 
of units, and the temperature gradient at the surface as 1° 0. in 274 metres 
which is the same as 1” Fahr. in 60 feet— the rate used by Sir W. Thomwiu 
in his paper on the cooling of the earth f. 

This temperature gradient is ^ io» 0. per centimetre, and 

since there are 31,557,000 seconds in a year, therefore in contiinctrc-fn'ammo- 
second units, “ 

the heat lost by earth per annum 

= earth’s surface in square centimetres x~x x 31557 x 10^ 

llr 11 X 10® 

= earths surface x 45‘9 (centimetre-gramme-second heat units) 


Pole 



* “PreoeBsion,” Section 16, Table IV., and Section 16 
t Thomson and Taife Natural PMlotofJty, Appendix D. 
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If J bo Joule’s equivalent 
the earth’s kinetic energy of rotation in heat units 

= 5 = (-S’-y) . where 0 =|Ma» 

= card’s surfiico x ^ (■§)* eo, where eo = J 

oJ g 

. (5*5)x(6'37yxl0^®x('4)“ for a = 6*37 x 10 ’’ centimetres 

= earth s surface X ■ ' ooci”' » t a i/va j.- 

3 X 4*34 X lO^x 232 J = 4*34 x lO^gramcentiin. 

and w = 

= earth s surface x 1*2 x 10 ’“ nearly 

Therefore at the present rate of loss the earth is losing energy by cooling 

1*2 X 10 ’“ 

equivalent to its kinetic energy of rotation in = 262 million years. 

If we hiid taken the earth as heterogeneous and C = JMa* wo should have 
found 218 million years. 

We will next find how much energy is lost to the moon-earth system in 
the series of changes iuvcsbigjxtcd in the papeu* on Precession,” 

In that paper (Section 16) it wjis shown that the whole energy of the 

system is > where v is earths moon, r moon^s distance, 

71 earth’s diurnal rotation. 


Hence the loss of energy = — ' 

71 pjisses from 7i to and r from r to r^. 


6^ /I _ 1 
2z/V To 


e-i) 


Taking v = 82, and tt— — 232, 

® rm^hi 


57 25 / 4(7 N 100 X 232 ^ ^ . 

(^ 0 ** 81 / \5/i„-‘a/ 32 X 82 


n I)» 


If I) b(». th(j length of the day, ^ ; and if 11 bo the moon’s distance 
in earth’s radii, 


the loss of energy 


“ [\y 


-“■“(ri-i)] 

X cjirth’s present ic.E. of rotation. 


In the paper on “ Procession ” we showed the system piissing from a day 
of 5 hours 40 minutes*, iind a lunar distance of 2-547 earth’s radii, to a day 
of 24 hom-H, and a lunar distance of 60-4 earth’s radii. 

Now 24 - 7 - 5 § = 4-23, and (2'647)“* — (C0-4)~* = '37 6. 

* A rooaloulalion in tho paper on » Precession” gave 5 hours 36 minutoe, but I have not 
thought it worth while to alter this caloulation. 


D. II. 


11 
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Therefore the loss of energy 

= [(4’23)® “ 1 — ’376 X 8*84] x earth's present K.E. 

= 13*57 X earth’s present K.E. of rotation 

Hence the whole heat, generated in the earth fi*om fii*st to Iiisfc, givcjs 
a supply of heat, at the present rate of loss, for 13*6 x 262 million years, or 
3,560 million years. 

This amount of heat is certainly prodigious, and I found it hard to 
believe that it should not largely affect the underground temperature. Hut 
Sir William Thomson pointed out to me that the distribution of its gciuu'atiou 
would probably be such as not materially to affect the temperature gradic^nt 
at the earth’s surface ; this remarkable prevision on his part has betm con- 
firmed by the results of the following problem, which I thought might be 
taken roughly to represent the state of the case. 

Conceive an infinite slab of rock of thickness 2 a (or 8,000 mihis) btung 
part of an infinite mass of rock; suppose that in a unit of volume, distant iv 
Irom the medial plane, there is generated, per unit time, a (juantity of li(‘at 
equal to f) [320a^- 560a^«j*+ 259^]; suppose that initially the slab and the 
whole mass of rock have a uniform temperature V ; let the heat begin to b(^ 
generated according to the above law, and suppose that the two faces of th(,% 
slab are for ever maintained at the constant teinpcraturc V ; it is recpiin^d 
to find the distribution of temperature within the slab after any time. 

This problem roughly represents the true problem to be consid(U’t^<l, 
because if we replace x by the radius vector r, wo have the averagci distri- 
bution of internal heat-generation due to friction; also the maiuk*-nanc(‘. of 
the faces of the slab at a constant temperature represents the rapid cooling of 
the earth’s surface, as explained by Sir William Thomson in his investigation. 

If ^ be temperature, 7 thermal capacity, k conductivity, the tjcpiaiion of 
heat-flow is 

7 ^ ^ [320a^ — 560(6V -f- 259®'^] 

Let 320^==2L, 560^=12M, 259^ = 30N, and lot the th(*.rmom(*tric 

k 

conductivity . Then 

^ + LaV — -I- — R] 

Let the constant R = (L - M 4 - N) a«, and put 

= ^ — La* (a“ — ^) -f- Ma® (a* — a;*) — N (a® — of) 

When «? = + a, = 5 -. 
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Since L, M, N, R are constants as regards the time, 

and = V — cos qx is obviously a solution of this equation. 

Now wo wish to make ^ = V, when ±a, for all values of t ; since 
= Sr when it; = ± a, this condition is clearly satisfied by making 

3 = (2i + l)^ 

Honco the solution may be written, 

« -.(riii+liiT 

^ = V — [Ltt^a3“-M«VH-Na!" — RJ-SPsi+iS *• cos (2i + 1) ^ - (29) 


and it satisfies all the conditions except that, initially, when t = 0, the 
tompcKituro everywhere should bo V. This last condition is satisfied if 

]£Pjri+i cos (2£ + 1) 7 - = R — LaV + MaV - Na.® 

0 

for all values between x=^ ± a. 

The expression on the right must therefore be expanded by Fourier’s 
Theorem ; but wo need only consider the range from ir = a to 0, because the 
rest, from x = 0 to - a, will follow of its own accord. 

Lot Y = ; lot tsr bo written for Att; lot M' = ~ , N'= ^ and R' = R ^ . 

^ 2(t lar® ’ a® 


R - LaV + MaV ~ [R' - + M V - N V] 

00 

and this has to bo equal to SPjj+i cos (2i + 1) x X “ f'"' 0. 

/•Jn- 

Since | cos (2i + 1 ) cos (2y + 1) x dx ~ ® unless j = i 

J 0 

ri^ 

and I cos® (2i + 1) xdx = ^tt = ^'bt 

therefore 

[R' - + MV - NV] cos (2i + 1) xdx 

"Jo 


X'^cos(2i + l)xdx = 2i!|:i X^sin(2i + l)x + 2|^cos(2i + l)x 


(0Ty + 1) X cos (2» + 1) X + 


(2i + 

^ (-y. 1 ^ + _4[2L_&c. 

2t + lL (2i+l)='^(2i+l)* J 


11—2 
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If therefore /(%) be a function of % involving only oven powers of x, 

/^^V(x)cos(2i + l)xrfx = (l^l-) [l + (241 ^y] . 

This theorem will make the calculation of the coofficieiita very Ciusy, for 
we have at once 

-(2j^[-2L + 1.8MV-e.5NV] 

+ (2j^[4-3.2.HI'-fl.5.4.3NV] 

Substituting for E', L, M', N' their values in terms of §/& we fintl 
p _ (-y.2a‘ ftf.n 1988 . 6216 1 

(2z + !)•«> A L (2i + l)“«r» (2i + l>w^ J 

Putting for «r its value, viz.: ^of 3‘14159, and i succcssivuly (Kpial to 
0, 1, 2, it will be found that 

P> = ^* (120-907), P, = 5£' (1.107), (-048) 

Thus the Fourier expansion is 

120-907 cos ^ + 1-107 cos ^ - -048 cos 

2 a 2a 2a 

which will he found to differ by not so much as one per cent, from the 
function 

to which it should be equal. 

By substitution in (29) we have, therefore, as the complete Roliiiion of the 
problem satisfying all the conditions 

^ + T ® V 20-907 cos ^ 

4 (l - e 1-107 cos^ - (l - -048 ccs 

The only quantity, which it is of interest to determine, is the temperature 
gradient at the surfece, which is equal to — — when a: = ± a. 



SUPEEFIOIAL TEMPERATUEE GBADIENT. 


165 


1879] 


When x = ± a, 

2 - T f (l - ) - 3-321 (l - ®’') 

If t be not so large but that ic{lprlaft is a small fraction, we have 
ctpproxiinately 

- S = T r ©’ ' f'30-®07 - 9 X M21 - 25 X -240} 

a.nd since ~ — 

k 7 

-2-(S™)-|<x(S5) 

This formula will give the temperature gnulient at tlie surfiicc when a 
proper value is assigned to and if t be not taken too large. 


With respect to the value of t, Sir W. Thomson took k = 400 in British 
■uinits, the year being the unit of time; and a — 21 x 10“ feet. 

“(£)’=*’' '“■(2'lxy = 10" 

rtnd /c(|7r/a)® = 6 X 10’"”; if therefore t be 10® years, this fraction is 
Therefore the solution given above will hold provided the time t does not 
exceed 1,000 million years. 


We next have to consider what is the proper value to assign to 


By (27) and (28) it appears that \)a^ is 1/(5 x If)) of the average heat 
genemted tlu'oughout the whole earth, which wo called H, Suppos(5 that 
2 ^ times the prestmt kinetic energy of the earth’s rotation is destroyed by 
friction in a time T, and suppose the generation of heat to be uniform in 
■biine, then the average heat generated throughout the whole earth per unit 
time is 


Therefore 


-r earth’s volume 


P 

tfJT- 

V wa!W . p 


where c„ is the ollipticity of figure of the homogeneous earth and is equal 
to which I take as equal to 




a<nd 


das 


16x85/, wpSot 
= “9500 ^7 J T 


Hence 
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But 7 = where s is specific heat. 


Therefore 


dS- 1*107!^ pep 1 t 
dx ~~ 9500 5 J T 



The dimensions of J are those of work (in gravitation units) per mass and 
per scale of temperature, that is to say, length per scale of temperature; 
p, ep, and s have no dimensions, and therefore this expression is of proper 
dimensions. 


Suppose the solution to run for the whole time embraced by the changes 
considered in “Precession,” then ^ — T, and as we have shown jp=13‘57. 
Suppose the specific heat to be that of iron, viz. : Taking J = 772, so 

that the result will be given in degrees Fahrenheit per foot, we have 

_ I77r3 13*67 X 9 

dx 950 ^ 232 x 772 

_ 1 
2650 

That is to say, at the end of the changes the temperature gradient would 
be 1® Fahr. per 2,650 feet, provided the whole operation did not take more 
than 1,000 million years. 

It might, however, be thought that if the tidal friction were to operate 
veiy slowly, so that the whole series of changes from the day of 5 hours 
36 minutes to that of 24 hours occupied much more than 1,000 million years, 
then the large amount of heat which is generated deep down would have 
time to leak out, so that finally the temperature gradient would be steeper 
than that just found. But this is not the case. 

Consider only the first, and by far the most important, term of the 
expression for the temperature gradient. It has the form 6 (1 “ when 
^ = T at the end of the series of changes. Now J varies as T~^, jind (1 — e“P'^)/pT 
has its maximum value unity when T = 0. Hence, however slowly the tidal 
friction operates, the temperature gradient can never be greater than if the 
heat were all generated instantaneously; but the temperature gradient at the 
end of the changes is not sensibly less than it would be if all the heat were 
generated instantaneously, provided the series of changes do not occupy more 
than 1,000 million years 


* [The conclusion reached in this section might be different if the earth were to consist of a 
rigid nucleus covered by a thick or thin stratum of viscous material.] 
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III. The forced osailkitions of viscous, fluid, and elastic spheroids. 


In investigating the tides of a viscous spheroid, the effects of inertia wore 
neglected, and it was shown that the neglect could not have an important 
influence on the results*. I shall here obtain an approximate solution of the 
problem including the eflbets of inertia; that solution will easily lead to a 
parallel one for the cjiso of an ehxstic sphere, and a comparison with the forced 
oscillations of a fluid spheroid will prove instructive as to the nature of the 
approximation. 

If W be the potential of the impressed forces, estimated per unit volume 
of the viscous body, the equations of flow, with the same notation as before, 
are 


dp 

d(v 




dm 


- w 


*doL 

flt 




dy*’’ 


dz, 




-J4&C. = 0, -^U&c..=0 

dy dz 

da ,d^ 

dtv ^ dy dz 


,( 30 ) 


The terms H-&c. j are those duo to inertia, which were neglected 


in the paper on Tides.’’ 

It will bo su])poHe(l that the tidal motion is sternly, and that W consists of 
a scries of solid harmonics each multiplied by a simple tinio-harmunic, also 
that W includes not only the potential of the extoriial tide-generating body, 
but also the effective potential due to gravitation, as explained in the first 
part of this iMxper, 

The tidal disturbauco is supposed to b(‘. sufficiently slow to euable us to 
obtain a first approximation by the neglect of the terms due to inertia. 

In proceeding to the second appi’oxiniation, the inertia terms depending 
on the s(piarcs and products of the velocities, that is to say, 



may bo neglected compared with tu 


doL 
dt ‘ 


A typical case will be considered in 


which W = Y cos(vift-|- e), whore Y is a solid harmonic of the ith degree, and 
the 6 will be omitted throughout the analysis for brevity. 

If we write 1 = 1)® + 1, the first approximation, when the inertia 

terms are neglected, is 


OL 


lu(L2(i— 1)^ 2(2i+l) j dac 


^ ^ S Y)l cos vt-f 
2 ^ + 1 doo^ ' 

( 31 ) 


* ** Tides,” Section 10. 

t ” Tides,” Section 3, equation (8), or Thomson and Tait, Natural Philosophy, § 834 (8). 
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Hence for the second approximation we must put 


da wv ( 


sin vt 


And the equations to be solved are 

dx Iw||_ 2 (i — 1) 2 ( 2 i + l) J dm 




- ^ + &c, = 0 , 
dy 




-^ + &c. = 0 


.(32) 


These equations. are to be satisfied throughout a sphere subject to no 
surface stress. It will be observed that in the term due directly to tlu? 
impressed foi'ces, we write T' instead of Y ; this is because the effective 
potential due to gravitation will be different in the second approximation 
from what it was in the first, on account of the different form which innst 
now be attributed to the tidal protuberance. 

The problem is now reduced to one strictly analogous to that solved in 
the paper on "‘Tides”; for we may suppose that the terms introduced by 
da . 

^ Hi * components of bodily force acting on the viscous spheroid, and 

that inertia is neglected. 

The equations being linear, we consider the’ effects of the several terms 
separately, and indicate the partial values of a, / 8 , 7 , p by suffixes and accents. 

First, then, we have 


dpn dY' 

The solution of this has the same form as in the first approximation, viz. : 
equation (31), with oto written for a, and Y' for Y. 


We shall have occasion hereafter to use the velocity of flow resolved alon^ 
the radius vector, which may be called p. Then 


^ ^ V z 

Po = ao-+A^+7o- 


_ 1 (* + 2) - % (i^ - 1) Y' 

^ It, t 2(^ 1 7 (33) 

Observing that Y' r* is independent of r, we have as the surface value 
_af+^i(2{ + l)Y' 


- 
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Secondly, 


dPt' . rn / . iova?i(i+2)dY • . « <. d /oc\ 

- + -hT i (i- 1 ) ^ ^ 

This, again, may clearly be solved in the same way, and we have 
, _ wva? i(i + 2 ) ] R (i + 2) _ 1) (2i + 3) .1 ^ 

" “ '* 2 ( 1 - l)lL 2 (t-l) 2 '(' 2 i+i) J dx 

- 2 i Vi i sin vt (36) 

, wva? i(i 4 - 2 ) [i“(i + 2 ) a»-i Y . 

= Tv -2(^=1) 1~ ■ 2 (i"-i) 


and 


Its surface value is 

Pq = wva' 


Thirdly, lot 


' - ” [2 5 "“ •* 

'^-K2(J+1)“'"* ^ <“"> 


So tl\at U i^s a solid harmonic of the ith dcgi’co multiplied by a simple 
time-harmonic. Then the ro.st of the terms to be satisfied are given in the 
following e(iuations : 
dp 


-£ + [(’■+ '><“ + s)** s + ■="] 




-t + te..O 

dz 


...(40) 


These equations havcj to bo satisfied throughout a sphere subject to no 
surfiico stresses. The procedure will bo exactly that explained in Part L, viz., 
put a=a' +a,, /3 = / 3 ' 7 = 74 - 7 ,, = and find a', / 8 ', 7 ', p' any 

functions which satisfy the equations (40) throughout the sphere. 

Differentiate the throe equations (40) jib to oo, y, z respectively and jwld 
them together, and notice that 

* {1 ^ + .it; 0 ^ £ 0} - " 


and that 


da' >y'_ 
dx^dy '*"dz~ 


Then wo have — 0, of which p' = 0 is a solution. 

If Yn bo a solid harmonic of degree n, ■ 

y»,4» ^ ^2'n + «i + 1) r®*"® V,, 

„dU r* dU ^ 


Hence 


dx 

dx 


= V’ 


4 (2t + 3) d® 



2(2i+6) d® ' 


,.irf+3 A - V* _ AcUr-®*-*) 


.( 41 ) 
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Substituting from (41) in the equations of motion (40), and putting p' = 0, 
our equations become 




VOL 


, _ ( t + 1) ^ ^ i jd /U 

4 ’ d® 2i + 5 ’ 


V*(«y9'-&c.} = 0, V* {vy — &c.} = 0 
of which a solution is obviously 


= 0 


.(42) 


a 


t' =s 1 r* ^ H — r“‘+‘ 

w| 4 dir^2i + 6^ dx^ (43) 

?'=&o., 7'=&c. j 

It may easily be shown that these values satisfy the equation of continuity, 
and thus together with p'=0 they are the required valuas of a', 0', y', p\ 
which satisfy the equations throughout the sphere. 

The next step is to find the surface stresses to which these values give 
rise. The formulas (13) of Part I. are applicable 

vt ' = V (a'x + + y'z) 

= r-U - = i(i±.l)(2i+ 

4 2t + 5 4(2i + 6) ^ 

Remembering that 

we have ^ 

..dr_ ^(^ + l)(2t + l) ( .dU ,du 4>-» . d 1 

doG 4 (2i +5) I dx'^ 2i + V 'dx “ 2i + 1 ** dx 

= h' + 5) f g - b-- ^ (.^<-.,1^1 

Again, by the properties of homogeneous functions, 

Akoy'^o. 

pJw to thfiTrf r ‘'f "in,™ 

pstoUel to the am ot. aeroa. any of the coaceatrie spherieal mrbcm, 

+ [(’•S - 1) «" + £] ly (13). Part 1 

_ (* + l)» .dU i . d . 

2 ^ d® 2i + 5 d® U) by (44) and (45) 

And at the surface of the sphere, where r = a, 
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The quantities in square brackets are independent of r, and are surface 
harmonics of orders i — 1 and i + 1 respectively. 



Also let the other two components G and H of the surface stress due to 
a, y3', y, ?)' be given by 

G = - B.,., - H = - - Q+x (47) 


By symmetry it is clear that the B’s and C*a only differ from the A*s in 
having and js in place of a*. 

We now have got in (43) values of a', /3', y\ which satisfy the equations 
(40) throughout the sphere, together with the surface stresses in (47) to 
which they correspond. Thus (43) would be the solution of the problem, if 
the surface of the sphere were subject to the surface stresses (47). It only 
remains to find 7 ^, to satisfy the equations 

+ + (48) 

throughout the sphere, which is not under the influence of bodily forces but 
is subject to surface stresses of which A^-i + Af+i, B^-i + B^^-i, C{-i + Oi+i are 
the components. 

The sum of the solution of these equations and of the solutions (43) will 
clearly be the coinpleh^ solution ; for (43) satisfies the condition as to the 
bodily force in (40), and the two sets of surface actions will anmd one another, 
leaving no surface action. 

For the required solutions of (48), Thomson's solution given in (16) and 
(16) of Part I. is at once applicable. 

We have fimt to find the auxiliary functions corresponding to 

Ai^i, Bi_i, Ci-i, and corresponding to Ai+i, Bf+i, C,:+i. It is easy to 

show that 

^^-3 = 0 , = 0 

and « (r— U)}+|{ }+|{ }] 

2 ^ + 6 

+ + ) + 5 ( )] 
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We have next to substitute these values of the auxiliaiy functi()n.s in 
Thomson’s solution (16)) Part I. It will be simpler to perforin the sub- 
stitutions piece-meal, and to indicate the various parts which ffo to inakii up 
the complete value of a, by accents to that symbol. 

First. For the terms in depending on A*_,, we have 

1 [ 1 ^ + ..J_A. 

■ ' “va‘-»l2(t-2)(i-l)(2i-l) dx ^i-2 J 

a* i (i + 1)® dXJ (i + 1)® dU) 

“'^t4(i-l)(i-2) ^i-2) da;) 

a^(i + iydU 

V 4(i — 1) do! 

(Note that i — 2 divides out, so that the solution is still applioabh^ wli<*n 
i = 2.) 

Second, In finding the terms dependent on A^+i, it will bo 

better to subdivide the process further. 

w 


.(40) 


V 


(i + l)('i + 3) 1 fZ / 

[ l{2i + 5) ^ 2i + 5' d®^’ ‘ ^ 


Since 

therefore 


(i -1- 3) (i + 1 ) - 1 = 4 4i + 3 - 2i“ - 4i - 3 = - i* 


m 0>‘ 
CL ss 


d 


Z «*2i+3 TT\ 

vl(2i4 6)’^ 


.(51) 


This completes the solution for a,. 

Collecting results fi-om (49), (60), and (51), we have 

' vt4(i-l)“ d® 

Further collecting the several results, the complete value of ct !is the 
solution of the second approximation is 

a = ao + ffo'+«' + a, 

so that it is only necessary to collect the results of equations (31), 
(with Y' written for Y), (36), (43), and (52). and to substitute for U its value 
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from (39) in order to obtain the solution required. The values of )S and 7 
may then at once be written down by symmetry. The expressions are 
naturally very long, and I shall not write them down in the general case. 

The radial velocity p is however an important expression, because it alone 
is necessary to enable us to obtain the second approximation to the form of 
the spheroid, and accordingly I will give it. 

It may be collected from (33), (37), and by forming p' and p, from (43) 
and (52). 

I find then after some rather tedious analysis, which I did in order to 
verify my solution, that as far as concerns the inertia terms alone 

WV Y _ . , ..A't 


where 


p = ~ sin vt 


^ „ i (i + 1) cia _ a + 1) + lOi + 9) 

^ C% A /ft • . e’\ T > ^ A /J 1 \ /ft- . Tq 


'^~2.4(2i + 6 )I’ 4(i-l)(2i + 6 )P 

j Vr. A' + 2\“ . (i + l)(2i + 3)l i(i + l)“ 

and (!D - jj ^ j + ^ j ^ g . 4 (i - 1 ) ( 2 i + 1)1 

If CD be reduced to the form of a single fraction, 1 think it probable that 
the numerator would bo divisible by 2 i + 1 , but I do not think that the 
quotient would divide into factors, and therefore I leave it as it stands. 

In the ctisc where i = 2 this formula becomes 

/> = sin vt 2 , _ g ^ jg, (lOr* - 148tt»»-> + 287a‘} 

which agrees (as will appear presently) with the same result obtained in a 
different way. 

I shall now go on to the special cjisc where i = 2 , which will be required 
in the tidal problem. 


From (39) we have 


U . ft -K-T-Q Y sin vt 
V 2.6.19 


From (36) 


From (43) 


^ 7vva^ ^ Tf A n 3.7 AeZY 2 _ cZ . 

— • w ,(*•’ - o n-dis’^ai > J 
0 

- V- • 2C3705 ® ■I ' ’ Si “ 


From (52) 


__ ^ wva^ 1 

ir-'2C:3T57i9> 


.9ra» + 7.4?-»)^- 


dY 4.4 . 
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Adding these expressions together, and adding c(o, wo got 

L_r(6.287a"-37,4.7ffiV + 9.19j-‘)-^ 

“-«o+ - 28 , 3.5.19»L'' 

- f (2 . 37a“ - 197^) r' ^ (Y?*-")j sin vt . . .(53) 
and symmetrical expressions for and y. 

In order to obtain the radial flow we multiply « by ^ by 7 ^’y 
and add, and find 

P = Po + . ^:^.(287a^ - 4 . 37aV + 19/-*) ^ sin (vt + e) ...(54) 

the € which was omitted in the trigonometrical term being now replaced. 


The surface value of p when r = a is 

wvd^ 79 Y 
P = + 2.3.19“r® 


sin {vt + e). 


where po is given by (34). 

If we write — -J-w — e for e we see that a term Y sin (yt ■“ e) in the cffc<*tivc 
disturbing potential will give us 

wva^ 79 Y . . V /Kijv 



Suppose wr*Scosv^ to be an external disturbing potential \m' unit 
volume of the earth, not including the effective potential due to gmvitation, 
and let r = a + O', be the first approximation to the form of the tidal Hpheroi<l. 
Then by the theory of tides as previously developed (see equation (15), 
Section 5, “Tides”) 

— ' = - cos 6 cos (vt — €), where tan e ^ 

a 5 ^ 2gaw 

When the sphere is deemed free of gravitation the effective disturlung 
potential is cos vi - g ; this is equal to - wr^ sin e S sin (vt - e). 

In proceeding to a second approximation we must put in equation (50) 
Y = — wr^ sin e S. 

Thus we get from (56), at the surface where r == a, 

, 79 • o / .A \ 

P = Po + . 27 37x93 sm € S cos (i;« - e) (57) 

To find Po we must put r = a + <r as the equation to the second approxi- 
mation. 

po is the surface radial velocity due directly to the external disturbing 
potential wr^S cos vt and to the effective gravitation potential: The 
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sum of these two gives aa oflfective potential |^S cos — S > which is 
the Y'cosvf of (34). 

Po is found by writing this expression in place of Y' cos vt in equation (34), 
and wo have 

Substituting in (57) wo have 

5wa? ^ . 5wt;a‘-* 79 . oi / a /t-o\ 

P = T9u I® ~ S a + TihT 2 . 3 . 6* ® ® " V ' * 

Since tan e = — • therefore = - cot e, tuid (58) becomes 

2ffaw IQv % ’ ^ ' 

V f (T \ 

/o == tt- cot € ( S COS — g- + “ cos eS cos (vt — e) J 

But the nwlial surface velocity is equal , and therefore^" 

+ 1 ; cot e . <r = a | cot e cos vt + cos e S cos (vt — e)^ . . .(59) 

If wo divide <r into two parts, a-', <r", to satisfy the two tonus on the right 

respectively, we have 

<r' S , , , 

a 8 

which is the first approxiination over again, and 


Therefore 


S if 

= cos e . - . ~ COS € cos {vt - 26) 

^ 9 5 


- = cos 6 . - -jeos (vt - e) + -- cos e cos (vt 


-2e)J 


This gives the second ai)i)roxinmtion to the form of the tidal spheroid. 
Wo see that the inertia generates a second small bide which lags twice as 
much as the primary one. 

AUhough tliis expression is more ncjirly correct than subsequent ones, it 
will be well to group both those tides together and to obtain a single 
expression for <r. 

1% ^ ^ ® 

Let tan ^ 5 

l + T?ii%|cos»e 


«r S cose 
a “ g cos X 


(l + I CO®’ ®) ® - X) ( 61 ) 
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This shows that the tide lags by (c + x)> is in height 


cose / 
cos Y 1. 


1+/b% 


^g%|cos“e] 


of the equilibrium tide of a perfectly fluid spheroid. 

By the method employed it is postulated that — is a small fractiou, 

9 

because the effects of inertia are supposed to be small, lloiico x 
small angle, and there will not be much error in putting 

w® . 

X = '^- sin 6 cos €, and scc^ = 1 

We have for the lag of the tide ^ sin e cos , and for its height 

cos 6 ^1 + -3^ ^ cos® € j . 

Let 7 } he the lag, so that 


whence 


®7 = 6+'^-r sinecosfi 

S 

® ~ ^ g sin 17 cos i; very nearly 


where 


Also cos e = cos 17 ^1 + ^ sin® 97) 

I cos 6 (1 + I’ COS® e) = COS 97 (1 + 0 

Hence ( 61 ) becomes 

^ = |cos97(i+32^Dcos(»<-,7) ' 

®7-ififir^8in97 00S97 = arctanf^^) 

B \2gaw/ 


This is probably the simplest form in which the result of tho sctooml 
approximation may be stated. 

From it we see that wM a given lag, the height of tide is a little gn-uter 
ttian in the theory used in the two previous papers; and that for a given 
frequency of tide the lag is a little greater than was supposed. 

The whole investigation of the precession of the viscous sphei-oid was 
based on the approximate theory of tides, when inertia is neglected It will 
be well, therefore, to examine how far the present results will modify the 
conclusions there ami^d at. It. would, however, occupy too much spL to 
re^pitulate the methods employed, and therefore the following discus.sion will 
only be intelhgible, when read in conjunction with that paper. 

The couples on the earth, caused by the attraction of tho disturbintr 
bodies on the tidal protuberance, were found to be expressible by the sum of 
number of terms, each of which corresponded to one of the constituent 
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simple harmonic tides. Each such torm involved two factors, one of which 
was the height of the tide, and the other the sine of the lag. Now if e be the 
lag and « the speed of the tide, it was found in the first approximation that 
isae — l^w-r-2gaw, and that tho height of tide was proportional to cose; 
hence each term hsid a factor sin 2 e. 


But from tho present investigation it appears that, with the same value 
of e, the height of tide is really proportional to cos e ^1 + ^ cos* ej ; whilst 

the lag is € + - sin e cos e, so that its sine is f 1 4 * — cos® e j sin e, 

a \ SS / 

Hence in place of sin 26, wo ought to have put sin 2 e 4 - - cos® ej , or 

sin 2e ^1 4- ^ ~ cos® . 

Thus every term in tho expressions for should be augmented, 

each in a proportion depending on the speed and lag of the tide from which 
it takes its origin. 


In the paper on Precession,” two numerical integrations were given of 
the differential ocpiations for tho sc^cular changes in the variables ; in tho first 
of these, in Section 15, tho viscosity was not supposed to bo small, and was 
constant, in the second, in Section 17, it Wixs xuoroly supposed that tho 
alteration of phase of each tide was small, and the viscosity was left indc- 
terminate. It is not proposed to detonnine directly tho coiTOction to the 
first solution. 


The correcting fiictor for tho expression sin 2 e is greatest when e is small, 
because cos® e may then he replaced in it by unity ; hcncc the correction in 
the second integration will necessarily bo larger than in tho first, and a 
superior limit to tho correction to the first integration may be found. 


We have tides of the seven speeds 2 (n — fl), 2n, 2 (n 4- H), n — 2 il, n-, 
72 . 4 - 20 , 20 ; hcnco if tho viscosity be small, tho correcting factor for 
the expressions sin 4 €|, sin 46, Hia4€a, sin 2 ei', sin 2 e', sin 209 ', sin4e" is 


1 4, ^0 ^ speed is one of the seven specified 

6 

If X = ^ , the seven factors may be written 
n 


and 


1 +-»,\^R*[(1 -\)*, or 1, or (1 +X)*], for semi-diurnal terms 
1 + [(1 - 2X)*, or 1, or ( J + 2X)*], for diurnal terms 


...( 63 ) 


1 + W- 


n- 

s 


X*, for the fortnightly term 


12 


n. II. 
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sin 46 - sin 4ea - . ^ 

• M ““ Xj • A ■“ X “1“ A» 

Sin 4€ sin 4e 
sm26'_. 8in2ea'_ 

sm4e“^^ 


sin 4e" 


Also we have the equations 

sm4€ sin 46 sin4e 1(64) 

sin2€i' „,s sin2e' , 8m2ea'_,,^,o^^sin4^'_ ''• 

= + 7in47-^j 

We shall obtain a suflSciently accurate result, if the corrections be only 
applied to those terms in the differential equations which do not involve 
powers of q (or sin^i), higher than the first. For the piuTposo of concoction 
the differential equations to be corrected are by (77), (78), and (79) of 
Section 17 of “ Precession,” viz. : 

— J. jf- ot8 Bin Ac — 


As we are treating the obliquity as small, we may put 

+ = and f = P 

where P = cos i, Q = sin i. 

For the purpose of correction, the terms depending on the nuK)n’s 
influence become 


^^^=4 — Psm46 — it — 


And by symmetry (or by (81) "Precession”) -wo have for tho solar tornis 

<“’) 

For the terms depending on the joint action of the sun and moon W(‘ have, 
by (82) and (33) “ Precession,” when the obliquity is treated as small, 


1 •TT, • O' 

dt ~ 


d>N ^ 
dt 


If we multiply each of the sines by its appropriate factor given in (63), 
and substitute from (64) for each of them in terms of sin 46, and collect 
the results from (66), (67), and (68), and express by the symbol 8 tho correc- 
tions to be introduced for the effects of inertia, wo have 
^di 1 sin4€ 

^dN 1 sin4e ^ . 

= ^-W j [^(l-X)' + r,«l 

jdf . sin 46 n n> , 
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Now 4 (1 — (1 - 2X)“ - 4- = (1 - 2\) (4 - 7X. + 4\“). Therefore if we 

add these corrections to the full expressions for ^ , ^ (in which I put 


1 — 4Q*=*-P) and given in (83) “Precession,” and write K = for 
brevity, we have 


tfo'_ 1 sin 46 
dt~ N gTlg 




TT, 


+ K [(1 - 2\) (1 - + \») -r* + T/ - 4 tt,]J 


y-m 


The last of these equations may be written approximately 



If we multiply the two former of equations (69) by (70), and notice that, 
when P is taken as unity, 

(1 - 2X) (1 - 1\ + XO - (l - (1 - X)» = 4X (1 - 2X) 

and that 

1-(1-X)» = X(2-X) and -4 + (l-X)> = 4(l-2X)(8-2\) 
we have 


^logtan^i 


1-?^+ 
1 p + 


(5)“- (^ ) +K [i^Cl - 2X)+X(2 -X) ( J) +i(l - 2X)(3- 2X)(I') 


’ fid f 


n{i p) 

-^+(5) +4p(j) + ^^(2-X)(^) 

-I . 


.(71) 


If K be put equal to zero, wo have the equations (84) which were the 
subject of integration in Section 17 “ Precession/* 

Since K, X, and t® are all small, the correction to the second equation 
is obviously insignificant, and we may take the term in K in the numerator 
of the first equation as being equal to ^K(l — 2\)(3- 2X)(T7r). This 
correction is small although not insensible. This shows that the amount of 

12—2 
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change of obliquity has been slightly imder-ostimatod. It docs not, however, 
seem worth while to compute the corrected value for tho change of obliquity 
in the integrations of the preceding paper. 

The equation of conservation of moment of momentum, which is derived 
from the integration of the second of (71), clearly remains sensibly unaftbeted. 

"We see also from (70) that the time required for the changes has hocai 
over-estimated. If Koj ^ ; K, X he the initial and final values of K and \ at 
the beginning and end of one of the periods of integration, it is obvious that 
our estimate of time should have been multiplied by sonic fnujtion lying 
between 1 — Kj (1 — Xo)® and 1 — K (1 — X)®. 

At the beginning of the first period Ko = '0364 and Xo = •036*5, and at this 
end K = -0866 and X = •0346. 


Whence Ko(l-\,)* = -034, K (1 - X)® = -080. 

Hence it follows that the time, in the first period of tho integration of 
Section 15, may have been over-estimated by some percentage less than aonio 
number lying Wween 3 and 8. 

In feet, I have corrected the first period of that integration by a nithcr 
more tedious process than that here exhibited, and I found that the time was 
over-estimated by a little less than 3 per cent. And it was found that wo 
ought to subtract from the 46,300,000 years comprisud within tho firat period 
about 1,300,000 years. I also found that the error in the final value of tho 
obliquity could hardly amount to more than 1' or 2'. 

In the later periods of integration the error in the time would no doubt 
be a little larger fraction of the time comprised within each pisriod, but as it 
is not int^sting to find the time in anything but round numbers, it is not 
worth while to find the corrections. 


There is another point worth noticing. It might be suspectisd that whisn 
we appro^h the critical point where wcosi = 2fl, where tho rate of change 
of obliquity was found to vanish, the tidal movements might have become so 
rapid ^ seriously to affect the correctness of the tidal theory used; and 
accordingly it might be thought that the critical point was not riiachcd even 
approximately when « cos i = 211. 


The preceifing analysis, will show at once that this is not tho case. Niiar 
the mfecalpomt the solar terms have become negligcable; if wo put t, = 0 
in the first of equations (69) we have 
d % 1 73 

^ ^ [1 - 2X sec i - 1 - K (1 - 2X) (1 — JX + X®)] . . .(72 ) 

2Xseci = l'^^f^+^ °^^itical point in the first approximation was 

term this condir^^" ! “ seci = l in the inertia 

term, this condition also causes the inertia term to vanish 
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Henco the connected theory of tides makes no sensible difference in the 
critical point where ^ changes sign. 

Having now disposed of these special points connected with previous 
results, I shall return to questions of general dynamics connected with the 
approximate solution of the forced vibrations of viscous spheroids ; that is to 
say, I shall compare the results with those of — 


The forced oscillations of a liquid sphere^. 

The same notation as before will serve again, and the equations of motion 
are 

dp . cZW da 

dx dx dt ““ 

two similar equations r (*73) 

dx dy dz 

If the oxtoi-nal tide-generating foi-oes be those due to a potential per unit 
volume ecjual to w*S.f , and r = a + <ri be the equation to the tidal spheroid, 
where Si, o-i are surfiice harmonics of the ith order, we must put . 

the second term being the potential of the tidal protuberance, and the last of 
the moan sphere. 

Differentiate the three equations of motion by x, y, z and add them, and 
wo have 


V® p--w (3a® — ^ =0 


Henco p^w (3a® ^ harmonics + a constant 

When r = a, at the moan surface of the sphere, p = gvxTi, therefore 

Substituting this value of p in the equations of motion (73), 


da _ d 
di dx 
whence 

da _ d 
di dx 


2(i-l)^/rV 


2i-fl 


and two similar equations J 

* Thifl is a slight modilioatiou of Sir W. Thomson’s investigation of the free oscillations of 
fluid spheres, Tmm,^ 1808, p. 008. 
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The expression within brackets [ ] on the right is the eftoctivc disturbing 
potential, inclusive of the eflfects of mutual gravitation, and thus this process 
is exactly parallel to that adopted above in order to include the effects of 
mutual gravitation in the disturbing potential in the case of the viscous 
spheroid 

X y z 

Now p, the radial velocity of flow, is equal toa“ + i8^ + 7 “. 


Therefore multiplying the equations (74) by ^ ^ and adding thorn, we 
have, by the properties of homogeneous functions, 




-f- 1 


y»t— 1 


But when r = a, 




da-j 


Therefore 




PS) 


Suppose Si = Q<cos?;#, and that the tidal motion is wSteady, so that cri 
must be of the form XQ^ cos vt] then substituting in (75) this foriii of o-f, we 
find 

L 2i + l oj 


X 


%a>' 


Whence 




<ri = 




2i + 1 a 


Q<cos»i ClC) 


This gives the equation to the tidal spheroid. 

Since the equilibriam tide, due to the disturbing potential, would bo 
given by 


v,= 


2(^-l) g 
2i + 1 a 


Qfcosvt 


it follows that inertia augments the height of tide in the proportion 

1 • (2t+l) 

In the case where i = 2, the augmentation is in the proportion 1 : 1 — J . 

s 

We will now consider the nature of the motion by which each particle 
assumes its successive positions. 

With the value of ai given in (76) 

.<3 2^— 1) ^ Qji;! 

* 2i + l a<‘^*-2i7i'-lW 


' 2^i-l) g 
(2i + 1) a 


— 



FOECED OSOIIiLAXION OF A LIQUID SPHEEE. 


183 


Substituting in (74) 

da _ d 1 ? cos 

dt ~ dec 2i {i —l) g ^ 
2i + 1 a ^ 

and two similar equations 
Integrating with regard to f 

_ d QiV^v sin vt 


2i + l a “ ( 

and two similar equations / 

There might be a term introduced by integration, independent of the 
time, but this term must be zero, beesause if there were no disturbing force 
there would bo no flow. Hence it is clear that there is a velocity potential 
and that 

(’»> 


^ m -1)1 

2i+l a 

Now however slowly the motion takes place, there will always be a velocity 
potential, and if it be slow enough wo may omit in the denominator of (79). 
In other words, if inertia bo neglected the velocity potential is 

For the sake of comparison with the approximate solution for the tides of 
a viscous spheroid, a precisely parallel process will now he carried out vrith 
regard to the liquid sphere. 

du 

We obtain a first approximation for when inertia is neglected, by 
omitting in the denominator of (7T) ; whence 
da d f 2i+l g ^ 

Substituting this approximate value in the equations of motion (73) we 
have 

(80) 


and two similar equations j 

From these equations it is obvious that the second approximation to the 
form of the tidal spheroid is found hy augmenting the equilibrium tide due 

to the tide-generating potentLal r'^'Q^cos vt in the proportion 1 -h f 

to unity. 
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When i = 2 the augmenting factor is 1 H- i . 

This is of course only an approximate result ; the accunito value of the 
factoris and ^ve see that the two agree if the wiuarcH and 


higher powers of ~ are negligeable. 

Now in the case of the viscous tides we found the augmenting fiustor to 
te 1 + - cos* 6 . When e = 0, which corresponds to the case of fluidity, the 

expressions are closely alike, hut we should expect that the 79 ought i-eally 
to be 75. 


The explanation which lies at the bottom of this curiouH discrepancy will 
be most easily obtained by considering the special case of a Innar semi-diurnal 
tide. 

We found in Part II., equation ( 21 ), the following values for «, 7 , 

a = ^ sin 2 e [( 8 a“ - 5r2) y + ^y\ \ 


y 9 « gg sin 2e [( 8 a® — 6 ?"®) x + 401^®] > 


(81) 


y = gg sin 2 € . 


where 


a? = r sin ^ cos (^ — coty^ 
y = r sin ^ sin (0 — cot) 
z = rcoQ0 


Consider the case when the viscosity is infinitely small: hero e is small, 

and sm 26 = tan 2 e = ^§^j. 

5gt4;a® 


Hence £sin2e«^„ 

By substituting this value in (81), we see that however small the viscosity, 
the nature of the motion, by which each particle assumes its succcjssivo posi- 
tions, alwa}^ preserves the same character; and the motion always involves 
molecular rotation. 


which is independent of the viscosity. 


But it has been already proved that, however slow the tidal motion of a 
liquid sphere may be, yet the fluid motion is always irrotational. 

Hence in the two methods of attacking the same problem, different first 
approximations have been used, whence follows the discrepancy of 79 instead 
of 75. 
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The fact is that in using the equations of flow of a viscous fluid, and neglect- 
ing inertia to obtain a first approximation, we postulate that ^ ^ ^ » 

less important than i;V®a, vV^y • and this is no longer the case if v 
be very small. 

It does not follow therefore that, in approaching the problem of fluidity 
from the side of viscosity, we must necessarily obtain even an approximate 
result. 

But the comparison which has just been made, shows that as regards the 
form of the tidal spheroid the two methods lead to closely similar results. 

It follows therefore that, in questions regarding merely the form of the 
spheroid, and not the mode of internal motion, we only incur a very small 
error by using the limiting case when v = 0 to give the solution for pure 
fluidity. 

In the paper on “ Precession ” (Section 7), some doubt was expressed as 
to the applicability of the analysis, which gave the effects of tides on the 
precession of a rotating spheroid, to the limiting case of fluidity; but the 
present results seem to justify the conclusions there drawn. 

The next point to bo considered is the effects of inertia in — 


The forced oscillations of cm elastic sphere"*. 


Sir William Thomson has found the form into which a homogeneous 
elastic sphere becomes distoiijod under the influence of a potential expressible 
as a solid harmonic of the points within the sphere. He afterwards supposed 
the sphere to possess the power of gravitation, and considered the effects by 
a synthetical method. The result is the equilibrium theory of the tides of an 
elastic sphere. When, however, the disturbing potential is periodic in time 
this theory is no longer accurate. 

It has already boon remarked that the approximate solution of the problem 
of determining the state of interna] flow of a viscous spheroid when inertia is 
neglected, is identical in form with that which gives the state of internal 
strain of an ehistic sphere ; the velocities a, /Q, 7 have merely to be read as 
displacements, ixnd the coefficient of viscosity v as that of rigidity. 


The effects of mutual gravitation may also be introduced in both problems 
by the same artifice ; for in both cases we may take, instead of the external 

disturbing potential w®S cos vt, an effective potential cos S 

then deem the sphere free of gravitational power. 


* [Professor Horace Lamb has treated the problem of the “ Vibrations of an Elastic Sphere ” 
in P'roc. London Math, Soc,, Vol. xizx. (1882), p. 189. At p. 51 of the same volume he has also 
solved the problem of the Oscillations of a Viscous Spheroid.”] 
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Now Sir William Thomson’s solution shows that the surface radial dis- 
placement (which is of course equal to <r) is equal to 

19w 

19u 

If therefore we put (with Sir William Thomson) 


^S cos «< — g (82) 




• cos vt 


a t + g 

This expression gives the equilibrium elastic tide, the suffix being added 
to the a to indicate that it is only a first approximation. 

Before going further we may remark that 

Scosirf— g — = — ^Scosi;t (83) 

a t + g 

When we wish to proceed to a second approximation, including the effects 
of inertia, it must be noticed that the equations of motion in the two problems 
only differ in the fact that in that relating to viscosity the terms introduced 


, . . da 

by inertia are 




— W -T- . — w 
dP’ 


dt '' 


^ ^ ^ ^ ’ whilst in the case of elasticity they are 


^ . Hence a very slight alteration will make the 

whole of the above investigation applicable to the case of elasticity ; we have, 
in fact, merely to differentiate the approximate values for a, /8, y twice with 
regard to the time instead of once. 

Just as before, we find the surface radial displacement, as far as it is due 
to inertia, to be (compare (65)) 

w^aP 79 Y 


^ 2.3. 19® r® 


cos vt 


Y <r 

and — cos vft must be put equal to (the first approximation) S cos — g ~ - 

Hence by (67) and (83) the surface radial displacement due to inertia is 

79 tax 

To this we must add the displacement due directly to the effective dis- 
turbing potential wr^ cos “ 0 > where <r is now the second approxima- 

tion. This we know from (82) is equal to 

hwd? , 


19i; 


cos " 0 


Hence the total radial displacement is 

5i^a® /a ^ . 6t(;a® 79i;® 


. bwa^ 79i;® to A 
C08lrt-g- + — Scosvi] 
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But the total radial displacement is itself equal to o-. 

Therefore r ~ = S cos - g - + S cos vt 

it ^ a 150 (t + g) 

, <r S j. ft , ^ 

This is the second approximation to the form of the tidal spheroid, and 
jfrom it we see that inertia has the effect of increasing the ellipticity of the 

spheroid in the proportion 1 + jgQ * 


Analogy with (76) would lead one to believe that the period of the 

/ 79 

gravest vibmtion of an elastic sphere is 2ir f 5 result might be 

tested experimentally*. 


If g bo put equal to zero, the sphere is devoid of gravitation, and if t be 
put equal to zero the sphere becomes perfectly fluid ; but the solution is then 
open to objections similar to those considered, when viscosity graduates into 
fluidity. 


It is obvious that the whole of this present part might be easily adapted 
to that hypothesis of olastico-viscosity which was considered in the paper on 
“ Tides,” but it does not at present seem worth while to do so. 


By substituting those second approximations in the equations of motion 
again, we might proceed to a third approximation, and so on; but the 
analytical labour of the process would become very great. 


IV. Dismssion of the applicability of the results to the history 

of the earth. 

The first paper of this series was devoted to the consideration of in- 
equalities of short period, in the state of flow of the interior, and in the form 
of surface, produced in a rotating viscous sphere by the attraction of an 
external disturbing body: this was the theory of tides. The investigation 
was admitted to be approximate from two causes — (i) the neglect of the 
ineriia of the relative motion of the paits of the spheroid ; (ii) the neglect 
of tangential action between the surface of the mean sphere and the tidal 
protuberances. 

* [At p. 211 of the paper referred to above, Professor Lamb finds the period of this vibration 
to be 2 -^*842, the notation being changed so as to agree with mine. My result may be 

written 2 Now is ^ agreement 

\ V J T V 

between my result and the rigorous solution.] 
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III the second paper the inertia was still neglected, hxii ot 

these tangential actions were considered, in as far ius they nu>difit‘d tlu,‘ 
rotation of the spheroid as a whole. In that paper the sphcsrii was tiri‘at.ed 
as though it were rigid, but had rigidly attached to its HUi’faci,^ tM»rt.ain 
inequalities, which varied in distribution from instant to instant accHinliug 
to the tidal theory. 

In order to justify this assumption, it is now necessary to i»xaiuin<' 
whether the tidal protuberances may be regarded as instixntaiu'ously and 
rigidly connected with the rotating sphere. If there is a sc'cular distoHitin of 
the spheroid in excess of the regular tidal flux and reflux, thi^ assmnptiiou is 
not rigorously exact; but if the distortion be very slow, tln^ (U^jiarturij troiu 
exactness may be regarded as insensible. 

The first problem in the present paper is the investigation of the amount 
of secular distortion, and it is treated only in the siiupli^ (^asi‘. id’ a si ugh* 
disturbing body, or moon, moving in the equator of the. tidally-disttorti'd 
spheroid or earth. 

It is found, then, that the form of the lagging tide in tlu^ i^arth is not 
such that the pull, exercised by the moon on it, can rcittai'd t.h(» i^artirs 
rotation exactly as though the eaith were a rigid body. In otln^r words, 
there is an unequal distribution of the tidal frictional couph'* in various 
latitudes. 

We may see in a general way that the tidal protuberaiUM'. is jirini^ijMilly 
equatorial, and that accordingly the moon tends to retard tlu‘. diurnal rotation 
of the equatorial poitions of the sphere more rapidly than that of tlu^ polar 
regions. Hence the polar regions tend to outstrij) the eipiatior, and tluu*i‘ is 
a slow motion from west to east relatively to the equator. 

When, however, we come to examine numerically the amount of this 
screwing motion of the earth’s mass, it appears that tlio distortion is 
exceedingly slow, and accordingly the assumption of the insbuitaniious rigid 
connexion of the tidal protuberance with the mean sphere is suHicdiuitly 
accurate to allow all the results of the paper on Precession ” to hold good. 

In the special case, which was the subject of numorical solut.ion in that 
paper, we were dealing with a viscous mass which in ordinary parlanoi^ would 
be called a solid, and it was maintained that the results might possibly bt* 
applicable to the earth within the limits of geological history. 

Now the present investigation shows that if we look back 45,000,000 yc^u’s 
from the present state of things, we might find a point in lat. lUf further 
west with reference to a point on the equator, by than at present, and a 
pomt m lat. 60° further west by 14^'. The amount of diRtortion of the 
surface strata is also shown to be exceedingly minute. 
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From theso results wo may conclude that this cause has had little or 
nothing to do with the observed crumpling of strata, at least within recent 
geological times. 

If, however, the views maintained in the paper on “ Precession as to the 
remote history of the earth are correct, it would not follow, from what has 
been stated above, that this cause has never played an important part ; for 
the rate of the screwing of the earth’s mass varies inversely as the sixth 
power of the moon’s distance, multiplied by the angular velocity of the earth 
relatively to the moon. And according to that theory, in very early times 
the moon was very near the earth, whilst the relative angular velocity was 
comparatively great. Hence the screwing action may have been once 
sensible*. 

Now this sort of motion, acting on a mass which is not perfectly homo- 
geneous, would raise wrinkles on the surface which would run in directions 
perpendicular to the axis of greatest pressure. 

In the case of the earth the wrinkles would run north and south at the 
equator, and would boar away to the eastward in northerly and southerly 
latitudes ; so that at the north pole the trend would be north-east, and at the 
south pole north-west. Also the intensity of the wrinkling force varies as the 
square of *tho cosine of the latitude, and is thus greatest at the equator, and 
zero at the polos. Any wrinkle when once formed would have a tendency to 

* This result is not strictly applicable to tbo case of infinitely small viscosity, because it 
gives a finite though very smaU circulation, if the coefficient of viscosity be put equal to zero. 

By putting €=0 in (17'), Part I., vie find a superior limit to the rate of distortion. With the 
present angular velocities of the earth and moon, ^ must be less than 6 x 10"*® cos^ $ in degrees 
per annum. 

It is easy to find when would be a maaimum in the course of development considered in 
“Precession*’; for, neglecting the solar effects, it wiU be greatest when (n- G) is greatest. 

Now (ti - ft) varies as [1 + /x - and this function is a maximum when 

?io 

Taking /t=4-0074, and ?!■’ =27-82, wo have i”*- 109-45 +80-293 = 0. 

The solution of this is ^=*2218. 

With this solution dlijilt will be found to bo 66 million times as great as at present, being 
equal to 18' oos^ 6 per annum. With this value of f, the length of the day is 6 hours 60 minutes, 
and of the month 7 hours 10 minutes. 

This gives a superior limit to the greatest rate of distortion that can ever have occurred. 

By (19'), however, we see that the rate of distortion per unit increment of the moon’s distance 
may be made as large as we please by taking the coefficient of viscosity small enough. 

These considerations seem to show that there is no reason why this screwing action of the 
earth should not once have had considerable effects. (Added October 16, 1879.) 
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turn slightly, so as to become more nearly east and west, than it was when 
first made. 


The general configuration of the continents (the largo wrinkles) on tho 
earth’s surfime appears to me remarkable when viewed in connexion with 
these results. 


There can be little doubt that, on the whole, the highest mountains aro 
equatorial, and that the general trend of the great continents is north and 
south in those regions. The theoretical directions of coast lino aro not so 
well marked in ports removed from the equator. 

The great line of coast running firom North Africa by Spain to Norway 
has a decidedly north-easterly bearing, and the long Chinese coirst exhibits a 
similar tendency. The same may be observed in the line from Grconlmid 
down to the Gulf of Mexico, but here we meet with a very nnfiivoiunblo case 
in Panama, Mexico, and the long Californian coast line. 

From the paucity of land in the southern hemisphere tho indioationH aro 
not so good, nor are they very favourable to these views. The gresat lino of 
elevation which' runs firom Borneo through Queensland to New ^Icaland 
rnight perhaps be taken as an example of north-westerly trend. Tho Cor- 
dilleras run very nearly north and south, but exhibit a clear north-westerly 
twist in Tierra del Fuego, and there is another slight bond of tho santc 
character in Bolivia. 


But if this cause was that which principally determined tho direction of 
tOTestrid inequalities, the view must be held that the general position of 
the TOntinents has always been somewhat as at present, and that, after the. 
wrinkly were formed, the surfece attained a considerable rigidity, so that tho 
mequahti^ could riot entirely subside during the continuous adjustment to 
e of equihbnum of the earth, adapted at each period to the lengthening 
ay. Wia respect to this point, it is worthy of remark that many geologists 

^ of opinion that the great continents have always been more or loss in 
tneir present positions. 

An inspection of Professor Schiapparelli’s map of Mars* I t.hi'nV will 

co^tin. Ji. no. som^LT^L^ 

, . , ■ the equatorial regions we there observe a great many v( 5 ry 

^0 bybout twenty olannolt inning 

“ S’ tl,r^ T?- beyond 

^-we^y tendonoy. It muat bo confetsed, bowo.er. thnt 
of Ito „ nbnoa bK. booa,» wo hoto to onppooo, nlrd^ 
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to the theory, that its distortion is due to the sun, from ■which the planet 
must always have been distant. The very short period of the inner satellite 
shows, however, that the Martian rotation must have been (according to the 
theory) largely retarded ; and where there has been retardation, there must 
have been internal distortion. 

The second problem which is considered in the first part of the present 
paper is concerned with certain secondary tides. My attention was called to 
these tides by some remarks of Dr Jules Garret*, who says: 

‘'Los actions pcrturbatrices du soleil et de la lune, qui produisent les 
mouvements coniquos de la precession des equinoxes et de la nutation, 
n'agissont que sur cetto portion do Tellipsoide terrestre qui exefede la sphere 
tangente aux deux pAles, c'est-Ji-dire, en admettant Tetat p&teux de Tinterieur, 
k peu prhs uniquement sur oe que Ton est convenu d’appeler la croUte 
terrestre, et presquo sur toute la create terrestre. La croflte glisse sur 
rintericur phistiquc. Ellc parviont k entrainer Tinterieur, car, sinon, Taxe de 
la rotation du globe domeurerait parallels k lui-meme dans Tespace, ou 
n*eprouvenut quo des variations insignifiantes, et le phenomene de la pre- 
cession des equinoxes n’cxistorait pas. Ainsi la croUte et Tinterieur se 
meuvont do quantites inegalos, d’oii le deplacement geographique du p61e 
sur la sphere. 

“ Cette idee a ete emise, je crois, pour la prenaiere fois, par M. Evans ; 
depuis par M. J. Peroche.” 

Now with respect to this view, it appears to me to be sujBScient to remark 
that, as the axes of the processional and nutational couples are fixed relatively 
to the moon, whilst the earth rotates, therefore the tendency of any particular 
part of the crust to slide over the interior is reversed in direction every twelve 
lunar houi*s, and therefore the result is not a secular displacement of the 
crust, but a small tidal distortion. 

As, however, it was just possible that this general method of regarding 
the subject overlooked some residual tendency to secular distortion, I have 
given the subject a more careful consideration. From this it appears that 
there is no other tendency to distortion besides that arising out of tidal 
friction, which has just been discussed. It is also found that the secondary 
tides must bo very small compared with the primary ones ; with the present 
angular velocity of diurnal rotation, probably not so much in height as one- 
hundredth of the primary lunar semi-diurnal bodily tide. 

It seems out of the question that any heterogeneity of viscosity could 
alter this result, and therefore it may, I think, be safely asserted that any 

* Soci6t4 Scbvoisienne (TJSistoire et d^Arch^loffief May 23, 1878. He is also author of a worh, 
Le DSjplacemnt Polaire, I think Dr Carrot has misunderstood Mr [now Sir John] Evans. 
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sliding of the crust over the interior is impossible — at least as arising from 
this set of causes. 

The second part of the paper is an investigation of tho amount of work 
done in the interior of the viscous sphere by the bodily tidal distortion. 

According to the principles of energy, the work done on any oU^incnt 
makes itself manifest in the form of heat. The whole work which is done on 
the system in a given time is equal to the whole energy lost to tho system in 
the same time. From this consideration an estimate was given, in the paper 
on “ Precession,” of the whole amount of heat generated in the earth in a 
given time. In the present paper the case is taken of a moon moving round 
the earth in the plane of the equator, and tho work done on each elonumt of 
the interior is found. The work done on the whole earth is found by 
shilling up the work on each element, and it appeam that the work pt^.r unit 
time is equal to the tidal frictional couple multiplied by tho relative angular 
velocity of the two bodies. This remarkably simple law results from a 
complex law of internal distribution of work, and its identity with the law 
found in Precession, from simple considerations of energy, aftbrds a valuables 
confirmation of the complete consistency of the theory of tides with itstdf. 

2 gives a graphical illustration of the distribution in the interior of 
the work done, or of the heat generated, which amounts to tho sam(^ thing. 
The re^er is referred to Part II. for an explanation of the figiin^. Mitre 
inspection of the figure shows that by far the larger part of tint heat is 
generated in the central parts, and calculation shows that about one-third of 
the whole heat is generated within the central one-eighth of the volimut, 
wMlst m a spheroid of the size of the earth only one-tenth is gem^.nited 
withm 500 miles of the surface. 

In the paper on « Precession ” the changes in the system of the sun, moon, 
^d earth were traced backwards from the present lengths of day and month 
back to a common length of day and month of 6 hours 36 minutes, and it wfis 
lound that m such a change heat enough must have been generated within 

!!^i T ““s 3000” Fahr. if applied all at onco, suppoaing 

JwTntf r® It appealed to mo at that timo 

imless these changes took place at a time very long antecedent to 
geolopcal history, this enormous amount of internal heat generated would 

Sk'wfllia^Th^^ temperature in mines and boringH. 

nf Thomson however, pomted out to me that the distribution 

of heat-generation would probably be such as to prevent the realisation of 

7- ' -“tions, coteL" 

^ the secular cooling of the earth, comprised in the latter pui-tion of 

It IS firat shown that, taking certain average values for the increase of 
un erground temperature and for the conductivity of the eai-th, tho earth 
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(considered homogeneous) must be losing by conduction outwards an amount 
of energy equal to its present kinetic energy of rotation in about 262 million 
years. 

It is next shown that in the passage of the system from a day of 6 hours 
40 minutes to one of 24 hours, there is lost to the system an amount of 
energy equal to 13J times the present kinetic energy of rotation of the earth. 
Thus it appears that, at the present rate of loss, the internal friction gives a 
supply of heat for 3,560 million years. So far it would seem that internal 
friction might be a powerful factor in the secular cooling of the earth, and 
the next investigation is directly concerned with that question. 

In the case of the tidally-distorted sphere the distribution of heat- 
generation depends on latitude as well as depth from the surface, but the 
average law of heat-generation, as dependent on depth alone, may easily be 
found. Suppose, then, that we imagine an infinite slab of rock 8,000 miles 
thick, and that we liken the medial plane to the earth’s centre and suppose 
the heat to be generated unifonnly in time, according to the average law 
above referred to. Conceive the two faces of the slab to be always kept at 
the same constant temperature, and that initially, when the heat-generation 
begins, the whole slab is at this same temperature. The problem then is, to 
find the rate of increase of temperature going inwards from either face of the 
slab after any time. 

This problem is solved, and by certain considerations (for which the 
reader is referred back) is made to give results which must agree pretty 
closely with the temperature gradient at the surface of an earth in which 
13^ times the present kinetic energy of earth’s rotation, estimated as heat, is 
uniformly generated in time, with the average space distribution referred to. 
It appears that at the end of the heat-generation the temperature gradient 
at the surface is sensibly the same, at whatever rate the heat is generated, 
provided it is all generated within 1,000 million years ; but the temperature 
gradient can never be quite so steep as if the whole heat were generated 
instantaneously. The gradient, if the changes take place within 1,000 million 
years, is found to be about V Fahr. in 2,600 feet. Now the actually observed 
increase of underground temperature is something like 1° Fahr. in 60 feet ; 
it therefore appears that perhaps one-fiftieth of the present increase of 
underground temperature may possibly be referred to the effects of long 
past internal friction. It follows that Sir William Thomson’s investiga- 
tion of the secular cooling of the earth is not sensibly affected by these 
considerations*. 

If at any time in the future we should attain to an accurate knowledge of 
the increase of underground temperature, it is just within the bounds of 

* [The conclusion might be different if the earth were to consist of a rigid nucleus covered by 
a thick or thin stratum of viscous material.] 
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the effect of inebtia nr tidal oscillations. 
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ten tteeW is concerned with the effects of inertia on 
^ 0 ^ int^rt? T“^ As tbie part will be only vdnsble t» thoB.- 
» bw woidT^ sctnd th„.y of tides, it may here be dismissed in 
^ tte 'nrSnt ^7 ““f Wen. and in tbe flrri, tww. . 

be imoortant in tLsa « ^ T I r®sults could not- 

to the^ present disturbed by tides of a frequency equa.1 

the^ Ev r? y** ““ Wleet left a defect in th.. 

might be seriously at fault. ^ ^ t^ession ), the theory usocJ 
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THE DETERMINATION OF THE SECULAR EFFECTS OF 
TIDAL FRICTION BY A GRAPHICAL METHOD. 


[Proceedings of ike Royal Society of London, xxix. (1879), pp. 168 — 181.] 


Suppose an attractive particle or satellite of mass m to be moving in a 
circular orbit, with an angular velocity II, round a planet of mass M, and 
suppose the planet to be rotating about an axis perpendicular to the plane of 
the orbit, with an angular velocity n ; suppose, also, the mass of the planet to 
bo partially or wholly imperfectly elastic or viscous, or that there are oceans 
on the surface of the planet ; then the attraction of the satellite must produce 
a relative motion in the parts of the planet, and that motion must be subject 
to friction, or, in other words, there must be frictional tides of some sort or 
other. The system must accordingly be losing energy by friction, and its 
configuration must change in such a way that its whole energy diminishes. 

Such a system does not differ much from those of actual planets and 
satellites, and, therefore, the results deduced in this hypothetical case must 
agree pretty closely with the actual course of evolution, provided that time 
enough has been and will be given for such changes. 

Let C bo the moment of inertia of the planet about its axis of rotation ; 
r the distance of the satellite from the centre of the planet ; 
h the resultant moment of momentum of the whole system ; 
e the whole energy, both kinetic and potential, of the system. 

It will be supposed that the figure of the planet and the distribution of 
its internal density are such that the attraction of the satellite causes no 
couple about any axis perpendicular to that of rotation. 


13—2 
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The two bodies revolve in circles about their common centre of inertia 
with an angular velocity and, therefore, the moment of momentum of 
orbital motion is 



If jj, be attraction between unit masses at unit distance, by the law of 
periodic times in a circular orbit, 

ilV® = /I (M -f m) 

whence fir® == /^^ (if + m) “ ^fl " 

And the moment of momentum of orbital motion = /a ^ (if + m) K 
The moment of momentum of the planet’s rotation is 0^, and thoroforo 

A = + (1) 

Again, the kinetic energy of orbital motion is 

The kinetic energy of the planet’s rotation is 
The potential energy of the system is 

Adding the three energies together 

2e= + ^2) 

Now, suppose that by a proper choice of the unit of time. 

y=n, Y = 2e 


* If (, be the mean gravity at the surface of the planet, a its mean radins. and 

f^{M+m)2=ga^ 

V 

j fey ,1 + i 

II ih. ,i«»t h „a site 

» a. I a,, ^ J ^ 
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It may be well to notice that x is proportional to the square root of the 


satellite’s distance from the planet. 

Then the equations (1) and (2) become 

h = y + x (3) 

w 


(3) is the equation of conservation of moment of momentum, or shortly, the 
equation of momentum ; (4) is the equation of energy. 

Now, consider a system started with given positive (or say clockwise) 
moment of momentum h ; we have all sorts of ways in which it may be 
started. If the two rotations be of opposite kinds, it is clear that we may 
start the system with any amount of energy however great, but the true 
maxima and minima of energy compatible with the given moment of 

momentum are given by ^ 

or .7,*^ -- + 1 == 0 (5) 

We shall presently see that tliis bi(iuadrntic has either two real roots and 
two imaginary, or all imaginary roots. 

This biquadratic may bo derived from quite a different consideration, viz., 
by finding the condition under which the satellite may move round the 
planet, so that the planet shall always show the same face to the siitelHte, in 
fact, so that they move as pai*ts of one rigid body. 

The condition is simply that the satellite’s orbital angular velocity fl = w 
the planet’s angular velocity round its axis; or since n^y and 
therefore y — l/aj®. 


It ifl clear that is a time ; and in tho oaso of tho oarth and moon (with j'ssSS), 

=3 hrs. mins., if tho oarth bo homogoneous 
and «3=2 hrs. 41 mina., if tho oarth bo heterogeneous 

For the units of length and mass we have only to choose them so that or may 
be unity. 

With these units it will be found that for tho present length of day nK'8066 (homog.) or 
‘7026 (heterog.), and that 

/i= -8050 [1+4*01] =4-03 (homog.) 
or h = -7020 [1 + 4*38] = 3-78 (heterog.) 

For the value 4*38 see Thomson and Tait’s Natural Philosophy, § 270, where tidal friction is 
considered. 
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By substituting this value of y in the equation of momentum (3), we get 
as before 

— A^4-1=0 (5) 

In my paper on the "Precession of a Viscous Spheroid” [Papier 3] 
I obtained the biquadratic equation from this last point of view only, 
and considered analytically and numerically i its bearings on the histoiy of 
the earth. 


Sir William Thomson, having read the paper, told me that ho thought 
that much light might be thrown on the general physical moaning of the 
equation, by a comparison of the equation of conservation of moment of 
momentum with the energy of the system for various configurations, and he 
su^ested the appropriateness of geometrical illustration for the i)urp()so of 
this comparison. The method which is worked out below is the result of th(i 
suggestions given me by him in conversation. 

The simplicity with which complicated mechanical interactions may be 
thus traced out geometrically to their results appears truly remarkable. 

At present we have only obtained one result, viz. : that if with given 
moment of momentum it is possible to set the satellite and planet moving iis 
a ri^d body, then it is possible to do so in two ways, and one of thesis ways 
req^es a maximum amount of energy and the other a minimum ; from 
which it is clear that one must be a rapid rotation with the Hatollite near 

the planet, and the other a slow one with the satellite remote from the 
planet. 


Now, consider the three equations, 

( 6 ) 

T=(A-«,)»-i (7) 

= 1 ( 8 ) 

(6) IS the equation of momentum; (7). that of energy; and (8) we may call 

the equation of ngidity, since it indicates that the two bodies move Jia 
though parts of one rigid body. 

1£ we wish to lUustrate these equations graphically, we may take as 

f “,“T‘ 

eotiatioiia (61 momentam. Also, for 

momentum of the planets rotation; so that the axis of v mav be called 

rr"'""-' « oSe t““ 

’ ■“ "f T maj be called the axia 

n , to e^shibit all three curves in the same 

4at ISS ““ 
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It will not be necessary to consider the case where the resultant moment 
of momentum h is negative, because this would only be equivalent to reversing 
all the rotations ; thus h is to be taken as essentially positive. 

The line of momentum, whose equation is (6), is a straight line at 46“ to 
either axis, having positive intercepts on both axes. 

The curve of rigidity, whose equation is (8), is clearly of the same nature 
as a rectangular hyperbola, but having a much more rapid .rate of approach 
to the axis of orbital momentum than to that of rotational momentum. 



Fio. 1. Qraphioal illustration of the equations specifying the Efystem. 


The intersections (if any) of the curve of rigidity with the line of 
momentum have abscissas which arc the two roots of the biquadratic 
=,0. The biquadratic has, therefore, two real roots or all 

imaginaiy roots. Since a?— 11 it varies as s/v, and, therefore, the inter- 
section which is more remote from the origin, indicates a configuration where 
the satellite is remote from the planet ; * the other gives the configuration 
where the satellite is closer to the planet. We have already learnt that these 
two correspond respectively to minimum and maximum energy. 

When 00 is very large, the equation to the curve of energy is Y = (A — oc)^^ 
which is the equation to a parabola, with a vertical axis parallel to Y and 
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distant h from the origin, so that the axis of the parabola passtjH through the 
intersection of the line of momentum with the axis of orbital moiucntuiu. 

When X is very small the equation becomes Y = — l/af*- 

the axis of Y is asymptotic on both sides to the curvti of energy. 

If the line of momentum intersects the curve of rigidity,^ th(i curve 
of energy has a maTimnm vertically underneath the point of intorsoctiou 
nearer the origin, and a minimum underneath the point more remote. But 
if there are no intersections, it has no maximum or minimum. 



Fig. 2. Diagram illustrating the ease of Earth and Moon, 
drami to scale. 


It is not easy to exhibit these curves well if they aro drawn to scale, 
without making a figure larger than it would he convenient to print, aii<l 
accordingly fig. 1 gives them as drawn with the free hand. As the zero of 
energy is quite arbitrary, the origin for the energy curve is displaccnl down- 
wards, and this prevents the two curves firom crossing one another in a 
confusing manner. The same remark applies also to figs. 2 and 3. 

Fig. 1 is erroneous principally in that the curve of rigidity ought to 
approach its horizontal asymptote much more rapidly, so that it would bo 
difficult in a drawing to scale to distinguish the points of intersection B 
and D. 

Fig. 2 exhibits the same curves, but drawn to scale, and designed to be 
applicable to the case of the earth and moon, that is to say, when A = 4 
nearly. 
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Fig, 3 shows the curves when h = 1, and when the line of momentum 
does not intersect the curve of rigidity; and here there is no maximum or 
minimum in the curve of energy. 

These figures exhibit all the possible methods in which the bodies may 
move with given moment of momentum, and they differ in the fact that in 
figs. 1 and 2 the biquadratic (5) has real roots, but in the case of fig. 3 this is 
not so. Every point of the line of momentum gives by its abscissa and 
ordinate the square root of the satellite’s distance and the rotation of the 
planet, and the ordinate of the energy curve gives the energy corresponding 
to each distance of the satellite. 



Fio. 3. Diagram illustrating the ease where there is no 
maximum or minimum of energy. 


Parts of those figures have no physical meaning, for it is impossible for 
the satellite to move round the planet at a distance which is less than the 
sum of the radii of the planet and satellite. Accordingly in fig. 1 a strip is 
marked otf and shaded on each side of the vertical axis, within which the 
figure has no physical meaning. 

Since the moon’s diameter is about 2,200 miles, and the earth’s about 
8,000, therefore the moon’s distance cannot be less than 5,100 miles; and in 
fig. 2, which is intended to apply to the earth and moon and is drawn to 
scale, the base only of the strip is shaded, so as not to render the figure 
confused. The strip has been accidentally drawn a very little too broad. 

The point P in fig. 2 indicates the present configuration of the earth and 
moon. 
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The curve of rigidity a^y = 1 is the same for all values of A, and by 
moving the line of momentum parallel to itself nearer or further from the 
origin, we may represent all possible moments of momentum of the whole 
system. 

The smallest amount of moment of momentum with which it is possible 
to set the system moving as a rigid body, is when the line of momentum 
touches the curve of rigidity. The condition for this is clearly that the 
equation a?* — Aic* + 1 = 0 should have equal roots. If it has equal roots 
each root must be |A, and therefore 

whence = 4^3* or A = 4/3* = 1-76. 

The actual value of h for the moon and earth is about 3^, and hence if 
the moon-earth system were started with less than of its actual moment of 
momentum, it would not be possible for the two bodies to move so that the 
earth should always show the same face to the moon. 

Again if we travel along the line of momentum there must be some 
point for which ya? is a maximum, and since ya^ — njO, there must be some 
point for which the number of planetary rotations is greatest during one 
revolution of the satellite, or shortly there must be some configuration for 
which there is a maximum number of days in the month. 

Now ya? is equal to a^(h — x), and this is a maximum when x == \h and 
the maximum number of days in the month is (fA)3(A~.JA) or if 

h is equal to 4, as is nearly the case for the homogeneous earth and moon, 
this becomes 2T. 

Hence it follows that we now have very nearly the maximum number of 
days in the month. A more accurate investigation in my paper on the 
Precession of a Viscous Spheroid,” [p. 96] showed that taking account of 
solar tidal friction and of the obliquity of the ecHptic the maximum number 
of days is about 29, and that we have already passed through the phase of 
maximum. 


We wiU now consider the physical meaning of the several parts of the 
figures. 

It will be supposed that the resultant moment of momentum of the whole 
system corresponds to a clockwise rotation. 

Imagine two points with the same abscissa, one on the momentum lino 
an t e ot er on the energy curve, and suppose the one on the energy curve 
to guide that on the momentum line. 


Smee we aie supposing frictional tides to he raised on the planet, the 
enerp m^t degrade, and however the two points are set initially, the 
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whole. In all cases the satellite approaches the planet. In the case of fig. 3, 
the satellite must ultimately fall into the planet ; in the case of figs. 1 and 2 
the satellite will fall in if its distance fi’om the planet is small, or move round 
along with the planet as a rigid body if its distance be large. 

For the part of the line of momentum AB, the month is longer than the 
day, and this is the case of all known satellites except the nearer one of Mars. 
As this part of the line is non-existent in fig. 3, we see that the case of all 
existing satellites (except the Martian one) is comprised within this part 
of figs. 1 and 2. If a satellite be placed in the condition A, that is to say, 
moving rapidly round a planet, which always shows the same face to the 
satellite, the condition is clearly dynamically unstable, for the least disturb- 
ance will determine whether the system shall degrade down the slopes ac or 
ahf that is to say, whether it falls into or recedes from the planet. If the 
equilibrium breaks down by the satellite receding, the recession will go on 
until the system has reached the state corresponding to B. 

The point P, in fig. 2, shows approximately the present state of the earth 
and moon, viz., when x = 3*2, y = '8. 

It is clear that, if the point I, which indicates that the satellite is just 
touching the planet, be identical with the point A, then the two bodies are 
in effect part of a single body in an unstable configuration. If, therefore, the 
moon was originally part of the earth, we should expect to find A and I 
identical. The figure 2, which is drawn to represent the earth and moon, 
shows that there is so close an approach between the edge of the shaded band 
and the intersection of the line of momentum and curve of rigidity, that it 
would be scarcely possible to distinguish them on the figure. Hence, there 
seems a considerable probability that the two bodies once formed parts of a 
single one, which broke up in consequence of some kind of instability. This 
view is confirmed by the more detailed consideration of the case in the paper 
on the “ Precession of a Viscous Spheroid ” [Paper 3], 

Hitherto the satellite has been treated as an attractive particle, but the 
graphical method may be extended to the case where both the satellite 
and planet are spheroids rotating about axes perpendicular to the plane of 
the orbit. 

Suppose, then, that h is the ratio of the moment of inertia of the satellite 
to that of the planet, and that z is equal to the angular velocity of the 
satellite round its axis, then kz is the moment of momentum of the satellite’s 
rotation, and we have 

h — a> + y + kzfoT the equation to the plane of momentum 
4 - ~ for the equation of energy 

and = for the equation to the line of rigidity. 
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The most convenient form in which to put the equation to the surfecc of 
energy is 


E = + 

where E, y, z are the three ordinates. 


1 

Qh-y-hzY 


The best way of understanding the surface is to draw the contour-linos of 
energy panillcl to the plane of yz^ as shown in fig. 4. 

The case which I have considered may be called a double-star system, 
where the planet and satellite are equal and A; = 1, Any other case may 
be easily conceived by stretching or contracting the surface parallel to z. 



Fig. 4. Contour lines of energy surface for two equal stars, revolving about 

one another. 


It will bo tbiuid that, if the whole moment of momentum h has loss than 
a certain critical value (found by the consideration that — Ait^ + 2=:0 
h(\B ecjual roots), the surface may be conceived as an infinitely narrow and 
deep ravine, opening out at one part of its course into rounded valleys on 
each side of the ravine. In this case the contours would resemble those of 
fig. 4, supposing the round closed curves to be absent. The course of the 
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ravine is at 46° to the axes of y and z, and the origin is situated in one of the 
valleys, which is less steep than the valley facing it on the opposite side of 
the ravine. The form of a section perpendicular to the ravine is such as the 
curve of energy in fig. 3, so that everywhere there is a slope tow^u’ds tho 
ravine. 

Every point on the surfece corresponds to one configuration of tho system, 
and, if the system he guided by a point on the energy surface, that point 
must always slide down hill. It does not, however, necessarily follow that it 
will always slide down the steepest path. The fall of the guiding point into 
the ravine indicates the falling together of the two stars. 

Thus, if the two bodies be started with less than a certain moment of 
momentum, they must ultimately fall together. 

Next, suppose the whole moment of momentum of the system to bo 
greater than the critical value. Now the less steep of tho two valleys of 
the former case (viz., the one in which the origin lies) has become more 
like a semicircular amphitheatre of hills, with a nearly circular lake at 
the bottom ; and the valley facing the amphitheatre has become inercsly a 
falling back of the cliffs which bound the ravine. The energy curve in fig. 2 
would show a section perpendicular to the ravine through the middle of 
the lake. 

The origin is nearly in the centre of the lake, but slightly more roiaoto 
from the ravine than the centre. 

In this figure A was taken as 4, and k as unity, so that it rcprcsoiits a 
system of equal double stars. The numbers written on each contour gi vc tht's 
value of E corresponding to that contour. 

Now, the guiding point of the system, if on the same side of the ravine ivs 
the origin, may either slide down into the lake or into the ravine. If it falls 
into the ravine, the two stars fall together, and if to the bottom of the lake, 
the whole system moves round slowly, like a rigid body. 

If the point be on the lip of the lake, with the ravine on one side and tho 
lake on the other, the configuration corresponds to the motion of tho two 
bodies rapidly round one another, moving as a rigid body ; and this state 
is clearly dynamically unstable. 

If the point be on the other side of the ravine, it must fall into it, and tho 
two stars fall together. 

It Im been remarked that the guiding point does not necessjxrily slide 

down the steepest gradient, and of such a mode of descent illustrations will 
be given hereafter. 

Hence it is possible that, if the guiding point be started somewhere on 
e amphitheatre of hills, it may slide down until it comes to the lip of the 
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lake. As far as one can see, however, such a descent would require a 
peculiar relationship of the viscosities of the two stars, probably varying 
from time to time. It is therefore possible, though improbable, that the 
unstable condition where the two bodies move rapidly round one another, 
always showing the same &ices to one another, may be a degradation of a 
previous condition. If this state corresponds with a distance between the 
stars less than the sum of the radii of their masses, it cleai’ly cannot be tho 
result of such a degradation. 

If, therefore, we can trace back a planet and satellite to this state, wo 
have most probably found the state whore tho satellite first had a separate 
existence. 

The conditions of stability of a rotating mass of fluid ai*o very obsoui’o, 
but it seems probable that, if the stability broke down and the mass gradiuUly 
separated into two parts, the condition immediately after sopwation might 
be something like the unstable configuration described above. 

In conclusion, I will add a few words to show that the guiding point on 
an energy surface need not necessarily move down the steepest path, but may 
even depart from tho bottom of a furrow or move along a ridge. Of this two 
cases will bo given. 

Tho satellite will now be again supposed to be merely an attractive 
particle. 

First, with given moment of momentum, tho energy is greater when tho 
axis of the planet is oblique to the orbit. Hence, if we draw an oneigy 
surfjuso in which one of the co-ordinate axes corresponds to obliquity, thoi-e 
must be a furrow in the surfiico corresponding to zero obliquity. To conclude 
that tho obliquity of the ecliptic must diminish in consequence of tidal 
friction would bo erroneous. In fact, it appears, in my paper on tho “ Pro- 
cession of a Viscous Spheroid ” [Paper 3], that for a planet of small viscosity 
the position of zero obliquity is dynamically unstable, if the period of tho 
satellite is greater than twice that of the planet’s rotation. Thus the guiding 
point, though always descending on the energy surface, will depart from tho 
bottom of the furrow. 

Secondly. For given moment of momentum the oneigy is less if the orbit 
be eccentric, and an energy surface may be constructed in which zero 
eccentricity corresponds to a ridge. ISTow, I shall show in [Paper 6] that 
for small viscosity of the planet the circular orbit is dynamically stable if 
eighteen periods of tho satellite bo leas than eleven periods of the planet’s 
rotation. This will afford a case of tho guiding point sliding down a ridge ; 
when, however, the critical point is passed, the guiding point will depart 
from the ridge and the orbit become eccentric. 
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ON THE SEOULAE CHANGES IN THE ELEMENTS OF THE 
ORBIT OF A SATELLITE REVOLVING ABOUT A TIDALLY 
DISTORTED PLANET. 

\Philo8(ypKioal Transactions of the Royal Society, Vol. 171 (1880), 

pp. 713—891.] 
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■fco contain references to every point which seems to be worthy of notice. 
1 think also that a study of Part VII. will facilitate the comprehension of 
tine analytical parts of the paper. 

Part I. contains an explanation of the peculiarities of the method of the 
disturbing function as applied to tho tidal problem. At the beginning there 
is a summary of tho moaning to be attached to the principal symbols em- 
ployed. Tho problem is divided into several heads, and the disturbing function 
is partially developed in such a way that it may be applicable either to finding 
■fcho perturbations of the satellite, or of the planet itself. 

In Part 11. the satellite is supposed to move in a circular orbit, inclined to 
■fclie fixed plane of reference. It here appears that the problem may be 
advantageously subdivided into the following cases : Ist, where the permanent 
oblatoncss of tho planet is small, and whore tho satellite is directly perturbed 
by tho action of a second largo mid distant satellite such as the sun; 2nd, 
■where the planet and satellite are tho only two bodies in existence ; 3rd, where 
■fche permanent oblatcnoss is considerable, and the action of the second satellite 
is not so important as in tho first case. Tho first and second of these cases 
afford the subject for the rest of this piirt, and tho laws are found which 
govern the secular changes in tho inclination and moan distance of tho 
satellite, and tho oblicjuity and diurnal rotation of the planet. 

Part III. is devoted to tho third of the above cases. It was found neces- 
sary first to investigate tho motion of a satellite revolving about a rigid 
oblate spheroidal planet, and perturbed by a second satellite. Here I had to 
introduce the conception of a pair of planes, to which the motions of tho 
satellite and planet may be referred. The problem of the third case is then 
shown to resolve itself into a tracing of the secular changes in the positions 
of these two “ proper ” pianos, under tho influence of tidal fnction. After a 
long analytical investigation differential equations arc found for tho rate of 
tihese changes. 

Part IV. contains the numerical integration of tho differential equations 
of Parts II. and III., in application to the case of the earth, moon, and sun, 
the earth being supposed to bo viscous. 

Part V. contains the investigation of the secular changes of the eooen- 
fcrioity of the orbit of a satellite, together with tho corresponding changes in 
-bhe planet’s mode of motion. 

Part VI. contains a numerical integration of tho equations of Part V. in 
tihe case of the earth and moom The objects of Parts VII. and VIII. have 
■been already explained. 

In the abstract of this paper in the Proceedings of die Royal Society*, 
certain general considerations are adduced which throw light on the nature 

* No. 200, 1879. [See Appendix A below.] 
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of the results here found. Such general reasoning could not lead to definite 
results, and it was only used in the Abstract as a substitute for analysis ; [it 
is however given in an Appendix]. 


X 

The Theory of the Disturbino Function. 

§ 1. PreUmiTiary considerations. 

In the theory of disturbed elliptic motion the six elements of the orbit 
may be divided into two groups of three. 

One set of three gives a description of the nature of the orbit which is 
being described at any epoch, and the second set is required to determine the 
position of the body at any instant of time. In a speculative inquiry like the 
present one, where we are only concerned with very small inequalities which 
would have no interest unless their effects could be cumulative from age to 
age, so that the orbit might become materially changed, it is obvious that 
the secular changes in the second set of elements need not be considered. 

The three elements whose variations are not here found are the longitudes 
of the perigee, the node, and the epoch ; but the subsequent investigation 
will afford the materials for finding their variations if it be desirable to do so. 

The first set of elements whose secular changes are to be traced are, 
according to the ordinary system, the mean distance, the eccentricity, and the 
inclination of the orbit. We shall, however, substitute for the two former 
elements, viz.: mean distance and eccentricity, two other functions which 
define the orbit equally well ; the first of these is a quantity proportional to 
the square root of the mean distance, and the second is the ellipticity of the 
orbit. The inclination will be retained as the third element. 

The principal problem to be solved is as follows : 

A planet is attended by one or more satellites which raise frictional tides 
(either bodily or oceanic) in their planet ; it is required to find the secular 
changes in the orbits of the satellites due to tidal reaction. 

This problem is however intimately related to a consideration of the 
parallel changes in the inclination of the planet’s axis to a jfixed plane, and 
in its diurnal rotation. 

It will therefore be necessary to traverse again, to some extent, the ground 
covered by my previous paper " On the Precession of a Viscous Spheroid.” 
[Paper 3.] 

In the following investigation the tides are supposed to be a bodily de- 
formation of the planet, but a slight modification of the analytical results 
would naake the whole applicable to the case of oceanic tides on a rigid 
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For Diana, let — 

c= mean distance; f=(c/co)^; 11= mean motion; c'! = oec«ntricity<il orbit; 
17 = ellipticity of orbit; «■ = longitude of perigee; _/ = incliimfciou of <»rbifc to 
ecliptic; Jr= longitude of node; e = longitude of epoch; wi = mHHs; v = mti» 
of earth’s mass to Diana’s or Mjm ; I = true longitude inwwurod from thi* 
node; d=true longitude measured from the vernal equinox; t= ho 

that t = 3G®/2(1 + !»), also T = T,/f*; r the radius vector meiiaurcd from oarth’.s 
centre. 

Also 'K—Cljn\ ntthe ratio of the earth’s moment of momuntuui of rotation 
to that of the orbital motion of Diana (or the moon) and the earth I'ound thidr 
common centre of inertia. 

For the moon let all the same symbols apply when accontH are added t<» 
them. 


Where occasion arises to refer merely to the elements of a Hatellikf in 
general, the unaccented symbols will be employed. 

Let R be the disturbing function as ordinarily defined in works on tjhvHical 
. astronomy, * •' 


Other symbols will be defined as the necessity for thorn aristis. 

Then the following are the well-known equations for tlu^ variation <.f the 
mean distance, eccentricity, inclination, and longitude of the node : 
dc_ 2 nc» dR 

dt + 

J [Lr.®’ _ -^1 - e* /dR ^ dR\ 1 

dt A‘(Jf+m)L e de ~e (de ■‘'dwj 

Do 1 r 1 dR /dR 

^ (de + iS] 

sin; ^= __5L__ _J__ ^ 

® dj 

Ihe ]^t of these equations will only be required in Part III. 

eachofthel^awX”^^^^ substitute this value f<ir H in 

involve a Jor of eiudi will 

yfc — — ^ n 



(For a homogeneous earth = Bf: and n ^ fr 1 + x/l , 
we put ^ V J 




^ = 


( 0 ) 

( 7 ) 
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is a time, being about 3 hrs. 4^ mins, for the homogeneous earth, k is also 
a time, being about 67 minutes, with the present orbital angular velocity of 
the moon, and the earth being homogeneous.) 


Since 11 = o = Cof®, therefore 

0 o 

/Jlfwi • 

Again, (c/co)^ = f, and therefore 

1^^2^ 
odt ^ dt ' 

and since »? = 1 — Vl - e® 

dr) e do 

dt ~ dt 


..( 8 ) 

..(9) 

( 10 ) 


Substituting for E, in terms of W in the four equations (1 — 4), and using 
the transfonnations (8 — 10), we got 


d|_,^ 

dt de 


( 11 ) 


d^ kf dw m\ 

'dt~ IV^de ‘^dwj 


( 12 ) 


and if the orbit bo circular, so that e = 0, dW/dvr — 0, 


dj k/ 1 dW , , , .dW\ 

dt I (siny dN de ) 


. .dN kdW 

dT'I’d/ 


(13) 

(14) 


Those are the equations of variation of eloinonts which will bo used below. 
The last two (13) and (14) will only be required in the case where the orbit 
is circular. 


The function W only diffors from tho ordinary disturbing function by a 
constjxnt factor, and so W will bo referred to !«3 tho distiurbing function. 

I will now explain why it has been convenient to depart from ordinary 
usage, and will show how tho same disturbing function W may bo used for 
giving tho perturbations of the rotation of the planet. 

In the present problem all tho perturbations, both of satellites and planet, 
arise from tides raised in the planet. 

Tho only case treated will be where tho tidal wave is expressible as a 
surface spherical harmonic of the second order. 

Suppose then that p = a + ir is the equation to the wave smfrice, super- 
posed on the sphere of mean radius u. 
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The potential V of the wave cr, at an external point p, must be given by 

<T ( 1 *^) 


Here w is the density of the matter forming the wave ; in our ctwo of a 
homogeneous earth, distorted by bodily tides, w is the ineiin (IcuHity ot the 
earth. (If we contemplate oceanic tides, the subsequent resultw for the (ii8- 
turbing function must be reduced by the fector this being the nitio of the 
density of water to the mean (Jensity of the earth.) 


ITow suppose the extemal point p to be at a satellite whose mass, radius 
vector, and mean distance are m, r, c. If we put t = f /tm/c*, and observe that 
C = fgiTwa*, we have 


V = 






where <r is the height of tide, at the point where the wave surfiico is pierced 
by the satellite’s radius vector. 

But the ordinary disturbing function R for this satellite is this }X)tuntial 
V augmented by the fector (M + in)jM, because the planet must be reduced 
to rest. Hence our disturbing function 


W=T 



<r 

a 


,(ir) 


where <r is the height of tide at the place where the wave surface is pierced 
by r. 


Now let us turn to the case of the planet as perturbed by the attraction 
of the ^e satellite on the same wave surfece. The whole force function of 
the action of the satellite on the planet is, by (16), cleaily equal to 



The latter term of this expression will give 
the perturbing couples; it is equal to CW. 

^ the aocompanying fig. 1 let X, Y, Z be axes 
feed m space, and (adopting the phraseology for 
the^e of the earth) let XY be the ecliptic; let 
A, B, C be axes feed in the planet; let v he 
the angle AN or BOD; i the obHquity of the 
Mhptic; ^ the longitude of the vernal equinox 
fern the fixed point X in the ecliptic. 



Fio. 1. 
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If W be expressed in terms of i, the perturbing couples, which act 
on the planet, are 

dW 

C about N, tending to increase i, 
dW 

C about Z, tending to increase yfr, 

dW 

C about C, tending to increase x» 

Let H, iHJl, be the perturbing couples acting about A, B, 0 re- 
spectively. Then must 

dW 

C ^ = — 1L sin i sin x iW sin i cos x + ^ cos i 
/7W 

C -^==-1Lcosx + iIWsin;X 


Whence 


HI/. 

y^es cost 
C suit V 


. dW dW\ 


dW 


dx di 

1 ( .dW dWN , dW . 

cost -3 T-T- COB V + -3T- SlUV 

sm t \ dx d'^/ ^ dA ^ 


0 smi 

c-<^- 

Bat if o>„ (Uj,, (u, be the component angular velocities of the planet about 
A, B, C respectively, and if wo may neglect (0 — A)/A compared with unity, 
the equations of motion may be written 

d(0\ H dcog ^ d<k)j) ^ 

dr“C’ dT'U’ dT" o' 

as was shown in section (6) [p. 51] of my previous paper on " Precession." 
Since % = wt, we have by integration, 

.dW dW\ IdW . 


0)i = 

1 / 

n sin i ' 

1 / 

Ojj = 

n sin i \ 


1 / .dW dW'i . IdW 

nsmtV, dx d^/ ^ n dx ^ 

These are to be substituted in the geometrical equations, 

di 

^ cos X + «a sin X 


Sint 





dt 


ai Sin X “ “a cos X 
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Hence finally, 


. .dt . dW dW 

m sin t jT = cos i -j -r-r 

dt dx d‘>^ 


nsint 


.di/r _ dW 
~ di 


dt 

dm 

dt 




(18)* 


These are the equations which will be used for determining the per- 
turbations of the planet’s rotation. 

We now see that the same disturbing function W will serve for finding 
both sets of perturbations. 

It is clear that it is not necessary in the above investigation that <t 
should actually be a tide wave ; it may just as well refer to the permanent 
oblateness of the planet. Thus the ordinary precession and nutations may be 
determined firom these formulae. 


§ 3. To find spherical harmonic functions of Biomass coordinates 
with refermce to awes fixed in the earth. 


Let A, B, C be rectangular axes fixed in the 
earth, C being the pole and AB the equator. 

Let X, Y, Z be a second set of rectangular 
axes, XY being the plane of Diana’s orbit. 

Let M be the projection of Diana in her orbit. 

Let i, = ZC, the obliquity of the equator to 
the plane of Diana’s orbit. 

X, = AX = BCY. 



= MX, Diana’s longitude from the node X. 


Let Mi = cosMA 


Ma = cos MB 
Mg = cos MC 


Diana’s direction-cosines referred to A, B, C. 


Then 


Ml = cos cos Xt + sin Z, sin Xt cos \ " 
Mj = -cosZ,sin;)^ + sinZ, cos;)^^cosfl!^ ■ 

Mgss sinZ^sini, 


(19) 


We may observe that Ma is derivable firom.Mi by writing in 

place of Xs- 

These expressions refer to the plane of Diana’s orbit, but we must now 
refer to the ecliptic. 

* [Although established by approximate methods, these equations are rigorously true, provided 
that it Xi f receive appropriate definitions.] 
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In fig. 3, lot A be the vernal equinox, B the ascending node of the orbit, 
0 the intersection of the orbit with the equator, 
being the X of fig. 2, and let D be a point fixed 
in the equator, being the A of fig. 2. 

If we refer to the sides and angles of the 
spherical triangle ABO by the letters a, b, c, 

A, B, 0 as is usual in works on spherical 
trigonometry, we have 

A = i, the obliquity of the ecliptic. 

B = j, the inclination of the orbit. 

TT — 0 = = ZC of fig. 2. 

c = j!\r, the longitude of the node measured from A, for at present 
we may suppose = 0, without loss of generality. 

Let X = J^^ve 

Again, if M bo Diana in hor orbit, MB = I, and since MC = therefore 

Z H" a 5= 

Whence cos x, = cos cos b + sin x sin b 

sin x^^sinx cos b — cos sin b 
cos I, = cos Z cos a — sin Z sin a 
sin Z^ = sin Z cos a + cos Z sin a 
Substituting these values in the first of (19) wo have 

Ml = cos X CCS Z (cos a cos b — sin a sin b cos i) 

+ sin X cos Z (cos a sin b +• sin a cos b cos %) 

- cos X sin I (sin a cos b + cos a sin b cos \) 

— sin X sin Z (sin a sin b — cos a cos b cos t,) 

Now cos = — cos 0, and 

cos a cos b H- sin a sin b cos 0 = cos c = cos N 

cos a sin b " sin a cos b cos 0 = sin a [cot a sin b — cos b cos 0] — sin a cot A sin 0 

= cos i sin N 

sin a cos b — cos a sin b cos C = sin b [cot b sin a — cos a cos 0] = sin b cot B sin 0 

= cosy sin N 

sin a sin b + cos a cos b cos 0 

= sin a sin b -h cos c cos 0 — sin a sin b cos® 0 
= sin a sin b sin® C + cos c (— cos A cos B -I- sin A sin B cos c) 
= sin A sin B sin* c + sin A sin B cos* c — cos A cos B cos c 
= sin i siny - cos % cosy cos N 
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Sabstitating in the expression for Mj, 

eos COS Z COS + sin X COS Z sin JV COS i - COS sin Z sin JT conj 

— sin X sin Z (sin i amj — cos i caaj cos N) 
LetP = oos|», Q = sin^i, p-cos^, q = ^ij. 

Then 

M, = (P* + O’) (p* + g*) cos X cos Z cos iV + (P* - Q‘) (p® + g®) sin x ooa Z sin A' 

— (P® + Q*) (p* - g®) cos X sin Z sin A" + (P® — Q®) (p* — g®) sin % sin Z cos N 

— 4tJPQpq sin x ^ 

= Pycos(x-Z — jy’)+P® 3 ®cos(;^ +Z — Jr) + Q^® cos (;t + Z + AT) 

+ Q®g® cos (x - Z + AZ) + 2PQpq [cos (x + 0 “• cos (x — Z)]. • .(,20 ) 

Since Mj is derivable from Mi by writing X/ + i’*' Xi> therefore it is 
also derivable by writing x + ^ for x- Hence — Mj is the same as Mj, save 
that sines replace cosines. 

Again M, = sin Z, sin = sin Z cos a sin t, + cos Z sin a sini^ 

But sinasini^ = sinisinAr=2PQsini^ 

And cos a sin = sin i cot a sin c — sin i (cot A sin B + cos c cos B) 

= cos i amj + sin i cos j cos If 
- 2p? C-P’ “ Q®) + 2PQ (p® — g®) cos N 

Therefore 


M, = 2PQ [p« sin (Z + AZ) - g» sin (Z - iV)] + 2pg (P® - Q®) sin Z . . .(21 ) 

For the sake of future developments it will be more convenient to noplace 
the sines and cosines in the expressions for the M’s by exponentials, mid for 
brevity the V — 1 will be omitted in the indi ce s. 

We have therefore 


2Mi = [-pp _ ^ ^ Pye-^2 

•i^e same with the signs of the indices of the exponentials changed, 
2M* V - 1 = the same with sign of second line changed, 

M, V - 1 = [Pp _ Qqer^ [Qp + JPqe-»^ 


-same with signs of the indices of the exponentials changed. 
Let w = Pp_Qyg«-^ ic = Qp + Pqe^ \ 

w=Pp-Qge-J»-, K = Qp + Pqe-^] 

K*+i) and am^{t-j) as the node of the orbit moves roimd. ' 

eQuw‘1t!i“l‘^^’ true longitude of Diana measured from the vernal 
equmox Stnctly speakmg. when longitudes are measured from a fixed poii^ 
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in the ecliptic ^ = ? + JV - but in the present investigation nothing is 
lost by regarding as zero; in § 12, and in Part III., wo shall have 
however to introduce 

Then 2Mi = + «r»erx+» + K?(rxr ^ ' 

2Ma _ ^ex+« + «r“er-x+» + A^sg-x-* - (23) 

Mj V — 1 = SKC* — sTAce”* / 

The object of the present investigation is to find the following spherical 
harmonic fiinotions of the second degree of Mj, Mj, M„ viz. : 

2M,Ma, 2M,M3, 2M1M3, i-M,’ 

By adding the squares of the first and second of (23), we have 

+ ^er^ix-t) . 4 . 2 wV«r 8 x + (24) 

From (20) we know that Mj has the fonn SA cos (x + ®)> 8®*^ ~ 
form 2Asin(;^+B); therefore (Mj+Ma)2“^ has the form 2Acos(;^+^Tr+B), 
and (Ml — Ms) 2”^ the form SA sin (5 ^ + ^tt 4- B). Honco if we write 
for X in Ml® — Ms®, we obtain — 2MiMs. Therefore from (24) we obtain 

-4MiMgV’-l= iB4e®<x-«) +2w®is®e^ +^e®(x+») 

_ ^e-a(x-«) _ 2w®**e-«x - **e-a(x+») (2.5) 

The 1 appears on the left hand side because 6^"' = — (— 1)”^, 

s-i- = (-l)-i 

It is also easy to show that 

2M2M3 = — + 'srtc ('BT®' — /c/c) 

— + 'Sfc (®® — kk) . . .(26) 

2MiM8 V — 1 = — + wK (®® — fc/^ 

+• — •^K (®® — kk) 0“^ — . . .(27) 

J J — 2®®/c/c + (28) 

It may bo hero noted that ®® + /c« == 1, so that 

-J- — 2'Gr^KK = J (®®'ar* — 4 ®®a:« -f- h^k^) 

These five formuhe (24) to (28) are clearly equivalent to the expansion of 
the harmonic functions as a series of sines and cosines of angles of the form 
+ 131 + ryN, It remains to explain the uses to be made of these expressions. 
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§ 4. Th^ disturbing function. 

In the theoiy of the disturbing function the differentiation with reRj>v* * 
to the elements of the orbit of the disturbed body is an artifice to 
the determination of the three component disturbing forces, by means 
differentiation with regard to the radius vector, longitude and latitude. 1 1 .. 
the present problem we have to determine the perturbation of a satellil* 
under the influence of the tides raised by itself and by another satellit* 
Where the tides are raised by the satellite itself, the elements of tha^^ 
satellite's orbit of course enter in the disturbing function in expressing th* 

^ state of tidal distortion of the planet, but they also enter as expressing t»h» 
position of the satellite. It is clear that, in effecting the differentiation-:- 
above referred to, we must only regard the elements of the orbit as entering,* 
in the disturbing function in the latter sense. Hence it follows that evon 
although there may be only one satellite, yet in the evaluation of th« 
disturbing function we must suppose that there are two satellites, viz. : ont^ m 
tide-raising satellite and another a disturbed satellite. 

In this place, where the planet is called the earth, the tide-raising satellit*- 
may be conveniently called Diana, and the satellite whose motion is disturbtnl 
may be called the moon. After the formation of the differential equations 
Diana may be made identical with the moon or with the sun at will, or thi" 
analysis may be made applicable to a planet with any number of satellites. 

As above stated, unaccented symbols will be taken to apply to Diana, anil 
accented symbols to the moon. 

The first step, then, is to find the tidal distortion due to Diana. 

Let M be the projection of Diana on the celestial sphere concentric with 
the earth, and P the projection of any point in the earth. 

Let pf, pTi, pf be the rectangular coordinates of P and rMj, rMa, rMg thr 
rectangular coordinates of Diana referred to axes A, B, 0 fixed in the earth. 

Since p, r are radii vectores, 97, ^ and Mi, Mg, Ms are direction-cosines. 

The tide-generating potential V (of the second degree of harmonics, which 
will be alone considered) at P is given by 

V = |^pHcos»PM-i) 

according to the usual theory. 

Now cos PM = fMi 4* v^i + ?Mg 

and 

co8“PM 2f7MiM,+ 2 4- 2^rMiM, 

■^^3 3 
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Also by previous definition, T=f^73i/c*; so that 



Then clearly 

^ P’ = 2^,XY + 2 ^ + 2,?YZ + 2f rXZ 

^ + ,!i_2^X®+ Y»-2Z» 

3 ' 3 

Now assume that the five functions 2XY, X* - Y“, YZ, XZ, X* + Y® — 2Z® 
are each expressed as a series of simple time-harmonics ; it will appear below 
that this may always be dono. We have therefore V expressed as the sum of 
five solid harmonics p* (f® — i;®), &c., each multiplied by a simple time- 
harmonic. According to any tidal theory each such term must raise a tide 
expressible by a surfime harmonic of the same type, and multiplied by a 
simple time-harmonic of the same speed ; moreover, each such tide must have 
a height which is some fraction of the corresponding oquilibrirun tide of a 
perfectly fluid spheroid, but the simple time-harmonic will in general bo 
altered in phase. 

If r = a + <T be the equation to the wave-surfiwse, corresponding to a 
generating potential V = [ t /(1 — e®)®] p* 2^XY, then when the spheroid is 
perfectly fluid, (r/a = [r/g (1 — e®)*] 2f»;XY, where ^ — according to the 
ordinary equilibrium theory of tides. (It will now be assumed that we are 
dealing with bodily tides of the spheroid ; if the tides were oceanic a slight 
modification would have to be introduced.) 

In a frictional fluid, the tide a- will be reduced in height and altered in 
phase. 

Let represent a function of the same form as XY, save that each 
simple time-harmonic term of XY is multiplied by some fraction expressive 
of reduction of height of tide, and that the argument of each such simple 
harmonic term is altered in phase ; the constants so introduced will be 
functions of the constitution of the spheroid, and of the speeds of the harmonic 
terms. Also extend the same notation to the other functions of X, Y, Z 
which occur in V. 

Then it is clear that, if r = a+ cr be the equation to the complete wave 
surface corresponding to the potential V, 

a - e")- 2 1 - 2J,3SS + 2 f + 2,£*SS + 2f£*iB 

4.i£±^£±l^ri»...(80) 
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nucleus*. The analysis will be such that the results may be applied to any 
theory of tides, but particular application will be made to the case where the 
planet is a homogeneous viscous spheroid, and the present paper is thus a 
continuation of my previous ones on the tides and rotation of such a spheroid. 

The general problem above stated may be conveniently divided into two : 

First, to find the secular changes in mean distance and inclination of the 
orbit of a satellite moving in a circular orbit about its planet. 

Second, to find the secular change in mean distance, and eccentricity of 
the orbit of a satellite moving in an elliptic orbit, but always remaining in a 
fixed plane. 

As stated in the introductory remarks, it will also be necessary to investi- 
gate the secular changes in the diurnal rotation and in the obliquity of the 
planet’s equator to the plane of reference. 

The tidally distorted planet will be spoken of as the earth, and the satel- 
lites as the moon and sun. 

This not only affords a useful vocabulary, but permits an easy transition 
from questions of abstract dynamics to speculations concerning the remote 
history of the earth and moon. 

§ 2. Notation. — Eqmtim of variation of elements. 

The present section, and the two which follow it, are of general applicability 
to the whole investigation. 

For reasons which will appear later it will be necessary to conceive the 
earth to have two satellites, which may conveniently be called Diana and the 
moon. The following are the definitions of the symbols employed. 

The time is t, and the suffix 0 to any symbol indicates the value of the 
corresponding quantity initially, when « = 0. The attnwstion of unit masses 
at unit distance is i*. 

For the earth, let — 

Jlf=mass in ordinary units j a = mean radius; w a density, or moss per 
unit volume, the earth being treated as homogeneous; ^ = mean gravity; 
S=§fl'/a; C, A = the greatest and least moments of inertia of the earth ; if 
we neglect the ellipticity they will be equal to ; « = angular velocity of 
diurnal rotation ; i/r = longitude of vernal equinox measured along the ecliptic 
from a fixed point in the ecliptic — the ecliptic being here a name for a plane 
fixed in space ; i = obliquity of ecliptic ; x angle between a point fixed on 
the equator and the vernal equinox ; p the radius vector of any poirit measured 
from the earth’s centre. 

* Or, as to Part HI., on a nucleas which is sufficiently plastic to adjust itself to a form of 
equilibrium. 
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Now looking at fig. 1 or 2, we see that there are four slopes in the energy 
curve, two running down to the planet, and two others which run down to 
the minimum. In fig. 3 on the other hand there are only two slopes, both of 
which run down to the planet. 

In the first case there are four ways in which the system may degrade, 
according to the way it was started ; in the second only two ways. 

i. In fig. 1, for all points of the line of momentum from 0 through 
E to infinity, x is negative and y is positive; therefore this indicates an anti- 
clockwise revolution of the satellite, and a clockwise rotation of the planet, 
but the moment of momentum of planetary rotation is greater than that of 
the orbital motion. The corresponding part of the curve of energy slopes 
uniformly down, hence however the system bo started, for this part of the 
line of momentum, the satellite must approach the planet, and will fall into 
it when its distance is given by the point k. 

ii. For all points of the line of momentum frrom D through F to infinity, 
X is positive and y is negative ; therefore the motion of the satellite is clock- 
wise, and that of the planetary rotation anti-clockwise, but the moment of 
momentum of the orbital motion is greater than that of the planetary 
rotation. The corresponding part of the energy curve slopes down to the 
minimum h. Hence the satellite must approach the planet until it reaches 
a certain distance where the two will move round as a rigid body. It will 
be noticed that as the system passes through the configuration corresponding 
to D, the planetary rotation is zero, and from D to B the rotation of the planet 
becomes clockwise. 

If the total moment of momentum had been as shown in fig. 3, the 
satellite would have fallen into the planet, because the energy curve would 
have no minimum. 

From i. and ii. we learn that if the planet and satellite are set in motion 
with opposite rotations, the satellite will fiill into the planet, if the moment 
of momentum of orbital motion be less than or equal to or only greater by 
a certain critical amount*, than the moment of momentum of planetary 
rotation, but if it be greater by more than a certain critical amount the 
satellite will approach the planet, the rotation of the planet will stop and 
reverse, and finally the system will come to equilibrium when the two bodies 
move round as a rigid body, with a long periodic time. 

iii. We now come to the part of the figure between C and D. For the 
parts AO and BD of the line AB in fig. 1, the planetary rotation is slower 
than that of the satellite’s revolution, or the month is shorter than the day, 
as in one of the satellites of Mars. In fig. 3 these parts together embrace the 

* With the amts which ue hete need the excess must be more than 44-8^; see p. 202. 
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This expression shows that <r is a surfece harmonic of the second order. 

By (17) we have for the disturbing function for the moon, due to Diana’s 
tides, 


W: 






where tr is the height of tide, at the point where the moon’s radius vector 
pierces the wave surface. 

Hence in the expression (30) for cr, we must put 
By analogy with (29), let 

Z'.fMjV' 

and we have 

1 U^Y’m I 

^ g 2 2 

+ 2Y'Z'||SS + 2TZ'm + 1 + - 2^*1 (31) 


J- 


This is the required expression for the disturbing function on the moon, 
due to Diana’s tides. 

So far the investigation is general, but we now have to develop this func- 
tion so as to make it applicable to the several problems to bo considered. 


II. 

Secular Changes in the Inclination of the Orbit of a Satellite. 

§ 5. The pertwrhed satellite moves in a circular orbit inclined 
to a fixed pla/ne. Subdivision of the problem. 

In this case e= 0, e' = 0, r = c, / = c', so that the functions X, Y, Z and 
X', T', Z' are simply the direction cosines of Diana and the moon, referred to 
the axes A, B, C fixed in the earth. Hence X = Mi, Y = Mg, Z = Mg, and the 
five formulae (24—28) give the functions X® - Y*, 2XY, 2 YZ, 2ZX, J - Z«. In 
order to form the functions in gothic letters we must express those functions 
as simple time-harmonics. 

The formulae (24) to (28) are equivalent to the expression of the five 
functions as a series of terms of the type A cos {ax + iStf 4- y-Y + 8). Now % is 
the angle between a point fixed on the equator and the vernal equinox, and 
therefore (neglecting alterations in the diurnal rotation and the processional 
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motion) increases uniformly with the time, being equal to wi H- a constant, 
which constant may bo treated as zero by a proper choice of axes A, B, 0. 

0 is the true longitude measured from the vernal equinox, and is equal to 
— since the orbit is circular; also ^fr may for the present be put 
equal to zero, without any loss of generality. 

Then if in forming the expressions for the state of tidal distortion of the 
<«irth wo nciglcct the motion of the node, the five functions are expressed as a 
series of simple time-harmonics of the type A cos (ant + + f). 

The corresponding term in the corresponding gothic-letter function will 
be KA cos (ant f — k), whore K is the fraction by which the tide is 

reduced and k is the alteration of phase. 

It appears, from the inspection of the five fonnulae (24-8), that there are 
tides of seven speeds, viz. : 2 — fit), 2n, 2 (n li), n — 2X1, n,n + 2X1, 2X1. 


The following schedule gives the symbols to be introduced for reduction 
of tide and alteration of phase or lag. 


Semi-diurnal 


Slow Sidoroal Fast 

2(w-0) 2a 2(w+n) 

Fiactiou of equilibrium tide Fi F Fa 

llotardation of pluiso or lag 2fi 2f 


Diurnal Fortziightly 

Slow Sidereal Fast 
92 -2n n 92+20 20 

Gi a G2 H 

gi g g» 2h 


Tho gothic-lottor fanctions may now at once be written down from (24-8). 

Thus, 

2 (X" — + F + Fj^e*<x+»>-*'i 

+ FiW*«-''‘(x-*)+»'i + F2«'“/t®e^x+»« + FgK^e“®ix+«+»f....(32) 

— 43E|5 V— I = tho same, with second line of opposite sign (33) 

23 ?is=-a.^» + Q^fC (-Brgp — AC«) gX*"® + 

— (Ji (s’w — (ck) 6""^+® + . .(34) 

23£SS V— I = the same, with second lino of opposite sign (35) 

.j - « .j ^ (36) 

Tho fact that therti is no factor of the same kind as H in the first pair of 
(36) results from the assumption that the tides due to the motion of the nodes 
of the orbit are the equilibrium tides unaltered in phase. 

The fonntihe for 2(X'«- Y'O, - 4X' YV~ 1 , 2Y'Z', 2rZ'V“l, i-Z'^ are 
found by symmetry, by merely accenting all the symbols in the five formulae 
(24-8) for tho M functions. In the use made of these formulae this accentuation 
will be d(Uimcd to be done. 

At pn^sesnt we shall not regard % being accented, but in § 12 and in 
Part III, wt‘. shall have to regard x ^ accented. 


I). II. 


16 
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We now have to develop the several products of the X functions multi- 
plied by the functions. 

Before making these multiplications, it must bo considered what arc the 
terms which are required for finding secular changes in the clcmcntB, since all 
others are superfluous for the problem in hand. 

Such terms are clearly those in which 6 and Q* are wanting, and also 
those where —6 occurs, for these will be wanting in Q when Diana is made 
identical with the moon. It follows that we need only multiply tog('.ther 
terms of the like speeds. In the following developments all suporlluous 
terms are omitted. 

8em%~diur7ial terms. 

These are 2X' Y' XU + . 

If we multiply (24) (with accented symbols) by (32), and (26) (with accented 
symbols) by (33), and subtract the latter from the former, wo see that x 
appears from the expression, and that, 

8rY'3E|| + 2(X'^- Y'0(*'-ilO=First line of (24) x second of (32) 

4- Second of (26) x first of (33) 

Thus as far as we are concerned 
Y'a — Y'a ¥* — 393 

+ i + 4F2Vflr'>/'‘e»' + F3/c*£'V«'-'’'+“'*] . . .(37) 

If X accented in the X' functions, wo should have hiid 2 — x) 

in all the indices of exponentials of the first line, and — 2 (^ — x') 
indices of the second line. These three pairs of terms will bo ciillod Wj, Wh, 
Wttt- 


Diurnal terms. 

These are 2Y'Z'|^5S + 2X'Z'X5S. 

If the multiplications be performed as in the previous case, it will bo fotind 
that X disappears in the sum of the two products, and, as far as concema torms 
in 6' — 6 and those independent of 6 and O', we have 

2Y'Z'|^5S + 2X'Z'XjS 

= + QvrK («rw - **) ra-V (wW - «V) e'** 

+ + Gwk (tB-w — kk ) wV - «'*') e* 

+ GaWAc^wV® (38) 
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If X liad been accented in the X' functions we should have had % — in 
all the indices of the exponentials of the first line, and ~ (x “ all the 

indices of the second line. These three pairs of terms will be called W, , W,, 

Ws. 


Forimighily term. 

Thisis|a-Z'«)(|-52»). 

Multiplying (36) by (28) when the symbols are accented, and only retain- 
ing desired terms, 

(J- — Z'“) (J — SS’) =® § — 2ww««) (^ — 2w's' K'si) + 

+ •|Hi!r»/BVV“e»<*'-»>+*...(39) 

Even if % bad been accented in the X' functions, neither x X 
have entered in this expression. These terms will he called Wj. 

The sum of the throe expressions (37), (38), and (39), when multiplied 
by vV/g, is equal to W, the disturbing function. 

If Diana bo a different body from the moon the te^s va.d' —6 are periodic, 
and the only parts of W, from which secular changes in the moon’s mean dis- 
tance and inclination can arise, are the sidereal semi-diurnal and diurnal 
terms, viz.: those in F and G, and also the term independent of H in (39). 
These terms being independent of ff are independent of e', the moon’s epoch. 
Hence it follows that, as fiir as concerns the influence of Diana’s tides upon 
the moon, dWjde' is zero, and we conclude that — the tides raised by any one 
sa/tdlite can produce directly no secular change in the mean distance of any 
otiter satellite*. 

But Diana being still distinct from the moon, the F and Q terms and part 
of the fortnightly term, which are' independent of 6, do involve N and N ' ; 
for W contains tenns of the forms e*^, also it has terms 

independent of N, N'. Hence dWjdN' will contain terms of the forms e*^, 
or their equivalent sines or cosines. 

Now by hypothesis there are two disturbing bodies, and we know by lunar 
theory that the direct influence of Diana on the moon is such as to tend to 
make the nodes of the moon’s orbit revolve on the ecliptic; on the other hand, 
there is a direct influence of the permanent oblateness of the earth on the 
nodes of the moon’s orbit. 

If the oblatencss of the earth be large, the result of the joint influence of 
those two causes may be such as either to make the nodes of the moon’s orbit 
rotate with a very unequal angular velocity, or perform oscillations (possibly 


* If there be a rigorous relationship between the mean motions of a pair of satellites this 
may not bo true. This appears to be (at least very nearly) the case between two pairs of satel- 
lites of the planet Saturn. 


15—2 
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large ones) about a mean position. If this be the case the moan value of 
dW I dN' may differ considerably from zero. This case is considered in detail 
in Part IIL of this paper. 

If on the other hand the oblateness be small the nodes of the orbit revolve 
with a sensibly uniform angular velocity on the ecliptic. This is the case at 
present with the earth and moon. Here then dWfdN', as far as concerns the 
influence of Diana's tides on the moon, is sensibly periodic according to simple 
harmonic functions of the time. Prom this we conclude that : 

If the nodes of the satellites' orlits revolve uniformly on the plane of refer- 
ence, the tides raised by my one satellite can produce no secular change in the 
inclination of the orbit of any other satellite. 

There are thus two cases in which the problem is simplified by our being 
permitted to consider only the case of identity between Diana and the moon: 

1st. Where there are two or more satellites, but where the nodes of the 
perturbed satellite’s orbit revolve with sensible uniformity on the plane of 
reference. 

2nd. Where the planet and satellite are the only bodies in existence. 

In these two cases, after differentiation of the disturbing function with 
respect to the accented elements, we shall be able to drop the accents. 

There is also a third case in which Diana’s tides will produce a secular 
effect on the inclination of the moon’s orbit, and this is where the nodes of 
the moon's orbit either revolve irregularly or oscillate. This case is enor- 
mously more complicated than the others, and forms the subject of Pai-t III. 
of this paper; I have only attempted to solve it on the supposition of the 
smallness both of the inclination of the orbit, and of the obliquity of the 
ecliptic. 

The first of these three cases is that which actually represents the moon 
and earth, together with solar perturbation of the moon at the present time. 

In tracing the configuration of the lunar orbit backwards from the present 
state, we shall start with the first case ; this will graduate into the third, and 
from this it will pass to a state represented to a very close degree of approxi- 
mation by the second. 

We are not at present concerned to know what arc the conditions under 
which there may be approximate uniformity in the motion of the nodes; this 
will be investigated below. 

We will begin with the first of the three cases, and will find also the rate 
of change of the diurnal rotation and of the obliquity of the planet. 

The second case will then be taken, and afterwards the third case will 
have to be discussed almost ah initio in Part III. 
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§ 6. SeeiUar change of inclination of the orbit of a satellite, where there is a 
second disIfurUng body, and where the nodes revolve with sensible uniformity 
on the fixed plane of reference. 

By (13) the equation giving the change of inclination is 

rd/ 1 ,..dW 

Id dt~ Bin f dN' ^ ^ de' 

As shown above, however, we need here only deal with a single satellite, 
So that Diana and the moon may be considered as identical and the accents 
i-*Oay be dropped to all the symbols, except in the differential coefficients of W. 
-A^lso wo need only maintain the distinction between Diana and the moon as 
I'ogiU'ds jST, N' and e, e'; and after the differentiations of W these distinctions 
tti.u8t also be dropped. Hence o- only differs from -or', k from /c\ ^ from s', 
a.iid K from /c' in the accentuation of N. 


Also since 0 = Xli + e, ^ H- e', we may replace ff — 6 in the three 
expressions (37 — 39) by e' - e. 

If we put sin j tan J-j = qjp, and write (N, e) for the operation 

2^ 3^' "^p dd’ N = N',e=ie' nftor differentiation ; then from (13) 

we have 

M jy 

Also for brevity, let ^ (N) = g— , <\> (e) =| ; so that 

The terms corresponding to the tides of tho seven speeds will now ho taken 
separately, the coefficients in w, k will be developed, and the terms involving 

_ 2T selected, the operation <f> (N, e) performed, and then N' put equal to 
JV, and e to e'. For the sake of brevity the coefficient T*/g will be dropped and 
■will be added in tho final result. The ct)iuponont j)artH of W taken from the 
equations (37—39) will be indicated jus Wi, Wu, Wm for tho slow, sidereal, 
a,nd fast semi-diurnal jiarts; as W„ Wg, Wj for the slow, sidereal, and fast 
diurnal parts ; and as W. for the fortnightly part. 


Slow semi-diurnal terms (2/* — 2fi). 

Wi = ^Fi -1- +»*•] (40) 

Lot Wi = 

Since w = Pjp — qQe^ 

Therefore 

w" = + QP^Q'fq^^ - 4PQ’p3»«»^ + 

w'* = the same with — N' in place of N 
Therefore 

Wi = i {PV + lCP"Q®p‘’tf®e^-^' + 36P*Q‘p*g*e*''""^’ + 
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Therefore Wj = SA.„ 1*-“ .1 af. 

where re = 0, 1, 2, 8 , 4. 

Then 4 , {N) Wj = S - 7 ^— 

2 V — 1 


^ (e) wi = - 2 — y-- 
2 V— 1 

Therefore by addition 

<j) (N, e) Wi = 2 [n (P* + 1/) - 4l/] P"-"* ‘ 

2 V “ I 

Now when re = 0, A„ = J , re (p* + 1/*) — 4fjf® = — 4f/® 

= 1, =4, =pa-8f/' 

= 2, =9, -2(pa-(/“) 

= 8, =a 4, >= spa — fy® 

= 4, = «= 4pa 

If we had taken the second term of Wj wo Hhould have hiul l.l»‘ hjuih* 
coefficients but multiplied by — ^—1 instead of by e“»'</2 V- 1 . TIuto- 

fore, since (fl®** - e'^')l2 = sin 2fi, 

if} (AT, e) Wi = - Fi sin 2f; [- JViZ + (p“ - 3f/«) + 1 »/* (p» - ) 

+ 4/^(^/y(Sp®-ff).». wi 

Then let 

iFi “ i [-P®?” - 4P“ Q^f (p® - Sff®) - 1H1 « (p« - r/®) 

- (Sp® - y®) - (41 ) 

and remembering that 2pg' = siny, wo luvvo 

^(JV, e) Wi = 2Jp,K, sin 2ti siny (42) 


Sidereal semi-dmmai terms (2re). 

W„ = F [wa^aw'a/K'ae-J' + 

Here the epoch is wanting, so that <f> (iV, e) = ^ (N), 

Let 

Wn = (vrsv'K'Y 

vr=Pp-Qqe^^ K = Qp + Pqe-^ 

= PQ (p® -(f)+pq iP»e-^ - (^>6^) 
w'*' = PQ (p® - 2®) +pq (iJ®e"' _ Q'ie-"') 

= P® Q® (p® - 5®)® + PQptq (pa _ gfl) [pa (gre- e~N) _ (^a (g-v- + ^.v 

+p“(/“[i^e-<w-^) ^(^g(Ar-,v', _pa(^(eNt.v.j.g .r.vt.vijj 

Wn = P^Q* [(p“-}®)*-4pag’®(p®-2a)®+4p«^]+4P«Q®p*fy»(p®-(/a)a« -i'’- 

+ 4P' Q^p^Cf (p® — fy“)®e^-^' + p«^* (yJeg-a(iV...A'; ^ (^gai.v- .V ) j 

^ (AT) w„ [4pff (p® _ 2®)® paQ® (i>. _ (34) + 2p.,^. (i®. _ 
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If we had operated on the other term of Wn we should have got the same 
with the opposite sign, and e** in place of er^. 

Then let 

JF = K-P” - <?) {2 (P’ - 3“)’ ■P'Q* +PY (P* + <201 (44) 

and wo have <f) (N, e) Wn = 2JpF sin 2f sin j (46) 

Fast semi-diw'ncd terms (2n + 2fl). 

Win “ (46) 


Since K is obtained from «r by Yrriting Q for P, and — P for Q, therefore 
by writing — 2 f 3 for 2fi, and interchanging Q’s and P’s we may write down the 
result by syimnotiy with the slow semi-diurnal terms. Then let 

JFa = i f - 4>P’‘Q>p^ if - - ISP^Q^pY (P» - 

- 4P'Q“g* (V - g») - P* 3 ^ (47) 

and <ji ( JT, e) Wm = — 2 jpjFa sin 2 f 2 sin 7 (48) 


Slow diurnal terms, 

Wi = Gi (49) 

Lot Wi = w’/es^ie' 6 “ 

For the moment let I = then since vr — Pp — Qqe‘^, and since P = cos J, 

Q = sin J, therefore dmjdl = — *, and therefore dvr^jdl = — 4«r*/e. 

Hence fimn the slow semi-diurnal term we find 


■BT^/e = P‘Qp* + P» (P® - 3Q“)p»ja^ - 3P(2 (P® - Q“) pyd^ 

+ (? (3P* - (?) - PQ‘q*e^ 

s^V=snme with —N' for N 

Hence 

Wx = [P“(?p® -1- P* (P® - 3(3»)®pY«^'^' + 9-P*<? (P* - 

-f- 0* (SP® - Q»)»p®g»e»(^-^'> + P®Q»g®e‘<^-^''] 

^ (JV) Wx = - ^r*‘ ■ . [p* (P® - 3<?)“ fq + 18P®(2® (P® - (2®)® p» 2 » 

2 V — 1 L 

-I- 3Q* (3P® - (?)®P3® -1- 4P®(3“ 2.n 

jP J 

^ (e) vr, ^ r 4P'(3®p^g + 41^^ (P® - 3<3®)* p®?® -1- 36P®(? (P® - (2®)® p»g* 

2 V "" 1 L 

- 1 - 4(2* (3P» - (2®)»PS® 4P®(2® 

PJ 

Adding 

<#) (i^’, e) Wx = - - [4P«(?P®2 - P* (P® - 3(2®)®p'2 (p® - Sg®) 

2 V — 1 

- 18P®Q* (P® - (2®)“p®g® (p® - 3 ®) - Q* (3P* - Q“)’P3'’ (3p* - 3“) - 4 P»Q«p 3 q 
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Let 

ffii = i [4P«Q*p« - P* (P» - 3 W i>* (l)* - Sf) - 18 W (P« - Q>)>p>g‘ (p* - g>) 

- Q* (3P»- Q“)® 3 ‘ (3p» - 3 “) - 4P‘^g*] ...(60) 
ajttd vre have ^ (J/^, e) W, = 2 €riGi sin gi sin j (51) 

Sidereal diurnal terms (n). 

Wj = G [«•« (■STS’ — ACfi) «•'«' (crW — /eV) ^ + S’* ('*VS’ — **) w V («•'«* — /£'«') e*] 

(52) 

Here the epoch is wanting, so that ^ (iV, e) = <^ (JV). 

Let 

Wj = w/e (■sTW — /c«) wV (w V' — * V) 

= PQ(p‘- 3®) + PS (P»er^ - Q®e^) 

«rw — *£ = (P® - Q®) (p* - 3®) - 2 PQp3 («®^ + 6 “®^) 

w* (isrw - K£) = P<3 (P® - (?) [(p» - 3 ®)® - 2p®s®] + P» (P® - 3(2®) P 3 (p® - 3 ‘) e-^ 
- Q»(3P® - Q®)ps(p»- 3 ®) 2PQp®3»(P®ff-®^ - Q®e®«') 

«^«'( *V) = the same 'vsith — Jf' instead of JV 

wa = 2^0® (P® - Q®)® [(p» - 3*)® - 2 p® 3 »]® + P* (P® - 3Q®)®p® 3® (p® - 3 ®)* 

+ Q* (3P® - ^)®p*s® (p® - 3 ®)®e^-^ + 4 P®Q®pV* (P‘e-®(-»'-^ + 

^ (J3 ) wa = - {p 3 (p® - 3 ®)® [P* (P® - 3(2®)® - (? (3P® - (2®)®] 

+ 8P®(2®(P‘-(2")P»8®} 

Now 

P* (P® - 3Q®)® - O' (3P» - Q®)* = (P® - G®) (P* + - 6 P®Q») 

Put therefore 

35 = (P® - (2®) {(p® - 3 ®)® (P* + - 6 P®Q®) + 8P»(2®p®3=} (63) 


and we have ^ (N, e) Wj = 2 CRG sin g sin j (64) 

Past diurnal terms (n + 2 fl). 

W, = Gs (55) 


By an analogy similar to that by which the fast semi-diurnal was derived 
from the slow, we have 

= i [4P(2“p® - (3P® - Q®)®p* (p® - 33 ®) - 18P®(2® (P® - (2®)®p®3® (p® - 3 ®) 

- P* (P® - 3Q®)® 3 * (3p® - 3 ®) - 4P« QY] (56) 

and ^ (N, e) Wj = — 23EiaG3 sin gg sin j (67) 

Fortnightly terms (211). 

■Wo = f [(i — 2'srs'/c*) (^ — 2wVV/e') + Hw®/c®Br'®/c'®e^l*'“*>~®** 

-H Hw®/e*wV®e®<*'-*>+®**] ( 68 ) 

It will be found that ^(N) performed on the first term is zero, as it 
ought to be according to the general principles of energy — for the system is 
a conservative one as far as regards these terms. 



CHANGE IN THE INCUNATION OF THE ORBIT. 


233 


1880] 

Let 

Wo= 

■OK = PQp® + pj (P® - Q®) ^ — PQq^e^ 
w®K® = P^(j»p* + 2PQ (P“ - Q») fqe^ + [(P® - Q®)® - 2P®<3®] p®g®e®»’ 

- 2PQ (P® - Q®)p2*e®^ + P®Q®2‘e^ 

w'®*'® = the same with — .W' for if 

Wo = {P^Q^jo® + 4P®Q® (P» - Q®)®p»g®e^-^ + [(P® - Q®)® - 2P®Q®] 

+ 4P®Q“ (P® - Q»)»p®g»e“(J»'-^) + P‘Q*g»e*(^-^'} e®c'-*)+®^ 

^ (iT) Wo = — ^ r 4P®(2» (P® - Q‘y‘fq + 2 [(P® - (2®)® - 2P®Q®]®p»g» 

+ 12P®Q® (P® - + 4P*Q‘^ 

^ (e) Wo — [^42^0^^®? + 16P“(3® (P® - Wp's’ 

+ 4 [(P® - Q®)® - 2P®(3®]®p»(?“ + 16P®Q= (P® - 0®)“^?® + 4P‘Q* 
Adding and arranging the terms 

4, (N,e)^y, ^ J ^ pq {4>P*Q^ (/ - 2*) - ^P-Q® (P - Q®)® (p* - 2®)® 

- 2p®3® (p® - 2®) [(P - (?)*- 2Pe®?} 

Then lot 

= I {2P(3® (f - 2“) - 2PQ® (P - <3®)® (p® - 2? 

-p®2® (p® - 2“) -<?)*- 2^ W} • • -(59) 

and we have 4* W e) Wo = — 2|^H sin 2h sin j (60) 

This is the last of the sovon sots of terms. 

Collecting results from (42-5-8, 51-4-7, 60), wo have 

sii • i ^ I {2Jp,F, sin 2f. + 2 jpF sin 2f- 2 jpoFs sin 2fs + 2<!!riGi sin gi 

^ ^ H-2(5rG8ing — 2612 ^ 8 sin go — 2|^H sin 2h} ...(61) 

The seven gothic-letter functions defined by (41-4—7, 60-3-6-9) are 
functions of the sinus jind cosines of half the obliquity and of half the 
inclination, but they arc reducible to forms which may be expressed in the 
following manner: 

JFi + .'ffa = i cosj [1 - i 2 * (1 ~ ^ (1 - ^ sin® j)] 

JF> - JF® = i - II- * (1 - J sin^j)] 

®ri -I- CRa = - i cos j [1 - sin® j - sin® i (1 - sin® j) + f sin® i (1 - 1 sin®;)] 

CKi - <!&8 = - i cos i [1 - f sin®; - 3 sin® i (1 - f sin®;)] 
jp = ^ cos i siu“; + sin® * “ 4 ^ sin*;’] 

® = J cos i [1 — sin®; - 2 sin® i + f sin ® i sin®;’] 

_ i cos; [4 sin®;’ + S sin® i (1 — f sin®;’) — sin® i (1 — 4 sin®;’)] 

(62) 
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These coefficients will be applicable whatever theory of tides be used, and 
no approximation, as regards either the obliquity or inclination, has been 
used in obtaining them. 


§ 7. Application to tlie case where the planet is viscous. 

If the planet or earth be viscous with a coefficient of viscosity v, then 
according to the theory of viscous tides, when inertia is neglected, the tangent 
of the phase-retardation or lag of any tide is equal to l^vj^gam multiplied by 
the speed of that tide; and the height of tide is equal to the equilibrium 
tide of a perfectly fluid spheroid multiplied by the cosine of the lag. If 

therefore we put = "we have 

tan2f,= - fr~^\ tan2f=-, tan 2^. = 

P P P 

j M ““ 2<Qi ^ n 2X1 2X1 

tangi = — - — , tang = -, tan2ga=— — , tan2h=y 

Fi = cos2fi, F=scos2f, F 2 =cos 2 fa, Gi = cosgi, G = cosg, Gasscosga 
and H = cos 2h. 

Therefore 


~ feSJ ^ “ "g + iF 4if - sin 4fa + ffii sin 2gi 

+ ffi sin 2g - ffij sin 2g, - sin 4ih} . . .(63) 

This equation involves such complex functions of i and j, that it does not 
present to the mind any physical meaning. It will accordingly be illustrated 
graphically. 

For this puirpose the case is taken when the planet rotates fifteen times 
as fest as the satellite revolves. Then the speeds of the seven tides are 
proportional to the following numbers : 28, 30, 32 (semi-diurnal) ; 13, 15, 17 
(diurnal) ; and 2 (fortnightly). 

It would require a whole series of figures to illustrate the equation for all 
values of i and j, and for all viscosities. The case is therefore taken where 
the inclination j of the orbit to the ecliptic is so small that we may neglect 
squares and higher powers of sin j. Then the formulae (62) become 

dFi + “ i (1 ~ 2 sin*i + § sm*i) 

iFi~ = — f sin*i) 

+ ©a — — J (1 — -I sin® i -t- f sin^ i) 

©i“ffia =— ioosi(l — 3 sin*i) 

Jp = i cos i sin® i, ffi = J cos i (1 - 2 sin® i) 

= sin»i(l -f sin®i) 
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From these we may compute a series of values corresponding to i = 0°, 
16°, 30°, 46°, 60°, 76°, 90°. (I actually did compute them from the P, Q 
formulae.) 

I then took as five several standards of the viscosity of the planet, such 
viscosities as would make the lag fi of the slow semi-diurnal tide (of speed 
2« - 211) equal to 10°, 20°, 30°, 40°, 44°. It is easy to compute tables giving 
the five corresponding values of each of the following, viz.: sin4fi, sin4f, 
sm4fa, sin2gi, sin2g, sm2gj, sin4h. 

The numerical values were appropriately multiplied (with Crelle’s three- 
figure table) by the sets of values before found for the jp’s, (!5’s, &c. 

From the sets of tables formed, the proper sets were selected and added 
up. The result was to have a series of numbers which were proportional 
to c^’/sinjit. 

The series corresponding to each degree of viscosity were set off in a curve, 
as shown in fig. 4. 



Fia. 4. Diagram illustraliiig the rate of change of the inclination of a stellite’s 
orbit to a fixed plane on which its nodes revolye, for various obliquities and 

viscosities of the planet ^ when / is smaliy 
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The ordinates, which are generally negative, represent djlsinjdtp and the 
abscissse correspond to i, the obliquity of the planet’s equator to the ecliptic. 

This figure shows that the inclination j of the orbit will diminish, unless 
the obliquity be very large. 

It appears fi-om the results of previous papers, that the satellite’s 
distance will increase as the time increases, unless the obliquity be very large, 
and if the obliquity be very large the mean distance decreases more rapidly 
for large than for small viscosity. This statement, taken in conjunction with 
our present figure, shows that in general the inclination will decrease tis 
long as the mean distance increases, and vice versd. This is not, however, 
necessarily true for all speeds of rotation of the planet and revolution of the 
satellite. 


The most remarkable feature in these curves is that they show that, for 
moderate degrees of viscosity (fi less than 20°), the inclination j decroiises 
most rapidly when i the obliquity is zero ; whilst for larger viscosities (t\ be- 
tween 20° and 45°), there is a very marked maximum rate of decrease for 
obliquities ranging fi:*om 30° to 40°. 

We now return to the analytical investigation. 


If the viscosity be sufficiently small to allow the phase retardations to bii 
small, so that the lag of each tide is proportional to its speed, we may express 
the lags of all the tides in terms of that of the sidereal semi-diurnal tide, 
viz.: 2f. On this hypothesis we have 


sin 4fi . 
sin4f~ ’ 

sin4f , sin44_, , ^ 

sin 4f "" ’ sin 4f ~ ’ 

sin2gi_ 

sin4f~'^ 

sin 2^ 
sin 4f 


sin2g, , , ^ sin4h ^ 
sin4f"5'^' sin4f“^’ 

where \ = — 
n 


And 





4 


- ( JFi + iFs + + IS?)] 

But by (62) 

jFi-iFa + 4 (®i-® 9 ) = ioosi and Jp + =* cos i 

and iFi + iFs + ®> + ®3 + ?^ = 0 

These results may of course be also obtained when the functions are 
expressed in terms of P, Q, p, q. 

Whence on this hypothesis 
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§ 8. Secular change in the mean distance of a satellite, where there is a second 
disturbing body, and where the nodes revolve with sensible imifomity 
on the fixed plane of reference. 

By (11) the equation giving the rate of change of is 

1 

F dt “ rfe' 

As before, wo may drop the accents, except as regards e'. 

d (ZW 

In § 6 we wrote ^ (e) for the operation tan ; hence ^ ^ (e) W, 

and by reference to that section the result may bo at once written down. 
We have 

T ^ ~ {2<I>iFi sin 2fi - 2 <l>aF 3 sin 2fa + 2riGi sin gi — 2 raG 2 sin ga 

' -2AHrin2h) (65) 

Where 

4>i = i [P“i3« +(^^+ iQP^fQ^q^ {PY + 0*2^) + 

= the same with Q and P intcrohanged 
Tj = 2 [P»(2« (PY + W + P* (P® - 3(3*)®i)V + Q" (3P* - 

+ QP>Q‘(P^- 

Fa = the same with Q and P interchanged 
A = 3{P‘Q‘(y + 2") + 4P»(? (P“ - Q»)y (p* + q*) 

+PY [(P’ - <?)® - aP'Q*]*} J 

These functions are reducible to the following forms 
2 (Oi + 'I>a) = 1 — sin“ j + ^ sin*j — sin® i (1 — 2 sin® j + g sin*j) 

+ ^ sin'* i (1 — 5 sin® j + sin'* j) 

2 («I>i — Oa) = cos i cos j [1 — sin®j — sin® i(l- ■§• sin® j)] 

2 (Fi + Fa) = sin® j — ■J' sin'* j + sin® i (1 - sin® j + § sin^y) 

— i sin* i (1 — 6 sin®j + 3^ sm*j) 

2 (Fi - Fa) = cos i cos J [sin® j + sin® t (1 — f sin®j)] 

2 A = I sin* J + sin® i (| sin® j — -Jjf sin* j) 

+ I sin* i (1 — 6 sin® j + 3^ sin* j) ■' 


>( 66 ) 


...(67) 


§ 9. Applimtion to the case where the pla/neb is viscous. 


As in § 7 

i = - {<t>i sin 4fi — ita sin 4^ 4- Fi sin 2gi — 
ic at 2 


Fa sin 2ga — A sin 4h} . . . (68) 


If j be put equal to zero this equation will bo found to bo the same 
as that used as the equation of tidal reaction in the previous paper on 
Precession.” 
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If the Tiscosity be small, with the same notation as before 

l^=.!fsin4f[<I>i-‘J>3+Hri-r2)-X(<I>i + <baH-A+r3+A)]...(69) 

A ai g 

Now 4>1 - + i (Ti - Ta) = 4 cos % COS j 

and ^>1 + ^2 + Ti 4- Ta + A = ^ 

Therefore ^ ^ = ^^sin4f [cosi cosj-\] (*70) 

We see that the rate of tidal reaction diminishes as the inclination of the 
orbit increases. 


§ 10. Secular change in the inclination of the orbit of a single satellite to 
the mvariabh plmOi where there is no other disturbing body than the 


This is the second of the two cases into which the problem subdivides 
itself 

If there be only two bodies, the fixed plane of reference, which was 
called the ecliptic, may be taken as the invariable plane of the system. It 
follows from the principle of the composition of moments of momentum that 
the planet’s axis of rotation, the normal to the satellite’s orbit and the normal 
to the invariable plane, necessarily lie in one plane. Whence it follows that 
the orbit and the equator necessarily intersect in the invariable plane. From 
this principle it would of course be possible either to determine the motion of 
the node from the precession of the planet or vice versd, and the change of 
obliquity of the planet’s axis (if any) from the change in the plane of the orbit 
or vice versA ; this principle will be applied later. 


We have found it convenient to measure longitudes from a line in the 
fixed plane, which is instantaneously coincident with the descending node of 
the equator on the fixed plane. Hence it follows that where there are only 
two bodies we shall after differentiation have to put 

dv/ 1 

Then since ■er'=Pp- Qqe^' therefore Qq, and similarly 


ds'__ Qq die' _ Pq die' Pq 
dN' dN'~^/Z:t’ 


when JV'ssO 


Also after differentiation when AT = 0, 

«r = «• = cos i (i +y), * = « = sin-J(iH-7) 

In order to find dj/dt we must, as before, perform ^ (H, e) on W, and wo 
take the same notation as before for the Ws and w’s with suffixes. 
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Slow smi-diurml term. 

dN'~ 

and 

=“»» ♦ W ') - 2^ ® - ”■ ■ y] " 2 

and <j) (N, e) Wi = 'or^/cFi sin 2ti 

Sidereal semi-diurnal term. 

dWrr ( dfc' d/s'\ 2'Br®«® / T> . \ 2Br®/6® 

5# = 2w»*» ^ («rP^2r + ^Qq) --^^.pq 

and since (f> (e) Wn = 0, therefore 

<j> (iV', €) Wn = 2r)j® sin 2f 

semi-diurnal term. 

By symmetry (iV, e) Wm = -Br/c^Fa sin 2fa 

Slow diurnal term, 

^ sv = !te*« — 7”’ j (8«ej - wPi) 

^ (JV, 6) Wi = - ^ + 42isr«) = - ^ isr'/t («r“ - 3«*) 

and €)Wi=-i!r"«(tir‘-'-3«>)GiBmgi 

Sidet'eal diu/rmal term. 

ay - Til («“ + - " 


Therefore 


e~B 


(iV, e) Wa = - -j=~ •«K (»■*“ — *“)B 
and ^ e) W.j = 'cj/c (-tsr* — G sin g 

Fast diurnal term. 

By symmetry </> (JV", e) Wa = isr/c® (Stir® — /c®) Ga sin ga 
Fortnightly term. 




and 


^{N, e)Wo = — ■^^^==«®*’[2t!r*(Q/e— P«r)+4forV2]= 2iir/e (w® — k®) 
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Whence 4> (N, e) Wo = 3w*ac* («r“ — *“) H sin 2h 

Collecting tenns -we have, on applying the result to the case of viscosity, 

~ ^ ~ sin 4fi + ■sr®/** sin 4f + ^utk' sin 4£i + |'8r®A6® (w® — ac®) sin 4h 

rC dt 5 

— (w® — 3ac®) sin 2gi 4- ('bj® — sin 2g + (S'bt^ — h?) sin 2ga] 

(71) 

In the particular case where the viscosity is small, this becomes 

= i ^ sin 4f sin (i +y) (72) 

The right hand side is necessarily positive, and therefore the inclination of 
the orbit to the invariable plane will always diminish with the time. 

The general equation (71) for any degree of viscosity is so complex jis to 
present no idea to the mind, and it will accordingly be graphically illnatratod. 

The case taken is where ?i/n = 16, which is the same relation as in the 
previous graphical illustration of § 7. 

The general method of illustration is sufl&ciently explained in that S(iction. 



Pio. 5; Diagram iUuBtrating the rate of change of the inoUnation of a single 
sateUite’s orbit to the invariable plane, for various visoosities of the planet, 

and various inoUnations of the orbit to the planet’s equator ( 


Fig. 6 illustrates the various values which dj/dt (the rate of incroaso of 

ZSi T “ capable of assuming for various vis- 

cositi^ of the planet, and for various inclinations of the satellite’s orbit to the 
p^et s equator. Each curve corresponds to one degree of viscosity, the 
viscosity bemg detenruned by the lag of the slow semi-diurnal tide of speed 
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272.— 2£1. The ordinates give djjdt (not as before djjsmjdt) and the abscissae 
give i + the inclination of the orbit to the equator. 

We see from this figure that the inclination to the invariable plane will 
always decrease as the time increases, and the only noticeable point is the 
maximum rate of decrease for large viscosities, for inclinations of the orbit 
and equator nxnging from 60® to 70®. If 7i/fl had been taken considerably 
smaller than 15, the inclination would have been found to increase with the 
time for largo viscosity of the planet. 


§ 11. Secular change in the mean distance of the satellite, tvhere there is 
no other disturbing body than the planet Comparison with result of 
pi'evious paper. 


To find the variation of we have to differentiate with respect to e', and 
the following result may be at once written down 

^t ” ^ ^ ^ sin 2g2 - sin 4h] 

( 73 ) 


This agrees with the result of a previous paper (viz.: (57) or (79) of 
** Procession ”), obtained by a different method; but in that case the incli- 
nation of the orbit was zero, so that -or and fc were the cosine and sine of half 
the obli(iuity, insteal of the cosine and sine of -J- (i +j). 

In the wise where the viscosity is small this becomes 

Mt “ ^ ^ I-®®® 


It will now be shown that the preceding result (71) for d/j/dt may be 
obtained by moans of the principle of conservation of moment of momentum, 
and by the nHc^ of the results of a previous paper. 

It is ojisily shown that the moment of momentum of orbital motion of the 
moon and earth round their common centre of inertia is Of//?, and the 
moment of monuaitum of the earth’s rotation is clearly O 77 . Also j and i are 
the inclinations of the two axes of moment of momentum to the axis of 
resultant moment of momentum of the system. Hence 

I sin j = 7b sin i 


By <liffcrentiation of this equation we have 

f dj . d/7i . . •di cZf . . 

= sin (i +j) + n cos (i +j) ^ cos j 

“ \ji ~ ^ St] 


D. 11. 


16 
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Now from equation (62) of the paper on '' Precession/’ the second term on 
the right hand side is zero, and therefore 

But by equations (21) and (16) and (29) of the paper on “ Procession ’’ 
(when w and x are written for the p, g of that paper) 

^ sin 4fi + 2wr*/c^ sin 4f + sin 4& + sin 2gi 

+ isrV ('cr® - sin 2g + tsr^/c® sin 2gJ 
^ ^ g sin 4fi- w V («»- sin 4f — sin 41^+ j'or^/c + 3«®) sin 2gi 

- ^/c («r» - sin 2g - (Sur^ + a:®) sin 2g9 - sin 4h] 

If we multiply the former of these by sin (i 4-^) or and th(^ latter 
by cos(i+ j) or — and add, we get the equation (71), which h«is alrciwly 
been established by the method of the disturbing function. 

It seemed well to give this method, because it confirms the accuracy of 
the two long analytical investigations in the paper on “ Procession ” and in 
the present one. 


§ 12. The 


of the disturbing function applied to the 
motion of the planet* 


^ the case where there are only two bodies, viz. : the planet and tlK> 
stellite the problem is already solved in the paper on “Precession,” and 
It IS only neces^y to- remember that the p and j of that paper are really 
8mi(i+y), instead of cos^ sin^i. This will not be reinvestimitod, 
but we will now ^nsider the case of two satelUtes, the nodes of whoso orbits 
revolve mth umform angular velocity on the ecliptic. The results may bo 
easily extended to the hypothesis of any number of satellites. ^ 

^ (18) we have the equations of variation of i, ^ in tezms of W. J^ut 

Se ^ 


.dW dWi 




.(75) 


dn_ dW 
dt dj(^ 

which give the rate of change of obUquity and the tidal friction. 

the development of W in § 6, it was assumed that were zero and 
X> X no appear, because x was left unaccented in the X'-Y'-Z’ functions. 
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Longitudes wore thei'e measured from the vernal equinox, but here we 
must concoivo tho Hf, 2f' of previous developments replaced by 
also Q,t + e, Qft + e' must be replaced by fit + e — -(Ir, fl't + e' — 

It will not be necessary to redevelop W for the following reasons. 

+ e' — yfr' occurs only in the exponentials, and N"' — if*' does not occur 
there ; Jind If' — only occurs in the functions of w and k, and il't + e'-ir' 
does not occur there. Hence 

dW_dW^dW 

dir'~ de' '*'dlf' ^ 

Again, it will be seen by referring to the remarks made as to x> 
development of W in § 5, that we have the following identities : 


For semi-diurnal terms. 


dWi dWi 

dWn dWn 

dVfjxi c?Wttt I 



doc ’ 

dod ~ir' 

I 



For diurnal terms. 



1 


dW. . dVf, 

i 

e=' 

dW, ,dW, 



ti 

11 

1 

II 

1^~'^ de' 

r " 

....(77) 


For tho fortnightly term. 



Also 


dW 


^=0 
/ ^ V, 


dW, 


= 0 


17 de' 

Making use of (76) and (77), and remembering that cos i = P’ — Q“, 
aiai — 2PQ, we may write equations (75), thus 


(2PQ) » ^ [2(? Wi -I- 2i» Wni + i (P* + 3(?) Wi -t- KS-P* + <?) W, -I- W,] 

+ (P>-e-)[^ + ^]+^(SW)...(78) 

^ — J>[Wr-Wm + tW.-lWJ + ^ + ^‘ m 

It is clear that by using these transformations we may put = -i/r' = 0, 
X — before differentiation, so that and x again disappear, and we may 
use tho old development of W. 

Tho case where Diana and the moon are distinct bodi^ will be taken first, 
and it will now bo convenient to make Diana identical with the sun. 

In this case after the differentiations are made we are not to put If= If', 
and e = e'. 

Tho only terms, out of which secular changes in i and m can anse, are 
those depending on the sidereal semi-diurnal and diurnal tides, for all others 

16—2 
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are periodic with the longitudes of the two disturbing bodies. Hence the 
disturbing function is reduced to Wn Wg. Also dWnjdN' and dSSf^JdJSf' 
can only contribute periodic terms, because N-‘N* is not zero, and by hypothesin 
the nodes revolve uniformly on the ecliptic. 

If we consider that here is not equal to nor q' to j, we see that, jih 
far as is of present interest, 

Wix = 2F cos 2f [{f - ~ - 2/«3'^] 

Wg = 2G cos g (P= - Q^y [(p^ - qj - 2p^q^] [(p'“ - (/J - 
Also the equations of variation of i and n are simply 

(fa_ dWn dWa 
dt~ di dg 

Thus if we put 

^ = 2P*Q« [(ps - gs)* - 2p»3®] [(p'» - q'^f - 2p'Y“] \ 

= i siiiH'.(l - 1 sin* j) (1 - f sin=j') 

^7 = P*Q* (P> - Q«)« [(f _ qy - [(p'=> - f/»)» _ 2 j)'Y‘‘] 1 

— I sin® i cos® i (1 ~ I sin® j) (1 — f sin® j') 

we have _ g sin 2 f + 7 G sin g] 

d% 2tt^ 

^ ^ ^ [ 2 ^F sin 2 f + 7 G sin g] cot i 

It will he noticed that in (81) 2tt' has been introduced in the oquationH 
instead of tt ; this is because in the complete solution of tho problem theses 
terns are reputed twice, once for the attraction of the moon on tho solar 
tides, and again for that of the sun on the lunar tides. 

The case where Diana is identical with the moon must now be considered. 
This will enable us to find the effects of the moon’s attraction on her own 
tides, and then by ^metry those of the sun’s attraction on his tides. 

We will begin with the tided friction. 

By comparison with (65) 

^ [Wi - Wm + |Wi - ^W,] = 2 <I>i Fi sin 2 f, + 2 'I>aFa sin 2 ^ 

+ TiGi sin gi + FaGa sin ga (82) 

When we put iV= jV' (see (43) and (52)) 

Wn = 2Foos2f.Wn and ^ = _ 4 F sin2f.wn 
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Also Wa = 2G cos g .,Wa and = — 2G sin g , Wa 

Let ^ 

<D = 2wii = 2P*f^ [(/ - 3»)« - 2;)Y? + (P* + p’s* (p* - 

+ 223‘3‘(P» + (?) 

= 2P‘(?‘ (p“ - g«)* + 8pY (P’ - sO” -P'O" (P" + Q* - P^Q*) 

+ 2|)Y (P® + 4P^Q‘ + Q*) -(83) 

and let 

= Wa = P'(2“ (P* - Q^y [(p“ - 3“)“ - 2p*5*]“ 

+ [P‘ (P - 3<3“)>> + 0^ (3P - (3=)“] (P' - 3“)® + 4PQ» (P + Q‘)pY 

= PQ^ (P - (3“)* (p» - + [(P - Q“y - 6P(3“ (P - <?)“ 

+ 8P (p® - 3®)® + 8PQ® (P^ + O' - P Q®) pY • • *(84) 

Aiicl wo have 

- j’! = - [2<tiF, sin 2f, + 24>F sin 2f + 2<J>aFaSin 2^ + FiOxsin gi 
(it CJ 

+ FG sin g + FaGa sin ga] . . .(86) 

This is only a pxrtial solution, since it only refers to the action of the 
moon on her own tides. 

If the second satellite, say the sun, be introduced, the action of the sun 
on the solar tides may bo written down by symmetry, and the elements of 
the solar (or terrestrial) orbit may be indicated by the same symbols as 
before, but with accents. 

From (85) and (81) the complete solution may be collected. 

In the case of viscosity, and where the viscosity is small, it will be found 
that the solution becomes 


dn _ . sin 4f 
S 


(1 - J sin® {) (t® + t'®) - (1 - -5 sin® i) (t® sin®y + t'® sin®j ') 

iin®j 

( 86 ) 


■ T® ^ cos i cosy — t’® cos i cosy’ + ^tt’ sin® i (1 — f sin®y") (1 § sin®y )|- 


If y and j' bo put ecpial to zero and G'/n neglected, this result will be 
found to agree with that given in the paper on “ Precession, § 17, (83). 

We will next consider the change of obliquity. 

The combined effect has already been determined in (81), but the separate 
effects of the two bodies remain to be found. The terms of different speeds 
must now be taken one by one. 
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Slow semi-diumal term. 

di T® Q dWi 1 dWi 
^dri~P~^'^2FQdIP 

We had before _ f 4. 

we had belore jfc • g de' ^ 2^)? di^' 

Now Wj is symmetrical with regard to P and p, Q and q, and so are its 
differentials with regard to e' and N'. Therefore the solution may be written 
down by symmetry with the “ slow semi-diurnal ” of § 6, by writing P tor p and 
Q for q and vice versd. 

Let 

Fi = i {P'p® - 4P* (P* - 3 (?)p«9® - 18P»(2» (P» - Q») pY 

- 4(2* (3P» - Q») p®9* - (2“8"} . . .(87) 

1 dA 

and n;s-r- — = 2FiFiSm2fisini (88) 


n ^ 4- ^ = 2FiFi sin 2fi sin i 


Sidereal semi-dmrnal term. 


Therefore 


di g 2PQL^-^ df ^ dJV'J 

^ = -24>Fsin2f and ^ = 4p»3®. 2JpFsin 2f 


On sutetitution from (44) and (83) for <E> and Jp and simplification, v 
find that if 

F = i {P'Q® (P® - G*) [(p® - 2 ®)« - 2p®g®]> -H 2p*g® (p» - j®)® (P® - Q®)® 

-2pY*(P'-<2“)} ...(89) 
«|’-^ = -2FFsin2fsmi 


Fast semi-diurnal term. 


IdWn 


dt g Q de' ^2PQ diV' 

for Q for P. and - P for Q, and - 2f, 

diumll T V T 

<liumal term by the Lke changes, and if 

Fj = i {Q^s + 4Q* (3P® - Q») j 5»29 + ispsQ! (P« _ qs) p*^ 

+ 4P*(P®_3(2®)p»g»-P®2»} ...(91) 

^ CM» 7^ ^ ^ 

^ 5i{ g sin 2 f 2 sin i (92) 


then 
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Slow diumcd term. 


di 1 [I^+SQ»dW^ , dWC] 

“dr g“ 2 PQL 2 d^’^dN'] 

~ ‘ — 2G, sin g, [F* (P= - 3Q“)= pV + 18P»(? (P“ - 

+ SQ^ (SP" - (?)* i>Y + 4 P=Qy] 

dWi -p . p 

= 2G, sin gi . Ti 


Substituting these values and simplifying, it will be found that if 

G, = .J {P (P + 3(?) p" + 2P» (P - 3 Q“)“pY - 9 (P - Q*)»pV 

- 2Q> (3P“ - Q^y (3P“ + Q) 3“} . . .(93) 


then 


di t “ 

”'dl ^8 


2GiGi sin gi sin i 


(94) 


Sidet'eal diurnal teim. 


di r. 

" d< • g “2P(2 



dWa l 

dN'j 


. ^ — 2G sin g (^r) and ^^ = 4pY2ffiG}9iog 

rn,. r di on ■ [ -P'- r W Atl 

On substitution from (53) and (84) for P and (& and simplification, we 
find that if 

G = i {(J^ - W [(?>“ - - W? - 2 (P - 0=) [(P - <?)’“ 

- 12PQ’]p“3“ (p® - g“)® - 4 (P - Q®) (P + 4PQ® + Q^)p^t] • • -(95) 

then n ^ =-2GG sing sin i (96) 

at 8 


Fast diwwtl term. 

di 1_ r 3P+(3° , ^1 

dr g“2PQL' 2 de' "^di^r'J 

As the fast semi-diurnal is derived from the slow, so here also ; and if 
G, = -1 {<?* (3P + Q“) ja" + 2Q® (3P - Q*)® pY + 9 (P - <2®)“ 

- 2P (P® - 3Q®)® p®9® - P (P + 3(3») 9®} • • -(97) 

then «■ S sin gs sin i (98) 

at g 


di ^ ^ 


1 


<«% 


/dWo . dWo\ 

[W^dlf'J 


Fortnig/itlp term. 
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If we take the term in Wo which has 2h positive in the exponential, we 
have 

dWo ^ 

dW "" ^ 2 V^l + 4 [(P* _ Q2)2 _ 2P9Q2]a ^4g4 

+ 24P>Qa ( pa _ Q2)a ^2^6 + 8P^Qi^] . 

c2 V/o 6^ 

IT “ ~ ^ 2~\r^ [4^^ + lepsQs (P> - Q»)» py 

+ 4 [(P* - Q“)» - 2P»Q»]»^Y + lePiQ® (P* - Q‘y‘ p‘(f + 4Pi(24ga] 

If these be added and simplified, it will be found that if 

H = I (p* - 3«) [(^ + g4) jHQa + 2pV (P> - <2")*] (99) 

«^-^^ = -2HHsm2hsini (100) 


Collecting results from the seven equations (88, 90 - 2 - 4 - 6 - 8 , 100 ), 

di T® . . _ 

” d< “ s' sin 2 fi - 2 FF sin 2 f- 2 F»F* sin 2f, + 2 G,Gi sin 

- 2 Ga sin g - 2 G A sin g, - 2 HH sin 2 h} . . .( 101 ) 

This is only a partial solution, and refers only to the action of the moon 

on her own tides; the part depending on the sun alone may be written down 
by S3rmmetiy. 

Th® oils functions of i and^ here introduced admit of reduction to the 
lollowing forms : 

^ = i sin* t ^ sin» j (4 sin® i - 5 sin* i) + ^ sin* j (1 - 6 sinH’ + ^ sin* i)} ' 
ir = J {sin* i - sin* i + sin* j (1 - V- sin* i + 6 sin* i) 

- sin* j (1-6 sin* i + ^ sin* i)} , 

_ ^ , (102) 

Fi+ Fa = :icosj {l-|sm*i-f sin*^'(l- Jsin'i)} \ 

- Fa = i cos i {1 - 1 sms i _ 2 sin*j (1 - g sin* i) + 1 sin*; (1 - 1 sin* i)} 

Gi + Ga = icos; 

Gi - Ga = i cos i {1 + ^ sin* i ^ sin*; (1 + 6 sin* i) - g sin*; (1 - -J sin* i)} I 
F = cos i {^ sin* i + sin*; (1 - g sin* i) - g sin* ; (1 - f sin* i)} 

G = ^ cos i {1 - sin* i - 1 sin*; (1 — ijft sin* i) + f sin* j 0 --\ sin* i)} 

H = ^ cos; {| sin* i + 1 sin*; (1- \ sin* i)} 

( 103 ) 

Tj, Tg are given in equations ( 67 ), and ^ and 7 in equations ( 80 ). 
The expressions for Fj and F, are found by symmetry with those for 4 Fi 

“*®rchanging i and;; the first of equations ( 62 ) then corresponds 
With the second of ( 103 ), and vice versd. 



1880] 


CHANGE OF OBLIQUITY. 


249 


From (103) it follows that 

- Fa + ^ (Gi - Qa) = I cos i (1 - S sin® j) 
and F + cos i (1 — f sin® j) 

Also . Fi +• Fa + Gi 4* G 2 + H = cos j 

The complete solution of the problem may be collected from the equations 
(101) and (81). 

In the case of the viscosity of the earth, and when the viscosity is small, 
we easily find the complete solution to be 


n Jsini cosi |t® (1 — f sin® j) + t'® (1 — §- sin® j') — r* sec i cos j 

— t'® sec i cos — tt' (1 — sin® j) (1 — | sin® j')|- . . .(104) 


This result agrees with that given in (83) of “ Precession,” when the 
squares of j and j' are neglected, and when Sl^/n is also neglected. 


The preceding method of finding the tidal friction and change of obliquity 
is no doubt somewhat artificial, but as the principal object of the proHont 
paper is to discuss the secular changes in the elements of the satellite's orbit, 
it did not seem worth while to develop the disturbing function in such a form 
as would make it applicable both to the satellite and the planet ; it seemed 
preferable to develop it for the satellite and to adapt it for the case of the 
perturbation of the planet. 


In long analytical investigations it is difficult to avoid nxiatakes ; it may 
therefore give the reader confidence in the correctness of tho results and 
process if I state that I have worked out the preceding values of di/dt and 
dnjdt independently, by means of tho determination of the disturbing couples 
"it, iW, That investigation sepamted itself from the prestuit one at the 
point where the products of the X'-Y'-Z' functions and X-|^-5S functions arc 
formed, for products of the fonn Y'Z' x had thorci to be found. From 
this early stage the two processes are quite independent, and the identity 
of the results is confirmatory of both. Moreover, the investigation here 
presented reposes on the values found for djfdt and d^/dt, hence the cor- 
rectness of the result of the fii*st problem here treated was also confirmed. 
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III. 

The Proper Planes op the Satellite, and op the Planet, 

AND THEIR SECULAR CHANGES. 

§ 13. On the motion of a satellite moving about a rigid oblate spheroidal 
plcmet, and perturbed by another satellite. 

The present problem is to determine the joint effects of the perturbing 
influence of the sun, and of the earth’s oblateness upon the motion of the 
moon’s nodes, and upon the inclination of the orbit to the ecliptic \ and also 
to determine the effects on the obliquity of the ecliptic and on the ojirth’s 
precession. In the present configuration of the three bodies the problem 
presents but little difficulty, because the influence of oblateness on the moon’s 
motion, is very small compared with the perturbation due to the sun ; on the 
other hand, in the case of Jupiter, the influence of oblatenoss is more im- 
portant than that of solar perturbation. In each of these special cases there 
is an appropriate approximation which leads to the result. In the present 
problem we have, however, to obtain a solution, which shall bo applicable to 
the preponderance of either perturbing cause, because we shall have to tmee, 
in retrospect, the evanescence of the solar influence, and the incretiso of the 
influence of oblateness. 

The lunar orbit will be taken as circular, and the earth or planet as 
homogeneous and of ellipticity r, so that the equation to its surface is 

p = a{H-^(J-cos®0)} 

The problem will be treated by the method of the disturbing function, 

and the method wiU he applied so as to give the perturbations both of the 
moon and earth. 


First consider only the influence of oblateness. 

Let p, e be the coordinates of the moon, so that p = c and cos d = M,. 

In the formula (IT) § 2, r = c and - = e (^ _ M,®), so that tho disturbing 
function 


W = (J - FLf) 

This function, when suitably developed, will give the perturbation of the 
the° eitL ” oWateness, and the lunar precession and nutation of 
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By (21) we have 

Ms = sin i sin (Z + N) — g* sin (Z — N)] + siny cos i sin Z 

where Z is the moon’s longitude measured from the node, and IT is the 
longitude of the ascending node of the lunar orbit measured from the 
descending node of the equator. 

As we are only going to find secular inequalities, we may, in developing 
the disturbing function, drop out terms involving Z; also we must write 
for N, because we cannot now take the vernal equinox as fixed. 

Omitting all terms which involve Z, 

M»“ = sin® i [i (jp* + 3*) “ cos 2 (jy - ^ sin’j cos? i 

+ siny sin i cos i [p® — g®] cos (N — ‘^) 
Since y) = cos ^y, g = sin ^y, we have 

y)< + g* as 1 _ ^ sin*y, p®g® = J sin®y, y)® — g® = cosy 
and 

Ma® »= ^ sin® i (1 — sin®y) + i sin®y (1 — sin® i) 

+ \ sin 2i sin 2y cos (N—4r)-i; sin® i sin®y cos 2 (JT - 
Now ^ (sin® i + sin®y) — | sin® i sin®y — i = — i(l — f sin® i) (1 — f sin®y') 
Wherefore 

W = Tt (1 — I sin* i) (1 - § sin®y’) - ^ sin 2i sin 2y cos {N - '«/»') 

+ ^ sin® i sin®y cos 2 (iV — ■^)} . . .(106) 

This is the disturbing function. 

Before applying it, we will assume that i and y are sufficiently small to 
permit us to neglect sin® i sin®y compared with unity. 


Then 

J (1 - § sin® i) (1 - ^ sin®y) = iV + i - ^ i - -J sin»y + sin® i sin®y - i sin® i sin®y 

- ^ cos 2i cos 2y - J sin* i sin®y 


Hence, when we neglect the terms in sin® % sin®y, 

W = ire + cos 2Z cos 2y - sin 2i sin 2y cos (JT - i^r)} (106) 

Since this disturbing function does not involve the epoch or have 
by (18), (14), and (18) 


f . .<W dW 
<ft~ dN’ 


. . di dW 


P . .dN dW 

^ Sin n — rr = — 7T- 




nsmi 


■ 


dW 


dt di 
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Thus as as concerns the influence of the oblateness on the moon, and tho 
reaction of the moon on the earth, 


^ sin j ^ ~ sin 24 sin 2j sin (N — '^) 

. . di 

msmi ^ = ^Tt sm 24 sm 2/ sin(iV’ — •^) 

• . d'y^ 

sm 4 -^ = - Ire {sm 24 cos 2j + cos 24 sin 2j cos ( - ■^)} 


...(107) 


If there be no other disturbing body, and if we refer the motion to tho 
invariable plane of the system, we must always have N = 'yfr. 

In this case the first and third of (107) become 

dt~dt~ 

and the second and fourth become 
f • .dN . . 

^ sm j =«8m 4 - irt sin 2 (4 +j) 

But ^/k IS proportional to the moment of momentum of the orbital 
motion, and n is proportional to the moment of momentum of tho earth’s 
rotation, and so by the definition of the invariable plane 

f . . 

j^smy = »sm4 (108) 

Wherefore , smd it follows that the two nodes remain coincident. 

This result is obviously correct. 

In the present case, however, there is another disturbing body, and wo 
must now consider— " ° ^ 


sm. 


Accented symbols wiU here refer to the elements of the solar orbit. 

We mght of course form the disturbing function, but it is simpler to 

Srw orStrth r ? tl^at the inclinaLn of 

the lunar orbit to the eohptic remains constant, whilst tho nodes regrede with 

an angular velocity | (gj |^l _ | q 

^ (il) ^ ~ i ^ ^ n ~ ^ notation, Henco I shall write 

1 fo s f^y fi 3 

^ a although if necessary (in Part IV,) I shall use 

the more accurate formula for numerical cn.1rmlnt|on. 
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For the solar precession and nutation we may obtain the results from 
(107) by putting j = 0, and t for t. 

Thus for the solar effects we have 

i- « 


dN , t' . 

m- « 

n sin i ^ = — -Jr'e sin 2i 


.(109)« 


When the system is perturbed both by the oblateness of the earth and 
by the sun, wo bivc from (107) iind (109), 

•|sinj ^ = — ■jTSsin2isin2j8in(j^^— •^) 


I sin j ^ = — I'Tt {cos 2i sin 2j + sin 2i cos 2j cos (iV - ilr)} - ^ ^ | sin 2j 


— — 4-^fsii 


di 

n sin i ^ sin 2i sin 2j sin (N - 

w sin i ^ — ’^Te {sin 2i cos 2j + cos 2i sin 2j cos (N— ■^)} — sin 2i 

( 110 ) 

The second pair of equations is derivable from the first by writing i for j 
and j for i \ N for tmd for i^T; n for f/A ; w for fl ; and -Jr for J in the 
term in t'. 


COB 


The first pair of equations may bo put into the form 
2j = - * tE sin 2i cosy cos 2y sin (JiT - V^) 


I 


sin 2j ^ - 1 t£ {cos 2i cosy sin 2y + sin 2i cosy cos 2y cos (If - f )} 

at ? , 


— sin 2y cosy 


* The following Booms worthy of remark. By the last of (109) we have #/dt= - r'e oos i/n. 
la this formula t U the preoessional constant, because the earth is treated as homogeneous. 
The full expression for the preoessional constant is (20-A-B)/20, where A, B, 0 are the 
three principal momentB of inertia. 

Now if we regard the earth and moon as being two particles rotating 
vdoeity 11 about their common centre of inertia, the three prmeipal inoments of 

the system are 0. and therefore the 

system is i. Thus the formula for dN/dt is precisely analogous to that for #/dt, each of them 
being equal to / x prec. const, x oos inolin. -r rotation. 
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y =ism2jsiniy, jj = ^ sin 2i sin I (111) 

ir=^sin2joosi\r, f = I sin 2t cos J 


Therefore 


Again 


2 |=cos i\rcos 2 i^ - siniVsin 2 i ^ 

jfc t' 

= I rt [cos j cos 2 j . 2 i 7 + cos 2 i cos j . 2 y] + 1 ^ cos j . 2 y 

^ cos 2i cos j + f ^ cos ^ cos j cos 2 j . 17 

2 ^ = sin iV cos 2 j — + cos J" sin 2 j ^ 

Icri 

= — [cos j cos 2 j . 2 f + cos 2 i cos j . 2 if] — ^ cos j . 2 « 

/hrt , 1 t' a . J,. t, 

= — cos 2 ico 8 ^ + ^|^cosjJ « — cosj cos zy.f 


T tB j t B 


and we have 


KUO , , 1 

^ = (Oj COS 2i cos j + Oa cos j) y cos J cos 2 j . 97 

dy . . . 

— (Oi cos 2^ cos j 4- <h cos j) 2? — Oj cos j cos 2j , 5* 

and by ^metry from the two latter of (110) 

d^ y 

•^ = (61 cos 2 j cos i + 63 cos 1)11 + hi cos i cos 2t . y 

dy ,, . 

^ (®i cos ^ cos i + Oj cos i) — 6j cos i cos 2i . e 


These four simultaneous differential equations have to be solved. 

The a s and b s are constant, and if it were not for the cosines on the right 
the equations would be linear and easily soluble. 

It has already been assumed that i and j are not very large, hence it would 
r^uire large variations of i and j to make considerable variations in the coefR- 
cimts, I shall therefore substitute for i and j, as they occur explicitly, mean 
values ^o and j,; and this procedure will be justifiable unless it be found 
subsequently that i and j vary largely. 
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a= a,coB 2iocosjo+ <iacosjo> /8 = 6icos^'o0osio-l-6,cosio] 
a = fla cos jo cos 2jo, b = 6i cos io cos 2io J 

(Hei'oaftor i and j will bo treated as small and the cosines as unity.) 

Then ^ = ai/ 4- awj 1 




= ;59?4-by 


Those equations suggest the solutions 

«=SXcos(/irf + in), 2;' = S£'cos(«t + m) 
y = 2L sin (/ci + m), i; = %L' sin (*t + m) 

Substituting in (116), wo must have 

— ZiK = clL 4- &L/ J — L'k — fiL' 4" bX 
L' k 4« b 

Whoroforc j; ^ 

and (/ie 4 -«)(* 4 -^)-ab =0 or K®4-«(a4-^)4-a^- ab = 0 

This quadratic equation has two real roots (ki and Kg suppose), because 
(a 4- )S)* - 4 (a^ - ab) = (« - + 4ab is essentially positive. 

Let «i 4" *9 ~ (®4 1 (llV) 

/c,-i*, = -K«-/3)’ + 4ab}ij 

and the solution is 

sin 2j cos N ^ Lx cos {kiI 4- nii) -1- Xa cos {jc^t + mg) 'j 


\ sin 2j sin Lx sin {icxt + mi) -f sin + mg) 

-J- sin a cos f = Li' cos {icxt + mi) +• L2 cos + mg) 

-J sin 2 i sin = 9; = Lx sin {icit + mi) 4- L2 sin (/Cg^ 4- mg) 


..,(118) 


where 


' _ JLff 


b . 

/Cl 4- ^ ’ Xg 


b 

JC2 + fi 


From those eq^uations we have 

i sin“ 2j = Xi* 4- Xj’ 4- 2X1X9 cos [(/Ci - /Cj) 1 4- nii - mj 
^ sin* 2 i = L{ + X,' 4- ^L^LsOos [(«i - Kj) 1 4- mi — mj 
Trom this wo see that sin 2j oscillates between 2 (Xi 4- X9) and 2 (Xi ~ ^), 
and sin 2i between 2 (Xi' 4- X9') and 2 (X/ ~ Xa ). 
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Let us change the constants introduced by integration, and write 
Xi = i sin 2jo, ^ 2 ' = i sin 2% 

Then our solution is 

sin 2y cos JT = sin ^*0 cos + mi) ^ sin 2io cos + nia) 

a 




sin 2j sin Jr= sin 2j, sin (/cit + mj) ^ sin 2i„ sin {ic^t + nia) 

sin 2i cos sin 2jo cos («,« + + sin 2*« cos (*at + nia) 

sin 2i sin ■«/r = - sin %o sin («if + mj) + sin 2io sin («at + m,) 

Prom this it follows that 

sin 2i sin 2j cos {N-^) = - sin= % sin» 2i„ 

a «a + a 

( /f j ^ M 

^ ^^+0/ K*1 - «2) « + nil - I»al 

sin 2i sin 2^ sin (iiT- ^r) = (l - sm 2i. sin 2y„ sin [(*1 uia] 

Now («i + o) (/ea + a) = - (*i + a) (*1 + /3) = _ ah 

*1 + «a + 2a = a — /9 

Therefore 

sin 2i sin 2j cos (iV - {a sin^ 2i„ - h sin= 2j„ ' 

- (a — ^) sin 24 sin 2;o cos [(*1 — *a) i + m, — uia]} 

.( 120 ) 


From (120) it is clear that the nodes of the lunar orbit will oscillate about 
the equmoctial line, if 

asin»2io.N<bsin»2jo be greater than (a - jS) sin 2io sin 2^,, 
but will rotate (although not uniformly) if the former be less than tho latter. 
With the present configuration of the earth and moon 
a8itf2i„~bsin»2ja is very small compared with (a - ^) sin 2i„ sin 2y; 

and the nodes of the lunar orbit revolve very nearly uniformly on the ecliptic- 
also the inclination of the orbit varies very slightly, as the nodes revolve.^ ’ 

In the investigation in Part n. the secular rate of change in the inclina- 
tion of the lunar orbit has been found, on the assumption that the nodes of 
the lunar orbit rotate uniformly. 
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It is intended to trace bhc effects of tidal friction on the earth and moon 
retrospectively. In the course of the solution the importance of the solar 
perturbation of the moon, relatively to the influence of the earth’s oblateness, 
will wane ; the nodes will cease to revolve uniformly, and the inclination of 
the lunar orbit and of the equator to the ecliptic will be subject to nutation. 
The differential equations of Part 11. will then cease to be applicable, and 
new ones will have to be found. 

The problem is one of such complication, that I have thought it advisable 
only to attempt to obtain a solution on the hypothesis of the smallness both 
of the obliquity and of the inclination of the orbit to the plane of reference or 
the ecliptic. It seems best however to give the preceding investigation, 
although it is more accurate than the solution subsequently used*. 

The first step towards this further consideration is to obtain a clear idea 
of the nature of the motions represented by the analytical solutions (118) or 
(119) of the present problem. 

Assuming then i and j to bo small, we have from (112) and (115) 

a = 01 - 1 - 02 , a = 01 , /8 = 6iH-6a» b=6i (121) 

j cos jZV' = ii cos {Kit + mi) -f- 1^2 cos (/cg^ + ma) 
j sin N ^Li sin {Kit + mi) -h sin {Kit 4- mg) 
i cos -^ = Li cos {Kit -t- mi) H- cos {Kit -f- ma) 
i sin ^Ir = j&i' sin {K^t -f- mi) + Ls' sin {K^t + ma) 

Take a set of rectangular axes ; let the axis of a?' pass through the fixed 
point in the ecliptic from which longitudes are measured, let the axis of / be 
drawn perpendicular to the ecliptic northwards, and let the rotation from a? 
to y be positive, and therefore consentaneous with the moon’s orbital motion. 

N is the longitude of the ascending node of the lunar orbit, and there- 
fore the direction cosines of the normal to the lunar orbit drawn northwards 
are, 

sin j cos (i\r — -J-tt), sin j sin ( JV - -Jr tt), cos j 
or since,; is small, j sin -ST, — ; cos iV", 1 

And yjr is the longitude of the descending node of the equator, and there- 
fore the direction cosines of the earth’s axis, drawn northwards are, 

sin i cos (^ + sin i sin (^ + Jtt), cos i 

or since i is small, — i sin yjr, i cos ylr, 1 

Draw a sphere of unit radius, with the origin as centre ; draw a tangent 
plane to it at the point where the axis of / meets the sphere, and project 
on this plane the poles of the lunar orbit and of the earth. We here m faet 

* See the foot-note to § 18 for a comparison of these results with those ordinarily given. 

17 
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map the motion of the two poles on a tangent plane to the celestial sphere. 
Let o', y' be a pair of axes in this plane parallel to our previous al, y'\ and 
let d, be the coordinates of the pole of the lunar orbit, and 1 / bo the 
coordinates of the earth’s pole, so that 

af=j^N, y'=‘-jcoBN; = — isin-^, 9;' = icos^ ...(123) 

Let X, y, 7) be the coordinates of these same points referred to another 
pair of rectangular axes in this plane, inclined at an angle to the axes of, yf. 

Then « = os' cos ^ ^ sin f f ' cos ^ + 1/' sin ^ 

aj'sin ^ + y'cos^, 17 = — f ' sin cos 

From (123) and (118) we have therefore 

Li sin («it + mi — ^) + ia 8in(/e,t + ma— ^) 
y = — A C08(/Cit + mi — ^) — ig cos («at + XUa — ^) 

? = — A' sin (*i< + mi — ^) — Li sin (*jt + ma — ^) 
y= A'cos(/i:it + mi — ^)+Zj'cos(«at + ma — 

Now suppose the new axes to rotate with an angular velocity Atg, and that 

<f>= Kit+ mg. 

Then x— ig sin [(«i — *,) t + mg - mg] 

y +ia = — A cos [(*1 — ACg) <+ mg — m,] 
f = — A' sin [(/eg — «g) t + mg — mj] 

’7~A'= A^cos[(«g — Ai:j)i + mg — m,] 

These four equations represent that each pole describes a circle, relatively 
to the rotating axes, with a negative angular velocity (because *1 — j«a is 
negative). The centres of the circles are on the axis of y. The ratio 

distance of centre of terrestrial circle A' *a+« b 
distance of centre of lunar circle ...(126) 

the distances being measured from the pole of the ecliptic. And the ratio 

radius of terrestrial circle _ A* *1 + a b 
radius of lunar circle 

A^rding to the definitions adopted in (117) of *g and *g, (Kg + o)/a is 
negatave and («* + a)/a is positive; hence A bas the same sign as A', and A 
has the opposite sign from A'. When t = - (mg - mg)/(«g - ^g), wc have 

® = 0, y=(-Zg)-A, f=0, i7=Xg'+A' 

In fig. 6 let 0®, Oy be the rotating axes, which revolve with a rotation 
eq^l to *g, which is negative. Let Jf be the centre of the lunar circle, 
and y of the terrestrial circle. Then we see that Z and P must be 
smultaneous positions of the two poles, which revolve round their respective 
circles with an angular velocity /cg - /Cg, in the direction of the arrows. 
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M and Q are Hie poles of two planes, which may he appropriately called the 
proper planes of the moon and Ike earth. 

These proper planes are inclined at a con^ 
stant angle to one another and to the ecliptic, 
and have a common node on the ecliptic, and 
a v/niform slow negative precession relatively 
to the ecliptic. 

The lunar orbit and the equator are in- 
clined at constant angles to ike lunar a/nd ter- 
restrial proper planes respectively, and the 
nodes of the orbit, and of the equator regrede 
wnifornily on the respective proper planes. 

In the Micanique Cdleste (livre vii., chap. 2, 
sec. 20) Laplace refers to the proper plane 
of the lunar orbit, but the corresponding 
inequality of the earth is ordinarily referred 
to as the 19-ycarly nutation. It will be proved later, that the above results 
arc identical with those ordinarily given. 



Fio. 6. 


Suppose that 

I = the inclination of the earth’s proper plane to the ecliptic ’ 

J =a the inclination of the lunar orbit to its proper plane 
\ = the inclination of the equator to tho earth’s proper plane 
J, = the inclination of the moon’s proper plane to the ecliptic 

Thon \ W 




mid by (125-6) 


' a 


b 

«i + ^ 


J; 


J,= “ I 
' *8+ a 


*8+^ T 

"b 


f 


Thus I and J arc tho two constants introduced in the integration of the 
simultaneous differential ociuations (IIC). 

It is interesting to oxaininc the physical meaning of these results, and to 
show how the solution degrades into tho two limiting cases, viz.: where the 
planot is spherical, and whore tho sun’s influence is evanescent. 

Let n bo tho speed of motion of the nodes, when the elliptidty of the 
planot is zero. 

Let I be tho purely lunar precession, or the precession when the solar 
influence is nil. 


17—2 
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[6 

Let m be the ratio of the moment of momentum of the earth’s rotation to 
that of the orbital motion of the two bodies round their common centre of 
inertia. 

“-in’ ”-T 

and by (121) and (115) we have 

a = ltll + ll, a=ml, = I + b = l 

n 


First suppose ikai it is large compart wvOi I 

This is the case at present with the earth and moon, because the speed of 
motion of the moon’s nodes is very- great compared with the speed of the 
purely lunar precession. 

Then a, y8, b are small compared with a. 

Therefore by (117) 


Ki-*a=-a + i8, *i + *a = -a-^ 

*i = -a, «, = -ye 

Therefore 

b b II 


*i + /9 a — /9 


tt-(l-m)I-:^‘ 

n 

I 


'J “g approximately 


® 5 approximately 

t + t' 


Ka = - 


And by (127) 


«, *a — = It approximately 


"T ““* -*■ “ “■* of 

tko pajr of proper plane., and tlie above resalte d,ow that it ie in fcot the 
luni-soiar precession. 

it i.'"n^p“e^„L“S“ 

a.e^^fia1;r'“‘“'‘‘ 

theX““ta m/a' •“ o' 

to *^n^Lnd'^T' “ holined at a email angle 

^e^eehpt.0, and f the earth we epherieal wonld be identied with tte 
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Secondly, sv^ose tivat n is small compared mik 1. 

Then A fortiori — is small compared with L Hence we may put j8 = b. 
Therefore 

Ki — Ki = A/(a— )S)’ + 4ah = a+b + |-^n, nearly 
*a + = — (tn + 1) I — n 


1 n. 

b “ m+i r 


*1 + a 1 


m V m+l 1/ 


Therefore 




From tho last of these, 


— yca is the precession of the system of proper planes, and the above results 
show that tho solar precession of the planet and satellite together, considered 
as one system, is one (tn + l)th of the angular velocity which the nodes of the 
satellite would have, if the planet were spherical. 

is the lunar precession of the earth which goes on within the 
system, and it is approximately the same as though the sun did not exist. 
(Compare the second and fourth of (107) with and use (108).) 

It also appears that the lunar proper plane is inclined to the planets 
proper plane at a small angle the ratio of which to the inclination of the 
earth's proper plane to the ecliptic is equal to one (m + l)th part of tt/l. 

If n and I are of approximately equal speeds the proper pl^e of the moon 
will neither be very near the ecliptic, nor very near the earth's proper plane. 
The results do not then appear to be reducible to ve^ simple forms ; nor are 
the angular velocities and so easily intelligible, each of them being 

a sort of compound precession. 

If the solar influence were to wane, M and Q, the poles of the pr<^CT 
planes, would approach one another, and ultimately become identi . o 
two planes would have then become the invariable plane of the system; and 
the two circles would be concentric and their radu would be mveisely pro- 
portional to the two moments of momentum (whose ratio is m). 
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Now in the problem which is to be considered here the solar influence 
will in effect wane, because the effect of tidal friction is, in rotrospt^ct, to 
bring the moon nearer and nearer to the earth, and to increase the ollipticity 
of the earth’s figure; hence the relative importance of the solar influence 
diminishes. 

We now see that the problem to be solved is to trace those proper planes, 
from their present condition when one is nearly identical with the ecliptic 
and the other is the mean equator, backwards until they are both sensibly 
coincident with the equator. 

We also see that the present angular velocity of the moon’s nodes on the 
ecliptic is analogous to and continuous with the purely lunar precession on 
the invariable plane of the moon-earth system ; and that the present luni- 
solar precession is analogous to and continuous with a slow processional 
motion of the same invariable plane. 

Analytically the problem is to trace the secular changes in the constants 
of integration, when a, a, b, instead of being constant, are slowly variable 
under the influence of tidal friction, and when certain other small terms, also 
due to tides, are added to the differential equations of motion. 

§ 14. On the small tevTos in the equations of motion due directly 

to tidal friction. 

The first step is the formation of the disturbing function. 

As we shall want to apply the function both to the case of the earth and 
to that of the moon, it will be necessary to measure longitudes from a fixed 
point in the ecliptic ; also we must distinguish between the longitude of the 
equinox and the angle x, as they enter in the two capacities (viz. : in the 
XfY and functions) ; thus the AT and N' of previous developments must 
become N' -yfr' ; e, e' must become e'-yjr'; and 2(x-x') 

must be introduced in the arguments of the trigonometrical terms in the 
semi-diumal terms, and ^^he diurnal ones. 

The disturbing function must be developed so that it may be applicable 
to the cases either where Diana, the tide-raiser, is or is not identical with the 
moon; but as we are only going to consider secular inequalities, all those 
terms which depend on the longitudes of Diana or the moon may be dropped. 

^ In the previous development of Part H. we had terms whose arguments 
mvolved e - e ; in the present case this ought to be written 

(fit -h 6 — — (Q/t -he' — ^|r') 

for which it is, in fact, only an abbreviation. 

A term involving this expression can only give rise to secular inequalities. 
m the case where Diana is identical with the moon; and as we shall 
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never want to differentiate the disturbing hinction with regard to SI', we 
may in the present development drop the SU and Sl't 

Having made these preliminary explanations, we shall be able to use 
previous results for the development of the disturbing function. The work 
will be much abridged by the treatment of i, j, i', f as small. 

Unaccented symbols refer to the elements of the orbit of the tide-raiser 
Diana, or (in the case of i, ‘^) to the earth as a tidally distorted body ; 
accented S 3 nnbols refer to the elements of the orbit of the perturbed satellite, 
or to the earth as a body whose rotation is perturbed. 


Since i, %' andy,/ are to bo treated as small, (22) becomes 


^ I = Pp — = 1 — — i? “ “ 


.(128) 


The same quantities when accented are equal to the same quantities when 
accented. 

Referring to the development in § 5 of the disturbing function, we 
see that, for the same reasons as before, we need only consider products of 
terms of the same kind in the sets of products of the type XT' x 
Hence the disturbing function W is the sum of the three expressions (37-9) 
multiplied by rr'/g. Now since we only wish to develop the expression as 
fer as the squares of i and j, we may at once drop out all those terms in these 
expressions, in which k occurs raised to a higher power than the second. 
Tlds at once relieves us of the sidereal and fast semi-diurnal terms, the fia»st 
diurnal and the true fortnightly term. We are, however, left with one part 
of I which is independent of the moon^s longitude and of 

the earth’s rotation ; this ptxrt represents the permanent increase of ellipticity 
of the earth, due to Diana’s attraction, and to that part of the tidal action 
which depends on the longitude of the nodes, in which the tides are assumed 
to have their equilibrium value. I shall refer to it as the permanent tide. 

As before, it will be convenient to consider the constituent parts of the 
disturbing function separately, and to indicate the several parts of W by 
suffixes as in § 5 and elsewhere ; as above explained, we need only consider 
Wi, Wi, Wa, and Wo. 


Smi-diwmal term. 
From (37) we have 


/ jX 

To the indices of these exponentials we must add ± 2 (% — x)> ^ 

write € — and for 6', e' — 
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By (128) w* = 1 - - if - 

= 1 - - i;^ - 

Hence 

Wi/y = iF, {(1 - ii'« - ij '>) COS [2(x-x') + 2 (e ' - e) 

_ 2 - 2fJ 

- ij oos[2(x-y^ + 2(e'-e)-2 (■\fr' - if) + (JV— i^) — 2fi] 

-iy cos [2 (x- xO + 2 (e'- 6)- 2 - f) - - 2fJ}...(129) 

iSZow diurnal term. 

From (38) we have 

Wi = Gi 

To the indices of the exponentials we must add + (% — x') > ‘““7 

he obviously put equal to unity, and by (128) 

Kj^ = i [m' + 

Hence 

"^i/ y = Pi {*»' cos [(X - X') + 2 (<?' - e) - 2 (if ' - f ) - gj 

+ i'j cos [(x-jO + 2(/-e)-2 (Vr' - if ) + (JV - 1) - g J 
+ if oos[(x-xf) + 2 (e - e) - 2 (^' - ^) - (i\r' - f ') - gj 
+i/' cos [(x - x') + 2 (s' - e) - 2 (if ' - if ) + (iV - iV') - (if - f') - gJ} 

(130) 

Sidereal dmrnal term. 

From (38) we hav^ 

/ TT^ 

— = G {uTK (ww - «/c) ot'a:' (<Br V — «V) e“« 

+ WAC («rw — -btV (-or'g-' — /tV) C*] 

To the indices of the exponentials must be added ± (%- x')- '»’> 'or' may 
be treated as unity. Hence the expression becomes 

Q [fcx'ei^^ + 

and Wjy^ X 

+ i'j cos [(x - X ) - (-S^ - if ) - g] 

+ cos [(x - xO + (-Z'7'' - if 0 - g] 

+jj' cos [(x -x')-(2f- N') + (f- f') - g]} . . .(181) 
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Permanent term. 
From (39) we have 


Wo / ~ s= ^ — 2'C3 -W«/c) (J — 

' 23 


= J- — *£ — to our degree of approximation 

Now 

«* = i [i® + + ij (e*’"^ + = J [i® + j* + 2i}‘ cos {N — '^)] 

Hence 

w,/ ^ J - i [i® + j® + 2^- cos (JV - ®fn)] - i [i'® +i'® + 2i'j' cos {N' - ^r')] 

(132) 

Wa and Wo are the only terms in W which can contribute anything to the 
secular inequalities, unless Diana and the satellite are identical; for all the 
other terms involve e — e', and will therefore be periodic however differentiated, 
unless e = e'. 

We now have to differentiate W with respect to i\ ® The 

results will then have to be applied in the following cases. 

For the moon : 

(i) When the tide-raiser is the moon. 

(ii) When the tide-raiser is the sun. 

For the earth : 


(iii) When the tide-raiser is the moon, and the disturber the moon. 

(iv) When the tide-raiser is the sun, and the disturber the sun. 

(v) When the tide-raiser is the moon, and the disturber the sun. 

(vi) When the tido-raiscr is the sun, and the disturber the moon. 

The sum of the values derived from the differentiations, according to 
these several hypotheses, will be the complete values to be used in the 
differential equations (13), (14) and (18) for djjdt, dNIdt, dijdt, dyjrldt 

A. little preliminaiy consideration will show that the labour of making 
these differentiations may bo considerably abridged. 

In the present case i andj are small, and the equations (110) which give 
the position of the two proper planes, and the inclinations of the orbit and 
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We axe going to find certain additional terms, depending on frictional 
tides, to be added to these four equations. These terms will all involve t®, 
T or TT in their coefficients, and will therefore be small compared with 
those in (133). If these small terms are of the same types as the terms in 
(133), they may be dropped; because the only effect of them will be to 
produce a very small and negligeable alteration in the position of the two 
proper planes*. 

In consequence of this principle, we may entirely drop Wo from our 
disturbing function, for Wo only gives rise to a small permanent alteration 
of oblateness, and therefore can only slightly modify the positions of the 
proper planes. 

Analytically the same result may be obtained, by observing that Wo in 
(132) has the same form as W in (105), when % and j are treated as small. 

In each case, after differentiation, the transition will be made to the case 
of viscosity of the planet, and the proper terms will be dropped out, without 
further comment. 


First take the perturbations of the moon. 

For this purpose we have to find dWjdf and 

dW 


smy 


dW ..,dW 




By the above priuciple, ia finding diWIdj' we may drop terms involving 
j and icos(F--f), and in finding dWij'dN' +ij'dW Ids', we may drop 
terms involving t sin (iV" — 


We may now suppose X = '^ = 

Tate the case (i), where the tide-raiser is the moon. As the perturbed 
body is also the moon, after differentiation we may drop the accents to all 
the symbols. 


From (129) 


dWi / t * 1 ™ . 

~W^/i ^ 2fi - i cos 4- 2fi)} 

= ii sin (AT - sin 4fi (I 34 ) 


For example, we ahonld find the following terms in | sinj ^ 


VIZ. 


-ii J - i»' OOB (;v - 1 ^) sina g ^ + 4 [ j + 1 00 s (N - ^)] [sina 2fi - sin* gi - sin* g] ^ 
whidi may be aU ooapled up with those in the second of (13S). 

If the TOooMty he so that the angles of lagging are smaU, it will be found that all the 

t^s of 1^ kind Tamsh in all four equations, excepting the first of those just written down, 
VIZ.. “iyTr/g. * 
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From (130) 

dW, /t'-" 

/ g ^ (i\r - l/r + gi) + j cos gi} 

= - it sin (iV — •^) sin 2gi (136) 

From (131) and symmetry with (135) 

^Y^ = iisin(i\r-'»;r)sin2g (136) 

Adding these three (134-6) together, we have for the whole effect of the 
lunar tides on the moon 

d'SSf /t2 

~ sin {N - >/r) [sin 4fi - sin 2gi + sin 2g] (137) 

Now take the case (ii) whore the tide-raiser is the sun. 

Here we need only consider Wg, but although we may put X 
i=i', wo mtist not put N because the tide-raiser is distinct from 
the moon. 

From (131) 

Y = J G {i cos (N' -ir'-g) +y cos (M-Jf'-h g)} 

Here accented symbols refer to the moon (as perturbed), and unaccented 
to the sun (tis tido-raisor). As we refer the motion to the ecliptic j = 0, and 
the last term disappears. Also we want accented symbols to refer to the sun 
and umicconted to refer to the moon, therefore make t and r interchange 
their meanings, and drop the accents to N' and yjr'. Thus as far as important 

"<!' '/y “ 

This givo.s the whole efFect of tho stilar tides on the moon. 

Collecting reaults from (ISY-S), we' have by (14) 

I siny sin (N — •^) (sin 4fi — sin 2gi + sin 2g) + ^ sin 2g j 

(139) 

This gives the required additional terms due to bodily tides in the 
equation for dNjdt, viz.: the second of (133). 

If the viscosity be small 

sin 4fi - sin 2gi + sin 2g = sin 4f ) 

sin 2g = ^ sin 4f ) 

N&ct take the seculcvr change of inclination of the hinar orhit. 

For this purpose we have to find dVf jj'dN' + ^j'dVflde',. and may drop 
terms in i sin (JV — •«/^). 
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Fiist take the case (i), where the tide-raiser is the moon. 

From (129) 

j, 5^/^“ + 2fi) = cos (N - ylr) sin 4fi . . .(141) 




= ij sin 4f, (142) 


From (130) 


f' = - iGi {i sin (i\r- i/r + gi) +j sin gi} = - i [j + i cos (N- 1 ^)] sin 2gi 

^ . (143) 

4 ./ (^Wj /t* 

ij g = 0 to present order of approximation (144) 

From (131) 

1 cZW /t^ 

/' dW] g ~ {isin(JV- ifr- g) - jsing} = J |j +i cos {N — '\/»>)] sin 2g 

.W. (145) 


® absolutely (146) 

Collecting results from the six equations (141-6), we have for the whole 
perturbation of the moon by the lunar tides 

/I dW ,.,dW\/T® . 

V/ "57 j/ g ^ ^ 4fi - sin 2gi + sin 2g). . .(147) 

Next take the case (ii), and suppose that the sun is the tide-raiser. 
Here we need only consider W,. Noting that dWMe’^0 absolutely, wo 
have from (131) 

/ 1 - ,f dWj\ Itt 

I J dW^ 5*^ dTj/ {* -j sin (if - if' -h g)} 

Accented symbols here refer to the moon (as perturbed), unaccented to 
the sun (as tide^raiser). Therefore y = 0. Then reverting to the usual 

notation by. shifbmg accents and dropping useless terms, this expression 
becomes 

+ ii cos (if - >/r) sin 2g ( 148 ) 

Collecting results from (14‘7-8), we have by (13) 

U “ “ i ^ ~ V")] J (sin 4f, - sin 2gi + sin 2g) 

TT 

— ii cos (if - '^) -— sin 2g . . .(149) 

This giv^ the additional terms due to bodily tides in the equation for 
djidt, VIZ.: the first of (133). 
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If the viscosity bo small 

sin 4ifi — sin 2g, + sin 2g = sin 4f 
sin2g = ^sin4f 

Before proceeding further it may be remarked that to the present order 
of approximation in case (i) 

^ = Jsin4fi 

and in ctuso (ii) it is zero ; thus by (11) 





We twm turn to the perturbations of the ea/rth’s rotation. 

Here we have to find dW/di' and 

dW dW . dW dW 

i»nid^ smid^fr' ^ ^'‘'idj^ id-^' 

and in the former may drop terms in i and j cos (N— yjr), and in the latter 
terms inj sin (JV — 

First take the case (iii), where the moon is tide-raiser and disturber. 
Here wo may toko iV =* If', e = j =3' throughout, and after differentiation 
may drop the accents to all the symbols. 

From (129) 

—J = - iFi {i cos 2fi +j<ios(N'-^ + 2f,)} = ij sin (N - ) sin 4fi 

* ^ ® (162) 

From (130) 

s ^Gi {t cos gi +j cos — gi)l = ij sin (JV- Tfr) sin 2gx 

® ' ® (153) 

From (131) 

iG {icosg-|-jcos(iV-t-l-g)l =-iisin(JV-t)sin2g 
® (154) 

Therefore from (152-4) wo have for the whole perturbation of the earth, 
due to attraction of the moon on the lunar tides, 

^ /- = ij sin (N - 1) [si“ - 1 - sin 2gi - sin 2g] (165) 

/ g 

Tho result for case (iv), where the sun is both tide-raiser and disturber, 
may be -written down by symmetry ; and since j = 0 here, therefore 




( 156 ) 
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Next take the cases (v) and (vi), where the tide-raiser and disturber are 
distinct. Here we need only consider Wg. 

From (131) 

When the moon is tide-raiser and sun disturber, this becomes 

- i j sin (N — sin 2g (157) 

When sun is tide-raiser and moon disturber it becomes zero. 

Collecting results firom (155-7), we have by (18) 

= sin (N-^lr) (sin 4fi -I- sin 2gi— sin 2g) — ^sin 2gJ 

(158) 

This gives the additional terms due to bodily tides in tbo equation for 
viz. : the last of (133). 

If the viscosity be small 

sin4fi-hsin2g,-sin2g = sin4f(l-2X) \ 
sin 2g = i sin 4f 


where 


n 


.(159) 


Next consider the change in tl\s obliqv/ity of the ecliptic 5 for this purpose 
we must find (1— ii^)dyifjidx ^ dWIidyfr, and may drop torms involving 
j sin {N — 

First take the case (iii), where the moon is both tide-raiser and disturber. 
From (129) 

dWj /t® t-i f/-^ . . . 

= - Fi {(1 - -f) sm 2fi + ij sin (JV- - 2f,) 

-i7sin(N-'^-h2f,)} ...(160) 

“d$^/f”^*t^^~*’“J*)®“2f,-^tysin(N-Vr--2f.)-iiysin(N-'^-|-2f,)} 

“ ^ ‘ 

Therefore 

r^n IdWrl/y 

L» ^ ^ dx' % d^\l % “ +i iN~-^+ 2f,)} 

Jrom (130) " ^ 

(£ Wi /t® 

wl g “ ~ gi - ij sin (iV- Vr - g,) + ij sin (iV- -f g,) 

+j»singi}...(162) 
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^’W />!-» 

"" •^ = iGi{2i»smgi-2ij’sin(JV->^-gi) + ^‘sin(iV-i|" + g,) 

+ sin gi} 


S 

^ Here fore 

s= i [i 4 j cos (i\r — ■^)] sin 2g, (163) 

l^Vona (131) 

{i“ sin g 4 ij sin (JT— 4 g) — sin - g) 4 sin g} 

^ ® (164) 

— iGl 


- i; sin (JV - - g) 4 j* sin g} 




«^X'/ 8 
'fhoreforc 


= — i [i +j cos (N — ■^)] sin 2g...(166) 

t JJollecting results from (161—3—5), we have for the whole perturbation 
'I t'iio ourfch due to the attraction of the moon on the lunar tides, 





/i! 

d‘x! g 


~ i [* + j (-^ “ ■*" ~ 

(166) 


'Vhci 
ut'^t.y "bo 


result for case (iv), where the sun is both tide-raiser and disturber, 
written down by symmetry; and since j = 0 here, therefore 





^ sin 4f 

8 


(167) 


Ibis hero assumed that the solar slow diurnal tide has the same lag as the 
l«.rortl diurnal tide, and that the solar slow semi-diurnal tide has the same 
rtH the sidereal semi-diurnal tide. This is very nearly true, because 11' is 
. 1 1 1 : 1 , 1 1 compared with n. 

iSToxt take the cases (v) and (vi), where the tide-raiser and disturber are 
, h Here we need only consider Ws. 


'dx' / 8 


= - i G sin g + sin (iV - f 4 g) - i; ' sin (iV' - - g) 

+j;'sin(iV-iV"-l-g)}...(168) 
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- =iG { - z)-' sin(JV' - 1' - g) +j3' sin {N-N' +g)} 

Therefore 

When the moon is tide-raiser and the sun disturber, this bccomos 

- i [i+j cos (N — -^)] sin 2g (169) 

When the sun is tide-raiser and the moon disturber, this becomes 

-:iisin2g (170) 

Collecting results from (166-7-9, 170), we have by (18), 

» ^ = Hi + j cos (W — «/r)] (sin 4fi + sin 2ga - sin 2g) - ^ sin 2g I 

•K*. I' 1 

+ i» |^^sm4f- Y8in2gJ 

This gives the additional terms due to bodily tides in the eqiuition for 
dijdt, viz.: the third of (133). 

If the viscosity be small 

sin 4fi -f- sin 2g, — sin 2g = sin 4f (1 — 2\) 

sin2g =4sin4f 

whOTe \ = — 

n / 

Also we have from (160-2-4-8) to the present order of approximation. 


and by symmetry. 
Therefore by (18) 

Now let 


dW /-r^ , . ,, 
Wi=-i=“4t 

dW / t '* , . 


dn 1 Tt* • t'* . 1 

■ ^ * Li + -g J • • (l^"?!) 


r=i| g (sin4fi-sin2gi + sin2g) • '< 

C^-i| ^(8i“4f,-sin2gi + sin2g)-|- Ysin2g1 
^ “ Si [ S - sin 2g) L sin 4f - 2 ^ sin 2g] 

' ^ (8in4fi-|-8in2gi-sin2g)- Ysin2gJ 


....( 174 ) 
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Theu tho four equations (139), (149), (158), and (171) may be written 


di 


Tj — Qi cos ( F - '^) 




= Ai + Dj cos (iV — 


Also ficom (151) and (173) 
Tsdt 


A^sin4fi 


These six c(iuations (175-6) contain all the secular inequalities in the 
motions of tho moon «T,ud eaith, due to the bodily tides raised by the sun and 
moon, as far as is material for tho present investigation. The terms which 
are omitted only reprosont very small displacements of the proper planes and 
of tho inclinations of the pianos of motion of the two parts of the system to 
those proper pianos. 

Reverting to tho earlier notation in which 


2 /= j sin iV, 77 = i sin t \ 
ycosiV", f=icos'</rJ 


we easily find 




rv-G, 

1 = 

1 = 


These equations contain tho additional terms due to tides, which are to 
be added to tho equations (116), in order to find the secular displacements of 
the proper pianos. 

The first application, which will he made hereafter, wiU be to the case 
where the viscosity is small, and it will he more conyenient to make the 
transition to that hypothesis at present, although the greater part of what 
follows in this part will be equally applicable whateyer may be the viscosity. 

18 


D II. 



THE EQUATIONS OF MOTION. 


In the case of small viscosity the functions T, A, G, D will be indicated by 
the corresponding small letters 7 , 8 , g, d. 

By (140), (160), (159), (172) we have 

i;sin4fr ,, ,k sin4fr « , , n '1 

7 = I 


where X = — 

n J 

( 179 ) 

In the present case where i and j are small, we have by (112) and ( 121 ) 

b.l5 - (ISO) 

f n 

7i^ 

where , the permanent ellipticity of the earth 


or not 


These equations (180) are the same whether the viscosity be supposed small 

J- 


The complete equations are 
dz 

ay + ai; -(yA+gC) 

^ = - (aa + a?) - ( 7 y + g,) 

I 

^ = ^17 + by + 8 f + da 

^ = -(^?+ha)+ +dy 

If the viscosity be not small we have T, G, A, D in place of 7 , g, 8 , d. As 
it is more convenient to write small letters than capitals, in the whole of the 
next section the small letters will be employed, although the same investiga- 
tion would be equally applicable with T, G, &o., in place of 7 , g, &c. 

The terms in 7 , g, 8 , d are small compared with those in a, a, yS, b, and 
may be neglected as a first approximation. Also «, a, y 8 , b vary slowly in 
comequence of tidal reaction, tidal friction, and the consequent change of 

ellipticity of the earth, but as a first approximation they may be treated as 
constant. 


If we put 


— A COS (jcit + nil), = ig cos (/cjt + mg) 
yi = Ii sin (Kit + mi), yg = i, ain (Kgt + nia) 
(i = A COS (ki< 4 - mi), = ig' cos (Kgt + nig) 
% = A' sin (Kit + mi), i73 = Z3'8in(Kjt + ma) 


.( 182 ) 
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by (122) or (118) the firat .approximation is 

z=Zi + 2i, y — yi + y^, + v^Vi+ya '\ 

where = ^ 

A ^1 + ^ A a /C 2 + ySj 

Before considering the secular changes in the constants L of integration, 
it will be convenient to take one other step. 

The equation of tidal friction (173) may be written approximately 



because sin M will be netirly oqual to sin 4fi as long as t'^ is not small com- 
pared with t“. (See however § 22, Part IV.) 

Also the equation of tidal reaction (151) is 



Dividing one by the other and putting t® = we have 



and integrating, 



This is tho equation of conservation of moment of momentum of the 
moon-earth system, as modified by solar tidal fidetion. From it we obtain n 
in terms of 


§ 15. 0?i the secular changes of the constants of integration. 

It is often found difficult on first reading a long analytical investigation 
to trace tho general moth<xl amidst the mass of detail, and it is only at the 
end that the ruling idea is perceived; in such circumstances it has often 
appeared to me that a preliminary sketch would be of great service to the 
reader. I shall act on this idea here, and consider some simple equations 
analogous to those to be treated. 


Let the equations be 



dt 


- 02 ? 


If a be constant, the solution is obviously 

2 ? = L cos (a^ m), — Lsin(a^+m) 

Now suppose a to be slowly varying ; put therefore a + a'^ for a, and treat 
a, a' as constants. 


18—2 
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Then ^=ay+a%, ^ = - 08 - 0 % 

By differentiation ^ ~ + a'y 


The terms on the right-hand side of these equations arc small, bccausti 
they involve a', and therefore we may substitute in them from the first 
approximation. 

Hence ~ (at + m) — 2a' otL cos (at + m) 

and a similar equation for y. 

The solution of this equation is 

o! q[ 

«s=ico8(at + m)+ JDt cos (at + m) — ^ — Lt cos (ot ’+ m) — J a'it® sin (at + m) 

The terms depending on t out one another out, and 

8 = icos (at + m) — Ja' sin (at + m) 

Similarly we should find 

= - £ sin (at + m) - J a' it* cos (at + m) 

The terms in t“ are obviously equivalent to a change in in, tho phiisc of 
the oscillation i but the amplitude £ is unaffected. Wo might have aiTivod 
at this conclusion about the amplitude if, in solving the differential equations, 
we had neglected in the solutions the terms depending on t“, as will be done 
in considering our equations below. In those equations, however, wo shall 
not find that the terms in t annihilate one another, and thus there will be a 
change of amplitude. 

That this conclusion concerning amplitude is correct, may bo soon from 
the fact that the rigorous solution of the equations 

dz dv 

is « = £cos(/adt + m,), y = -£sm(/adt + mo) 

= £ cos (at + m, -Ja'tdt), = - £ sin (at + m„ -Joi'tdt) 

Whence £ is unaffected, whilst 

m = mo - fo^tdt 
— 

dt dt 


So that 
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dy 

f^ = -«z-yy 


Next consider the equations 
dz 

where a is constant, but 7 is a very small quantity compared with a, which 
may vary slowly. 

Treat 7 as constant, and differentiate, and we have 
d?z 


d^z , . 


If we neglect 7, we have the first approximation 

« = icos((rf+m), 2/ = -£sin(a< + m) 

Substituting these values for z, y on the right, we have 

^ + a“«: = 27a£ sin (a< + m) 
dt* 

And a similar equation for y. 

The solutions arc 

«a= icos(of +m)-7i4cos(«f + m) 

yss — isin(af +m) + 7it8in(at + ni) 

From this we see that, if wo desire to retain the first approximation as 
the solution, we must have 


1 dL 
L dt 


= -7 


,.(187) 


This will bo true if 7 varies slowly ; hence 

and the solution is z=^ cos (of + m) 

y = — sin (of + m) 

It is easy to verify that these are the rigorous solutions of the equations, 
when a is constant hut y varies. 

The equation (187) gives the rate of change of ampHtude of oscillation. 
The cases which wo have now considered, by the ^dtovTbeen 

treated in the same way, so that the reaaei wiu o 

They are in fact more than simply analogous, for they ^ 0 

tions (181) become if the obliquity of the ecliptic be sero and r-0, . 0. 

In this case L =j, and djjdt — —jy- 
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This shows that the secular change of figure of the earth, and the secular 
changes in the rate of revolution of the moon’s nodes do not affect the rate of 
alteration of the iuclination of the lunar orbit to the ecliptic, so long as the 
obliquity is zero. This last result contains the implicit assumption that tho 
perturbing influence of the moon on the earth is not so large, but that the 
obliquity of the equator may always remain small, however the lunar nodes 
vary. In an exactly similar manner we may show that, if the inclination of 
the lunar orbit be zero, dijdb = ih. This is the result of the previous paper 
" On the Precession of a Viscous Spheroid,” when the obliquity is small. 

According to the method which has been sketched, the equations to be 
integrated are given in (181), when we write a + «'< for a, a + a't for a, / 5 + yS't 
for b + b’< for b, and then treat ot, a, &c., a’, a’, &c., y, g, &c., as constants. 

Before proceeding to consider the equations, it will be convenient to find 
certain relations between the quantities a, a, &c., and the two roots Ki and 
of the quadratic (* + «)(« + j 8 ) = ab. 

We have supposed the two roots to be such that 


*i + Ks = — a— /8 'I 

*1 - = - V(a — y8)* + 4 ab J 

Then *i«j = («;8-ab) ...; 

*1^ + *9“ = a®+ /8“ + 2ab 

*i’/C9® = (o’ + ab) ()8® + ab) - ab (a + 

+ ab — Ki* = («i + «s) («, + a) 

+ ab — Ki = (ki + *3) (kj + a) 
a> + ab - = (*i + /cj) (ac, + ^) 

a* + ab - Ki = («i + ACj) + (8) 

AC, + « = - (*2 + ^)\ 

Ac,+ a = -(Ac, + /8)J 


ab (a + ^) = (ac, + a) (acs + a) (ac, + ACa) 

Now suppose OUT equations (181) to be written as follows : 
dz 

dy 

^’J+by + cr 

^ = -/9r-bA + i; 
where s, u, a, v comprise all the terms involving a', a', &c., 7 , g, &c. 


.(188) 

,(189) 

,(190) 

,(191) 

(192) 

,( 193 ) 


,(194) 
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If we write {z) as a type of z, (a) as a ty^e of a, a, /8, b ; (a') 

as a type of ex', a', V ; (7) as a t}rpe of 7, g, S, d ; and (s) as a type of 5, u, 
<r,v\ it is clear that {$) is {z) (a') t + (7) {z\ 

Difforontiate each of the equations (194), substitute for after 
differentiation, and write 


The result is 


a ^ 

S = jT + + au 

at 

tt du 

U = -jT — 05 — acr 
at 

■Z = ~ + ^v + \m 


,(195) 


= - («" + ab) « - a (a + ^) ? + S 
^ = —(«*+ ab) ^ — a(a+^)»j + U 
f| (/8“ + ab)?-b(a+/3)^ + 2 

^=:i-(/3* + ab)i?-b(a + ^)y + T 


,(196) 


From the first of these 

- (j8» + ab) a (a + /8) ? = (/3» + ab) + (a^ + ab) (/3* + ab) « - S (^» + ab) 
Therefore from the third 


(a + $) = (|8» + ab) ^ + {(«“ + ab) + ab) - ab (a + /3)»} 

S(/3» + ab) + Sa(a + 


and by (190) 

a (a + ;9) = (^ + ab) ^ - S O’ + ab) + 2a (a + ^) \ 


Similarly 

a(«+/3)fj = (^ + ab)g + *,Wy-U(/3* + ab) + Ta(« + ^) 


y...(197) 


b(a+ /3) g = («>> + ab) S + Sb (a + 

b(a + /3) g = (a» + ab)g + -T («>> + ab) + Ub (« + ^) ^ 
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Di£Eerentiate the first of (196) twice, using the first of (197), and we have 
^ - (a? + ab) ^ - 08“ + ab) ^ + ab + S - 2a (a + ^) 

Therefore by (190) 

[S S « = (^ + ab + ^) S - 2a (a + ^) 

Writing (S) as a type of S, 2, U, T, 

(S) is of the type (a) (a) (o') t + (a) (7) (z) + (a') (z) + (a') t + (7) 

Hence every term of (S) contains some small term, either (o') or (7). 

Therefore on the right-hand side of the above equation we may substitute 
for (a) the first approximation, viz.: (zi) -H(zj) given in (182-3). 

When this substitution is carried out, let (Si), (Sj) be the parts of (S) 
which contain all terms of the speeds iti and x, respectively. 

By (191) and (193) the right-hand side in the above equation may be 
written 

(*i + *s) («s + a) Si - ^ (xi -1- a) (xj ■¥ a) (*i + Xj) + (xi® + S, 

4- the same with 2 and 1 interchanged 

Now let I> stand for the operation ^ + (a:,® + and we have 

I>z = (xi-|-xi)(x, + a) |Sl-^^ 2i] 

+ the same 

= («i + *.) (x, + a) |Ui - % 

I>r = (*i + xi) (x, + /3) 1 2, - ^ Si 

= (xi + X,) (x, + |Ti - Ui 

The last three of these equations are to be found by a parallel process, or 
else by symmetry. 

If the right-hand sides of (198) be neglected, we clearly obtain, on inte- 
gration, the first approximation (183) for z, y, f, rj. This fii’st approximation 
was originally obtained by mere inspection. 

We now have to consider the eiffects of the small terms on the right 
on the constants of integration ii, ig, i/, Li introduced in the firat ap- 
proximation. 
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The small terms on the right are, by means of the first approximation, 
capable of being arranged in one of the alternative forms 

sin) 


cosl 

sin 


V Kit + the same with 2 for 1 


cos 


Now consider the differential equation 

^ ^ = A cos {at + 7})+ Bt cos {at + tj), . .(199) 

First suppose that B is zero, so that the term in A exists alone. 
Assume a; = Gt sin {at + tj) as the solution. 


Then 


== 0 {— c(?t sin {at + 7)) + 2a cos {at + rj)} 

(Lu 


d*x 
dt ^ ' 


! 0 {aH sin {at + 1?) — 4ia“ cos {at + 1?)} 


By substitution in (199), with B =0, we have 

0{-4a* + 2a(a* + 6®)} = ^ 
Therefore! the solution is 

A 




-i sm(at + ij) 


2a(a“-i»») 

By writing 97 - J-tt for 97, we see that a term A sin {at + 97) in the differential 
equation would generate j^^^t cos {at -\-7j) in the solution. 

From this theorem it follows that the solution of the equation 

= Fij/i + Fay2 


IS 


, = . — . + the same with 2 and 1 interchanged 

2«i (Ki» - /*!,“) 


and the solution of 


IS 






D*Z = Fi97i + Fa972 

+ the same with 2 and 1 interchanged 


2«i (/Cl® — «a®) 

Also (writing tho two alternatives by means of an easily intelligible 
notation) the solutions of 


I>y = F»|^; + Fa 




tF) 




arc 


-Hi the same with 2 and 1 interchanged 

2«i (/«i“ — *2®) 

Tho similar equations for D‘^ may be treated in the same way. The 
general rule is that : 
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y and rj in the diff&rential equations generate in the solution tz and t^ 
respectively ; and z and ^ generate —ty and —trj respectively ; and the tet'ins 
are to be divided by {k-^ — k^) or 2a:2 {k^ — k^) as the case may he. 

Next suppose that -4 = 0 in the equation ( 199 ), and assume as the 
solution 

ij? = sin {at + ^) + cos {at + ri) 

Then 

d^x , 

^ 0 {— aH^ sin {at + ?;) 4- to cos {at 4 ?;) + 2 sin {a,t 4 97 )} 

’\^D[-aH cos 4- '»?) — 2a sin {at 4 1?)} 
d^x / 

^ = G {a^ sm (oi + «j) - %aH cos (at + »?) - 12 a'' sin (at + ri)] 

+ D [aH cos (of + ?;) + 4 a’ sin (at + 17)} 

Substituting in ( 199 ), we must have 

4 aO(a» + 6>)-8a»a = 5 

and 2 (( 7 -oZ))(o® + 6 >)- 12 a ''(7 + 4 a''I> = 0 

Whence C = D B 

4 a (o’ — &•) ’ 4 a’ (a’ - 6’)’ 

Hence the solution of ( 199 ), when -1 = 0 , is 

5 a* — S’ ^ 1 

4 a’ (a’ -i*)’ ^ •+ “ W(a?-}^) 

If f be veiy small, the second of these terms may be neglected. 

By writing 17 - Jw for 97, we see that a term Bf sin (of + 17) in the differential 
equation, would have given rise in the solution to 

6a’ - 6» „ 

4 ^ ’ (o’ + 

f being very small. 

By this theorem we see that the solutions of the two alternative differential 
equations 


0 = -- 


D B 

4 a’ (a’ -6’)’ 


I>« = fFJJ + fFJp 

are, when f is very small, * ° 

6«i’— *j’ (zi ,, 

~ 4«i’ («i’ — Kj^)* ’ Ki ~ same with 2 and 1 interchanged 

The similar equations for I^y, 0*97, may be treated similarly. Tho 
general rule is that : 

U and ff in tU differ&nUal eguoHons are reproduced, but with an opposite 
sign in the solution; and similarly ty and U] are reproduced with the opposite 
Sign ; and in the solution the terms are to be multiplied hy 

SACa’-ACi’ 

4Aei’(/ei’-/ej’)’ 4«j’ (*,’ - * 1 ®)’ 
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For the purpose of future developments it will be more convenient to 
write these factors in the forms 


2 /tfi — tc^^j 


2fCi 


1 ) 


Ki 


a _ 


2 ki 


and 




2^2 ,1 ] 

— 2 k 2 


2/^2 (^2^ “ 

By moans of these two rules we see that the solutions of the two 
alternative differentiill equations 


are, so long as < is very small. 


2 = «l + ; 


+ the same with 2 for 1 

.M 


.( 200 ) 



1^1 

1 

2*1 J_1 

^Ki) 2Ki{K-^-Ki) 

2*iJ 


+ the same with 2 and 1 interchanged ...(201) 
Putting for &c., their values from (182), these solutions may be 

written 

hill- 


z = COS {Kit + mi) I A + 




tAi 


[L' [ 2^ i; 

- *a“) 2*1. 


‘2 ki («,="-*!,*) 2ACi(/ei*' 

+ the same with 2 for 1 ...(202) 

Hence we may retain the first approximation 

Z = Li cos (jCit + lUi) + Li cos {Kit + lUa) 

os the solution, provided that Xi and are no longer constant, hut vary m 
such a way that 


^ ^ ^ - 

dt 2 ki {ki — Kq) 2ki {ki — K2) 


MS' 


r-^+- 

L*i® — *a* 2«i_ 


.(203) 


and a similar equation for ij 

It will be found, when we come to apply these results, that the solution 
of the equation for D*y will lead to the same equations for the vanation ot 
Li and Li as are derived from the equation for D*e. 

A similar treatment may be applied to the equatioi^ for D*r or D^, and 
we find similar differential equations for dLi'/dt and di,7ot. 

These equations will be the differential equations for the secular changes 
in i, and i/, which are the constants of integration m the first approxima ion. 

We will now apply these theorems to the differential ^ 

but as the analysis is rather complex, it will be more convenient to treat the 
variations of a, a, /3, b and the terms in 7, g, S, d mdependently. 

We will indicate by the symbol A the additional “u 

will write the symbol out of which the term arises as a suffix-e.flr., we shall 
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write A-er^ for the additional terms in the complete value of z, which arise from 
the variation of a. Also (dLldt)a will be written for the terms in dL/dt which 
arise from the variation of a. 

Terms depending on the variation of a. 

We now put for o in (181) a + dt. 

Hence in (194) 

s^a'ty, u — --aftz, cr = 0, u — 0 
Therefore S = a'{v — ^ — lt = — a!htz 


Therefore ® [S' " ^ ““ » 2 = -a'b^£f 

And by substitution from (182-3) 

Si = a' {i/a -f tzi (tci - a)}, 2i = - QfhtZi 
Sa, 2a have similar forms with 2 for 1 

Then + ^) Sj = 2a' (Kx-a)^ = - 2a' («i - a) yi 

Si - - 2i = a' {yi 4- tel (aci - a)} + aft (k, + a) Zi 

= a'{yi+2<*i2t,} (204) 

Thus the equation for z is 

^ D*z = («! + Kj) («a + a) (yi + 2teiafi) — 2 aci («i — a) yi + the same with 2 for 1 

Hence hy the rules found above for the solution of such an equation 
1 z ( 

^ = 2KTw-,ci) r' + - “) 

- 2k, («i + *,) (*, + a) 1 

r . 2 «i(*2+o)i 0 

* 1 * — ** (aCi-ACs) 


Whence 


. *i+“ . ACj + a 


fl dLi\ _ /ei + a fl dZj'\ , ACj + a 

Ui d J. “ (*1 - ’ U drj. - ■ “ 

If we form U and T, and solve the equation for D^y, we obtain the same 


results. 


Again [aci^ + 2i = - 2a'b ^ = 2aT3Aeiyi 

= (yi + ^tK,z,) by (204) 


ACi + a . 
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Hence the equation for §■ is 

= («i + Kj) (i/j 4 - 2tKiZi) + 2 x 1^1 + the same with 2 for 1 
And by the rules of solution 

(«> + *=>) ^ 

2/Ci 
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+ &C. 


= [i 

/Cl® •“ /Ca® _ 


-8^1 


/Cl — /C2 


4* &c. 


(ATi-zea)® (iCi-KtY 

= _ i + V _ i «i + « f, 
b («i - «»)’ b (ki - ACa)® 

The hist transformation arises from 


_/Ca+a _Ki + o^ 

“• iT 5x» ■“ T — b 2 


Hunco 


f 1 dA/' 

\ / /Ca + 

( 1 AU\ 

\L,' di'i 

II 

1 

n 

1 

W dt ). 


If wo form U and T, and solve the equation for IHi?, we obtain the same 
result. 


Terms depending on tlie variation of 

The results may bo written down by symmetry. 

e and y wo symmetrical with S' and % and therefore unaccented L’b are 
symmetrical with accontod ones, and vioe-versA-, a is symmetrical with yS, 
and vice-versd. 

The suffixes 1 and 2 remain unaffected by the symmetry. 

By (192) on writing — (/Ci + a) for k^+IS, and — (ACj + a) for *i + /8, we 
have by symmetry with (206), 


/ 1 dZA ^ Ki+« 

\ii (it (/Cl — /C 2 )® ’ 

/ 1 dfLi\ 

\2/3 dt /) 

fu /ffi"!" oc 
*“'^(*1 -*«)*"• 

...(207) 

And by symmetry with (206), 




f 1 dLi\ /ca + a 

W dtU-^ («!-«»)»’ 

/ 1 dZA 
W dt Jt 

_ Q, «l+« 

J ^(*1- *>)•"■ 

...(208) 


Terms depending on the variation of a,. 

We now put for a in (181) a + &'t. 

In (194) s =: &'tit), a = — aft^, «r = 0, u = 0 
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Therefore S = a'lj + &'t “ “S’) , 2 = - a'bif 

Si = a'{iji + #(;i(yi^-a)}, Si^-aTiigi 
Sa, Sa have similar forms with 2 for 1 

®i “ = a' [% + («i - a) + «? («i + «)] = a' [rj^ + 2*i«f J. . .(209) 

Hence the equation for z is 

p IHa = - 2>ei (/ici - a) + («, + k^) (x, + «) (vi + 2K,<£i) 
j ^ + the same with 2 for 1 

^ = 2/i£i(vi»-/e,>J L~ - «) + («i + «a) (ACa + a) 

= - U - a + - &c. 

*1*-**’L «i-*a J 

= _ ^1 + ^ 5^ /Ca 4* a 

^(«i-*j)“*a + a ^®(Aej-Ka)>*i + a’ 

since = (r,=5a— 

Therefore “ 

a^b Ki + tt ndXa^ _ a'b x, + cc , 

\ii dtJa, (*i-Aes)“ *j+a’ \ij (fey, + 

Again 

a'b . 

= ;^(% + 2*i#ri) by (209) 

^ (*>’ + S)^ — 2»'b§-2a'l»..n 

Therefore the equation for f is 

^ (''^1 + «^8) (% + + 2/Ci77i + the same with 2 for 1 

Therefore 

“ 2«,(«5-«,») + *») + 2«1 - 2*1 (*1 + *a) + &c. 

Si S’!! 

(«i-*a)® (*!-*,)» 
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Therefore 

/ 1 tiii'N a'b /ldXa'\ a'b . 

U/ (ki-« 8)»’ Ua dWa~ ^ ^ 

The same results might have been obtained from the equations to D*^, ]>i;. 

Tervfia d&^miing on tJue variaMon of b. 

By symmetry with (211) 

f 1 dLi \ b a ! iL^ ^ b a 

\Jji dt h~ \Lt dt J^T {Ki-Kif ' 

By symmetry with (210), and putting — (/cj + a) for (*i + ^) and - (kj + a) 
for (acj + /3) 

C l diJ[/x ^ — b a /cg 4“ flt /I d/lj^ \ ^ b a ~l~ ft {2131 

W "dt /b (ki - KsY Ki + a ’ W dt A ~ (ki - Ka)® «a + a' ■ ■ 

Wo now como to a different class of terms, viz.: those depending on 
7> g. S, d. 

Terms d^ending on 7. 


Hero 


s = -fyg, u = -ffy, <r = 0, v = 0 

S = -7^^ + a2/). X = -b72^ 

S, = 7(Ki-a)yi, Xi = -7t2{i 
S„ 2a have similar forms with 2 for 1 


Obviously 




0 


S,-^^2 x = 27«,2^x 


.(214) 


Hence the equation for z is 

i 1>« = 2«i (*x + «a) («a + “) + the same with 2 for 1 

1. «a + a ACx + a 

7* 


Therefore 

And 

Again 


fCi •“ /C2 f^2 





1 2^1 

-’’’ST?''' 


And the equation for ^ is 


i D‘2; = 2*1 (*i + *») yi + the same with 2 for 1 
7D 



288 


DETAILS OP THE SOLUTIOIT. 


[6 


Therefore 

^ + 

^ Ki — K^ K^^Ki 

/C^ + CL _ & Ki + a 
h K1 — K2 h Ki — Kq^ 


Hence 


1 dXj\ \ /Cg “F ® 

JL\ dit )y “ ^2 


since Zi = 5i 


«2 + a 


^ 2 “ fia 


4 " OC 
b 


' 1 rfX 2 ' \ ^ Ki + a 

^1/2 dt Jy ^ K'l'^ K 2 


( 216 ) 


Terms depending on S. 

These may be ^tten down by symmetry. 

— S is S3niimetrical with 7. Hence writing -(/iffi + a) for /Cg + A 
— (kq+ol) for (iCi + iS), we have by symmetry with ( 216 ) 



/ 1 _ g /6i + a /I dLi\ _ g *a + a 

\Li dt / 5 /Cl /Kg \-^2 dt J% Ki “• /Cg 

( 217 ) 

And by symmetry with ( 215 ) 



/ 1 dlji\ ^ /Cl + a f\ cZXg^N /Cg + a 

Ui' A" w 

( 218 ) 

Terms depending on g. 


Here 

« = - g£ M = - g’?, 0- = 0, u = 0 



S = -g(^+ow?), S = -gb»; 



Si= g(*i-a)i7i, 2i = -gbi7i 

S,, 2 s have similar forms with 2 for 1 


Clearly 

Si h “ 2g«i% 

( 219 ) 


Therefore the equation for 0 is 


-I>£f«2/Ci(ACi 4-/c3)(A;3 4.a)97i + the same with 2 for 1 

Thence 



Ki + a , 5 , Ki + a 
r $2 

Ki “• /C2 /Cg “ fCi 


= 01 


b b 

Zi , 

"" /Cg “ /Cg 


since ^i = Zi 


b 

Ka + a’ 


Sil — •®a 


b 

*1+ a 


Therefore 

Again 



( 220 ) 
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and 


Therefore the equation for ^ is 
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x: + ^ Fej 


D‘i; = 2 ki («i + Ki)rii + the same with 2 for 1 


_L 

gb^ * «i — «2 Kj — Ki 


(1 dL'\ 

b 

(l dLi\ 

\L^’dt)g~ 


W dt)^ 


Hence 


The same results may be obtained by means of the equations for I>y, D*^;. 

Tenm depending on d. 

These may be written down by symmetry. 

— d is symmetrical with g. Therefore by symmetry with (221) 

(]. d-^ , (f =d-^ (222) 

\Jji dt /d *1 - /ca \Li dt Ji ici — Ki 

and by symmetry with (220) 

---> (h^)=^ (223) 

dft J iX ^1 / d ^ ^8 

This completes the consideration of the effects on the constants of integra- 
tion Li, Li, Li, Li of all the small terms. 

Collecting results from (205-8, 210-13, 215-18, 220-23), 

1 dL\ 1 f / . \ / / of\ ,'1. ^ 

/>, dt {Ki-Ki^X '• ' *3 + a J 

+ / 117 («a + a) + S (*! + «) + glJ- da} 

V^i “ 


1 1. (-(>«2-t-a)(a'-i8')-a'b^^-b'a 

Li dt {Ki-KiYX Ki + a 

— - ^ («i + a) + S («3 -H a) -1- gb — da] 


K\ /C^ 




, ACg + a 


...(224) 


1 dL^ _ 1 

Li dt («1 — Ka)® 
1 


-I- {7 («3 + a) + S (*1 + a) + gb — da} 

IC\ /C2 


{7 (/Cl + ct) + 8 (/c-j + a) + gb — da} 

/Cj ““ Kn 


D. II. 


19 
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THE FOtTE EQUATIONS EQUIVALENT TO TWO ONLY. [6 

We g^inll now show that these four equations are equivalent to two only, 
and in showing this shall verify the correctness of the results. 


To prove thai iMfmr equations (224) are equivalent to two. 
In (118) we showed that 

Lx' _ *1 + a 
' Li a 


Therefore we ought to find that 
Xji dit L\ dit 


1 d. , s a' 
+ * a 

)_a' 

ah dt 'a 


By (188) 

2 (*i + a) = o — ^ - V(a — / 8 )“ + 4ab 


and 


2 j^(«i + a) = a'-)8' + 


(a - 18 ) (a' -/y) + 2 (a^b + aV) 


ACi — ACj 


SO that 


d - , , (a' - (*i + a) + a'b + ab' 

^^ («! + «)- 


Thus we ought to find that 

If we subtract the first of equations (224) from the third we shall 
find this relation to be satisfied. Hence the first and third equations are 
equivalent to only a single one. 

Similarly it may be proved that the second and fourth equations are 
similarly related. 


To prove thcut thefowr equations (^2^) reduce to those q/*! 6, when the nodes 
revolve with uniform velomty. 

It appears from § 13 that when a and b are small compared with a — /S, 
the nodes revolve with approximate uniformity, and the nutations of the 
system are small 

If this be the case, we have approximately 

/ci = -a, /ca = -^ 

It will appear later that (a^ — i 8 ')/(a— yS), a'/a, b'/b are quantities of the 
same order of magnitude as 7 , g, S, d. 

Now 2)i=J, the inclination of the lunar orbit to its proper plane, and 
L 2 = I, the inclination of the earth’s proper plane to the ecliptic. 
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Therefore, the first and last of equations (224) become 

1 g b — da 

5 dt~ a — ^ 

1 dl j gb-da 

Idi“ 

But since the nodes revolve uniformly, b/(a — ^8) and a/(a — are small, 
and therefore the latter terms of these equations are negligeable compared 
with the former. 


Hence 


J dt ^ Idt 


These results in no way depend on the assumption of the smallness of the 
viscosity of the planet, and therefore we may substitute T and A (see (174)) 
for 7 and S, 

A comparison of the expressions for T and A, with those given in Part 11. 
for djidt and in tny previous paper for dijdt, will show that our present 
equations for dJ/dt and dl/dt are what the previous ones reduce to, when i 
and j arc small. But this comparison shows more than this, for it shows that 
what the equation (61) § 6 really gives is the rate of change of the inclination 
of the lunar orbit to its proper plane, and that the equation (66) of the paper 
on “Procession” really gives the rate of change of the inclination of the 
earth’s proper plane (or mean equator) to the ecliptic. 


To show how the equatiom (224) reduce to those of% 10. 

We now pass to the other extreme, and suppose the solar influence 
infinitesimal compared with that of oblateness.. 

Hero a = 7=& 8 = d 

= — (a + b), /Cg = 0 

The equations (224) reduce to 


1 dA 4. 

A dt~ ■’'a(a+b) 

J ‘^A: = -g + d-g 

T' tit. ° bO 


A' dt 

1 dLi _f\ 

A dt ’ A' 


,.(226) 


b(a+b) 

1 dXj _ Q 

dt 

Theiefto i. and A’ are eenatent M«, from tie relalionehip between 
them 
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Hence it follows that the two proper planes are identical with one another, 
and are fixed in space. They are, in feet, the invariable plane of the system, 
as appears as follows : 

If we use the notation of § 10, A = j, t, and Li/Li = -(«, + o)/a = b/a ; 
so that ai = 

Now a = krtl^, b = rt/n, and i andj are by hypothesis small, therefore we 
may write the relationship between a, b, in the form 

f . . 

|smy = ii8m« 

This proves that the two coincident planes fixed in space are identical 
with the invariable plane of the system (see 108). 

But the identity of equations (225) with (71) of § 10 and (29) of the 
paper on “Precession” remains to be proved. 

If i and j be treated as small, those equations are in effect 

| = -g(i+i) 

(or with G and D in place of g and d if the viscosity bo not small). 

Hence if (226) are identical with (Tl) and (29) of Precession,” wo must 
have 

^ i ___ V ^ a'b - ab' 

■^iTa + b) 

ii g- ^'b-aV 

* ° b(a + b) 

But i/y =b/a; therefore the condition for the identity of (226) with (71) 

and (29) of “Precession” is that 

(a + b)(gb + ad) + a'b-ab' = 0 ( 226 ) 

Or ff the viscosity be not small, a similar equation with G and D for 
g and d. 

We caimot prove that this condition is satisfied until a' and b' have boon 
evaluated, but it will be proved later in § 16. 

f T obliquity of the earth’s equator (/./) to the. 

infiXriL? T ‘'I “oon-earth system, when the solar influence is 
^ ampUtude of the ninetoon-yoarly nutation, 

C0tttmu«.s to The one q.mntityia .teirtly 

(224) ia th. 
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§ 16. Evaluation of a', a', in the case of the earth's viscosity. 

The preceding section does not involve any h 3 rpothesis as to the con- 
stitution of the earth, but it will now be supposed to be viscous, and the 
voiious functions, which occur in (224), will be evaluated. 

By (184-5) we have 

(2^') 





The last equation is approximate, for by writing it in this form we are 
neglecting ^^“(sin 4f- sin 4fi)/T‘“ sin 4fi compared with unity. 

This is legitimate, because when (sin 4f— sin 4fi)/sin 4fi is not very small, 
t'Vt® is very small, imd vice-versA-, see however § 22. 

Hence (228) may be written 

dn _ /I d|\ L ^ /tVI 


-S-Si)W(v) 


m is the ratio of the moment of momentum of the earth's rotation to that 
of tho orbital motion of moon and earth round their common centre of inertia. 
(The (M of my paper on “ Precession” is equal to the reciprocal of tUo, where 
THo is the value of Vd when t = 0.) 

By (121) and (112) wc have 

h 

a = 7; t£ 

Now C = ^n^/% ollipticity of the earth due to rotation ; and as t = c® 
and ^ = Vc/Co, therefore t= To/f®. 

_ krQ 

Hence ^ ^ IE 


Differentiating logarithmically 

a 71 di f dt \A di) L 


Also since 


Tt 

a = m— . 
n 
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By (121) and (112) 

a-a=i J 

n = and T is constant (or at least varies so slowly that we 
may neglect its variation), we have 

a'-a'_3^_/l^lom 

a — a ^ dt \jc dt) n 

n Tt t' f 1 \ 

Now - = X, hence ““‘‘“nr 

Therefore = (I S) (S) 7 S 

From (233-4) 



Al» « = S[72^^«] « 

By (121) and (112) ^=?“igp 

b' 1 dn 6 df 

Therefore 



^ *>'— (sS)@)i^+(?)’-^H 

From (231) and (238) 



By (121) and (112) 

/8-b = — = ozn 
n 2g 

=-as)(i)©{^^aT} 

Therefore 



Lastly ^ ~ ^ t) (243) 
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By (174), (227), and (230), when the viscosity is not small, we have 

~ (sin 4fi — sin 2gi + sin 2g) ^ 

dt) 2n sin 4fi 


■ sin 2g) + — sin 2g 


dt) 2n sin 4fi 

/I df \ 1 + sin 2g, - sin 2g) - 2 ^ sin 2g + sin 4f 

^~\kdi)^ sin4fi 


y (244) 


^ a dS\ 1 - sin 2g) - - sin 2g 

^ vA; dt j 2n sin 4fi 

If the viscosity be small we have by (179), (227), and (230) 

_/l^\TIl 
~ U dt) 2n 1 - X 

7/ 

/ldf\m 

® \A:dt/2« 1 — A . 

s _ J I 

® " \k dt) 2m 


.(245) 


1-X 


, , l-2X-i- 

11 

\k dt) 2n 1 — X 


I think no confusion will arise between the distinct uses made of the 
symbol g in (244) and (245) ; in the first it always must occur with a sine, in 
the second it never can do so. 


[If be zero S) © (?) 


a + b = — (1 + tn) 
n 

and by (232), (237), (240) 

Therefore we have 

(bG + aD)(a + b) + a'b-b'a = 0 

This was shown in (226) to be the criterion that the differential equatioM 
(224) should reduce to those of (71) and of (29) of “Precession,” when the 
solar influence is evanescent, and the above is the promised proof thereo .] 



296 


CHANGE OF INDEPENDENT VAEIABLB. 


[6 


From (244), (237), and (232) we have 

, jifc, , V 2 |1 + — ) sin2g — 2sin 2ffi 

S i) S) © 


2 \+- 


.ndsimitely bg _ ad - g ( ” ) (2) 


§ 17. Change of mdependent variahle, a/nd fcnrmoMon of eq^lat^on8 

for integration. 

In the equations (224) the time t is the independent variable, but in 
order to integrate we shall require | to be the variable. It has been shown 
above that these equations are equivalent to only two of them ; hencefoi*th 
therefore we shall only consider fche first and last of them. It will also serve 
to keep before us the physical meaning of the L% if the notation be changed ; 
the follomng notation (which has been already used in (127)) will be adopted : 

J = = the inclination of the lunar orbit to the lunar proper plane. 

I = i/ = the inclination of the earth's proper plane to the ecliptic. 

I^ Li = the inclination of the equator to the earth's proper plane. 

J, = — Za = the inclination of the lunar proper plane to the ecliptic. 

Since J, I, &c., are small, we may write 

^ = d.logtan J J, ^r = d.logtan4I (248) 

X/i X/a 

This particular transfonnation is chosen because in Part II., where j and 
i were not small, dj/ainj seemed to arise naturally. 

AT • Zj "f* a Za /Co ct 

Also smce = - - — , >*' = — 

Jui a jua a 

we have sin I, = — sin J 

I [ (249) 

sin J, = sin I 

Ka + « 

These equations will give and J„ when J and I arc found. 

Suppose we divide the first and last of (224) by d^jnkdt, then their 
left-hand sides may be written 

d d 

In the last section we have determined the functions a, a', &c., and have 
them in such a form that F, G, A, D (or 7 , g, 8 , d) have a common factor 
d^jnhdt 

But this is the expression by which we have to divide the equations in 
order to change the variable. 


we have 
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Therefore in computing F, G, &c. (or 7, g, &c.), we may drop this common 
foctor. 

Again a, a, b were so written as to have a common factor re/n; 
therefore Ki and k, also have the same common foctor. 

Also o', a', jS', b' have a common factor {d^jkdt) (rt/n*), 

IVom this it follows that when the variable is changed, we may drop the 
foctor rt/n from «, a, j8, b, Ki, and the factor (d^jkdt) (re/w*) from a, a', 
/S', b'. 

Hence the differential equations with the new variable become 


+ {'y + a) + g (*1 + «) + gb - da] 


(250) 


k>i A log tan |- (/c, + a)(a'- /S') - a^ - b'a 

— ^ {7 (*i + “) + S (*s + «) + gb — da) 

or similar equations with T, (J, A, D in place of 7, g, S, d if the viscosity be 
not small. 

But we now have by (232-3-5-6-7-9, 242-3-4-5-6-7) 


“ = '” + T2Xi> 

a' = m ■ 

’i JL_[ 

[t 2\Z 

^ = - • 

i T ' 

s 

11 

siu 4fi — £ 


sin 4fi 


A = 


(sin4fi+8in2gi— sin 2g) —2 ^sin2g+ j sin4f 


2sin4fi 


m 


8 = 




'y“2(l-A)’ 2(1-X) 

</■ 


bG- aD = im 

m (2X + 


2 ^1 + sin 2g - 2 sin 2gi 
sin4fi 


.( 251 ) 
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In these equations we have, recapitulating the notation, 



hn _ SI ^ 1 

“-J . '-ij 

(252) 

Also 

/Ci + /C 2 = — a — ^ 1 

*1 — ATa = — V(a — j8)“ + 4ab J 

(263) 

Lastly we 

have by (186) 




(254) 


which gives parallel values of n and f . 

These equations will be solved by quadratures for the ease of the moon and 
earth in Part IV. 


If t'/t be so small as to be negligeable, and small compared with 

unily, the equations (260) admit of reduction to a simple form. 

With this hypothesis it is easy to find approximate values of Ki and Kj, 
and then by some easy, but rather tedious anal 3 ^s, it may be shown that 
(250) reduce to the following: 




m 


T 2\e (1 + m)* 


.(265) 


log tan il = - gL 

® ^ T2Xt(l+m)» 

These equations would give the secular changes of J and I, when the solar 
influence is very small compared with that of the mooa Of course if Q bo 
replaced by g, they are applicable to the case of small viscosity. 

It is remarkable that the changes of I are independent of the viscosity ; 
they depend in fact solely on the secular change in the permanent ellipticity 
of the earth. 


IV. 

Integbation op the Dippebential Equations fob Changes in the 
Inclination op the Obbit and the Obliquity op the Ecliptic. 

§ 18. Integration in the cose of small viscosity, where the nodes 
revolve uniformly. 

It is not, even at the present time, rigorously true that the nodes of the 
lun^ orbit revolve uniformly on the ecliptic and that the of the 

orbit is constant ; but it is very nearly true, and the integration may be 
carried backwards in time for a long way without an important departure 
from accuracy. 
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The integrations will be carried out by the method of quadratures, and 
the process will be divided into a series of “periods of integration,” as 
explained in § 16 and § 17 of the paper on “ Precession,” These periods will 
be the same as those in that paper, and the previous numerical work will be 
used as for as possible. It will be found, however, that it is not sufficiently 
accurate to assume the uniform revolution of the nodes beyond the first two 
periods of integration. For these first two periods the equations of § 7, 
Part n., will be used ; but for the farther retrospect we shall have to make 
the transition to the methods of Part III. It is important to defer the 
transition as long as possible, because Part III. assumes the smallness of i 
and j, whilst Part 11. does not do so. 

By (104) and (86) of Part 11. we have, when j' - 0, and Q'In is 
neglected, 

di 

mm ^ ain o. r*nH i. t- i i — «■ siii" ■# i t w 

n 

-TT (1 -f sin*j)| 


• An / 

= i Hin i cos i 1 T» (1 - f sin“ j) + t'» — sec i cos j 
at ng ^ ( 


dn 

di 


\ = -[(I - i sin* i) (-ri + ri**) - i (1 - 1 *) 

t «s r ^ 

— T* ^ cos i cos j + ^tt' sin“ i (1 — | sin® j)| 

If wo put 1 -isiu®i = cosi, l-fsin*j = cos»j, and neglect sin® ism® j, 
thoHo may be written 


di 

(U 

dn 
dt ' 


sin 4f 

n 

sin 4f 


— ^ sin i COM i cos® j jr® + t'® sec® j - tt' - ^ t® sec i sec®y|| 


— cos I cos j ]t® + t'« sec j _ t® - + sin i tan i cos® j 

«g ” 


(256) 


If we treat seoi and cos; as unity in the small terms in t'®, tt', and fl/n, 
(256) only differ from (83) of “Precession” in that di/dt has a factor cos ; 

and dnjdt has a factor cos;. 


.(267) 


Again by (64) and (70) 

_ i ^ — T® i cos i sin; 

kdt ^ ^ •' 

^ =s ^-^ 7 ® 4 COS i cos; f 1 — ^ sec i sec;^ 1 

If we divide the second of (256) hy the second of ( 251 ) we get sn eqMtt.m 

for d„/df, which only diflto from (M) t'i for the 

sec 7 in place of unity m certam of the small ter^. ; 

^ , , - , . i* . /QQ\ "Ptepcession -for the conservation oi 

lunar orbit ; hence the equation (88) ot ^recession 
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moment of momentum is very nearly 
notation, 


UX U.O* 








f— 

* Wq m 


1 (1 W1 feio+3\ 

V\rkno + l) 


.(258) 


+ i sin® i — loga 

Wo (^0+1)® V / 

In this equation we attribute to i, as it occurs on the right-hand side, an 
average value. 


By means of this equation, I had already computed a series of values of n 
corresponding to equidistant values of f. 

On dividing the first of (256) by the second of (257) we get an expression 
which differs from the d log tan®-Ji/d^ of (84) of Precession ” by the presence 
of a common factor cos® and by secj occurring in some of the small terms. 
Hence we may, without much ‘error, accept the results of the integration for 
i in § 17 of “ Precession.” 


Lastly,, dividing the first of (257) by the second, we have 
d 1 . . -1 

^logsm;: 


^ sec i secyj 


.(269) 


This equation has now to be integrated by quadratures. 

All the numerical values were already computed for § 17 of “ Precession,” 
and only required to be combined. 


The present mean inclination of the lunar orbit is 5° 9', so that jo — 6® 9'. 
I then conjecture 6® 12' as a proper mean value to be assigned to y, as 
it occurs on the right-hand side of (259) for the first period of integi*ation, 
which extends jfrom f =1 to *88. 


From f = 1 to *88, four equidistant values were computed. 

From the computation for § 17 of " Precession ” I extract the following : 
? = 1 *96 -92 -88 

log — sec ^ + 10 = 8*59979 8*57309 8*56411 8*56746 


Introducing j = 5° 12', I find 

? = 1 


•96 


•92 


■88 


•5208 


•5412 -6643 


•6901 
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Combining these four values by the rules of the calculus of finite differences, 
we have 


f‘ i 


sec ^ secy 


= •06641 


This is equal to log* siny — log* siny'o. Taking y* = 6° 9', I findy = 5° 30'. 


Second period of integration. 

From I = 1 to ’76, four equidistant values were computed. 

From the computation for § 17 “ Precession,” I extract the following : 
f = 1 -92 -84 -76 

loff ~ SGC i + 10 = 8'66746 8'59743 8’66002 8‘72318 

° n 

Assuming 5® 55' as an average value fory, I find 

I = 1 -92 *84 -76 

j^2f ^1 — ™ sec i socy’^^ = '5193 ’5660 *6232 ‘6948 

Combining those, we have 


r = -14345 

/■?6 2|(l--secisecy) 

This is equal to log*siny'— log* sinyV Taking yo= 5 30 firom the first 
period, we find j = 6® 21'. 

This completes the integration, so fer as it is safe to employ the methods 
of Part n. 

In Part IH. it was proved that, in the case where the nod^ revolve 
uniformly, equations (224) reduce to those of Part IL But it wm also shoTO 
that what the equations of Part H. really give is the ch^ge 
of the lunar orbit to the lunar proper plane ; ako 

“Procession” really give the change of the mchnation of the mean equator 
(that is of the earth’s proper plane) to the ecliptic. 

The results of the present integration are ^ 

table, of which the first three columns are taken from the table m | 

“ Precession.” 



302 


aiBXTLTS OF THE INTEGRATION. 


[6 


Table I. 


Sidereal day in m.s. 
hours and minutes 

Moon’s sidereal 
period in m.s. days 

Inclination of 
mean equator to 
eoUptio 

Inolination of 
lunar orbit to lunar 
proper plane 

h. m. 
Initial 23 66 

Bays 

27-32 

23 28 

o / 

5 9 

15 28 

18-62 

20 28 

5 30 

Final 9 55 

8-17 

17 4 

6 21 


We mil now consider what amount of oscillation the equator and the 
plane of the lunar orbit undergo, as the nodes revolve, in the initial and final 
conditions represented in the above table. 

It appears from (119) that sin oscillates between sin 2jo ± a sin 2^/(K3+a), 
and that sin 2i oscillates between sin 2io ± («i + a) sin 2jg/a, where % and are 
the mean values of i and j. 

With the numerical values corresponding to the initio condition (that is 
to say in the present configurations of earth, moon, and sun), it will be found 

( Of 

Ti 

ir^. that 

o = •341251, )8 = -000318, a = -000059, b = -000150 
when the present tropical year is the unit of time. 

Since 4ab is very small compared m’th (a — it follows that we have to 
a dose degree of approximation 

Since (*i + a)/a = b/(Ki + /8), it follows that sin ^ oscillates between 
sin + a sin 2ig/(a - ^), and sin 2i between sin 2io T b sin 2jo/(a — jS). 

Let Sj and Si be the oscillations of j and i on each side of the mean, then 
8 sin 2j = a sin 2i/(a — y8) and 8 sin 2i = b sin 2j /(a — 13). 

Hence in seconds of arc 

g._ 648000 , a sin2i\ 

^ IT " a — jS cos 2n 

ai = ^48000 , ^ dn^- 1 

TT * a — 4 COS 2i j 

Eeducing these to numbers with^ = 5° 9', i = 23° 28', we have Si = 13"-13 
Si =ll"-86* 


) (l — -| XI instead of 


* The formulsB here used for the amplitude of the 19-yearly nutation and for the inclination 
of the lunar proper plane to the ecliptic differ so much from those given by other writers that it 
will be well to prove their identity. 
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Hence, if the earth were homogeneous, at the present time we should 
have ^ as the inclination of the proper plane of the lunar orhit to the 


liaplaoo (Mie. OSl., liv. yii., chap. ’2) gives as the inclination of the proper plane to the 
ecliptic 

y "" ?^sinXoo3\ 

Here op is the earth’s elliptioity, and is my e; o^ is the ratio of egnatorial oentrifagal force to 
gravity, and is my it is therefore it when the earth is homogeneous. 

Thus his op - io0= my Jt. His p - 1 is the ratio of the angular vdooiiy of the nodes to ^t 

of the moon, and is therefore my (o-i3)/Q. His D is the earth’s mean radius, and is m^. 

a is the moon’s mean distance, and is my c. His X is the obliquity, and is my i. Thus ms 
formula is ■} ^ sin i cos t in my notation. 

Now my t=8/i?w/2c^, and 
Therefore the formula becomes 

But by (5) OOc//*Mm=fc- 

'itTt • ft . 

Therefore it becomes 4 


By (116) and (112), when {= 1, a = Srt cosy cos 

Therefore in my notation Laplace’s result for the inolination of the lunar proper plane to the 

ecliptic is . 

a sin , 




a - j3 cos 


gseoj 


This agrees with 

i.-.r.ar oxHt wus Computed, save as to the secy, smoey is wiom. 

I believe my form to be the more accurate. 

Laplace sintes that the is 2.’-^ 

4r'-470 (centesimal) if homogeneous. Smoe 41 470 (oentes.) 

tisS vS mine. The diflerenoe of Laplace’s data explains the dmcrepaney. 

If it be desired to apply my formula to the f 
because the % of the formula (6) for a Hence my previous result in the text 

be replaced by the preceesional This 'feotor reduces the 18"-18 of the text to 

must bo multiplied by 0 of 232 x -003272 or . .maU discrepancy in the 

8"-31. Laplace’s result (20"-023 oentes.) m 6' -49. H^oe tl^ (ijk instead 

results; but it must be remeni^ed ^ 2‘^^^more correct result is I think 8"-8L The 
of 1/298) of the earth was considerably m w . ^ oombined observations 

amount of this inequaUty was found by Bu^ and Buro^rm i 

of Bradley and Maskdyne to be 8" (Grant’s Hist. P6y..4rtr.. 1862, p.^). . . 

For L ampUtude of the 19.yearly nutation. Airy gives (Math. IVacts, 1868. article 


Precession and Nutation,’’ p. 214) 


j^ooBlBin2t 


T'aw(7i+i)4T w 1- 

B is the preccss.const. = myt, h« 

his i = my y ; and his r is the period of revolution of the noUM, an 
Then sinoe my T=30i'/2 (1+v), the above in my notation is 
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ecliptic, and Si as the amplitude of the 19-yearly nutation. These are very 
small angles, and therefore initially the method of Part 11. was applicable. 

Now consider the final condition. 

Since the integrations of the two periods have extended from f = 1 to '88, 
and again from ^ = 1 to '76, 

t = t,('88x' 76)-', 0 = no('88x'76)-», A=jfco('88 X'76)-i 

also the value of n which gives the day ' of 9 hrs. 65 m. is given by 
log n = 3'7 4451, and log g + 10 = 1'21217, when the year is the unit of time. 

We now have i = 17“ 4', j = 6“ 21'. 

Using these values in (116) and (112), I find 

a = '10872, /3= '00627, a = '00563, b = '00510 
ab is still small compared with (a — /8), but not negligeable. 

By (117) 

*1 — = — V(a — ^y + 4ab = - (« — ^) — , also /Ci + «, = — (a + ;S) 

Now 2ab/(a — /8) = '00066. 

Hence we have 

*1 + Kj = — '11499 1 whence = — '10900 

*!-«,= — '10301 ) = — '00699 

ACi and *2 have now come to differ a little from - a and - but still not 
much. With these values I find 

+ = log -^ + 10 = 8-69606 

Substituting in the formulas 

g ■ ^ 1 a sin 2 i . . _ b sin 2j 
^ *«2+acos2;’ 

I find hj = 67' 31", Si = 22' 42" 


Now by (116) and (112) b=— cost oos2i, when f=l. 
n 

Therefore his result in my notation is 

, b sin 
a - jS oos 2i 

This is the result used above (in 260) for computing the nutations of the earth. 

If my formula is to be used for the heterogeneous earth, t must be replaced by the preoes- 
sional constant, and therefore the result in the text must be multiplied by 232 x *003272 or *759. 
Hence for the heterogeneous earth the 11" *86 must be reduced to 9"*01. Airy computes it as 
10" *38, but says the observed amount is 9"*6, but he takes the precessional constant as *00317, 
and the moon’s mass as l-70th of that of the earth. I believe that *00327 and l-82nd are more 
in accordance with the now accepted views of astronomers. 
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Thus tho oscillation of the lunar orbit has increased from 13'^ to nearly a 
degree, and that of the equator from 12 " to 23'. 

It is clear therefore that we have carried out the integration by the 
method of Part II., as far back in retrospect as is proper, even for a specu- 
lative investigation like the present one. 

Wo shall here then make the transition to the method of Part III. 

Henceforth tho formula used regard the inclination and obliquity as 
small angles; tho obliquity is still however so large that this is not very 
satisfactory. 

§ 19. Secula/r changes in the proper plaries of the earth and mom 
when the viscosity is small. 

We now take up the integration, at the point where it stops in the last 
section, by the method of Part III. The viscosity is still supposed to be 
small, so that 7 , S, g, d (as defined in (261)) must be taken in place of 
r. A, G, D, which refer to any viscosity. The equations are ready for the 
application of the method of quadratures in (260), and the symbols are 
defined in (261-4). 

The method pursued is to assume a series of equidistant values of f, and 
then to compute all the functions (251-4), substitute them in (250), and 
combine the equidistant values of the functions to be integrated by the rules 
of the calculus of finite differences. 

The preceding integration terminates where the day is 9 hrs. 55 m., and 
tho moon’s sidereal period is 8*17 m.s. days. If the present tropical year 
be the unit of time, we have, at the beginning of the present integration 

log «, = 3-74461, logiio = 2-44836, and log A + 10 = 6-20990, k being 
of (7). 

The first step is to compute a series of values of n/no, by means of (254). 
As a fact, I had already computed n/?^o corresponding to f = 1 , *92, *84, *76 for 
the paper on “ Precession,” by means of a formula, which took account of the 
obliquity of the ecliptic; and accordingly I computed n/vQ, by the same 
formula, for the values of ^ = *96, * 88 , *80, instead of doing the whole operation 
by means of (254). The difference between my results here used and those 
from (254) would be very small. 

The following table exhibits some of the stages of the computation. The 
results are given just as they were found, but it is probable that the last 
place of decimals, and perhaps the last but one, are of no value. As however 
we really only require a solution in round numbers, this is of no importance. 

20 


D. II. 
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ecliptic, and 8i as the amplitude of the 19-yearly nutation. These arc very 
small angles, and therefore initially the method of Part 11. was applicable. 

Now consider the final condition. 

Since the integrations of the two periods have extended from f = 1 to '88, 
and again fix)m | = 1 to ‘76, 

t = to(-88x- 76)-*, fl = fl,(-88x-76)-», A = A, (-88 x -76)-* 

also the value of » which gives the day of 9 hrs. 55 m. is given by 
log 71 = 3‘74451, and log g + 10 = 1'21217, when the year is the unit of time. 

We now have i = 17° 4', j — 6° 21'. 

Using these values in (115) and (112), I find 

a = -10872, /3= -00627, a = -00563, b = -00510 
ab is stni small compared with (a — jS), but not negligeable. 

By (117) 



ATi — /Cg = — V(a — jS)® + 4ab = — (a - /8) — /Ci + /Cs = — (a 4* 0 ) 

Now 2ab/(a-/S) = -00066. 

Hence we have 

+ ^3 == — *11499 ) whence /ci = — *10900 
- /Cj — 'lOSOl ) /cg = — ’00599 

fCi and Ks have now come to differ a little from — a and — but still not 
much. With these values I find 

log -^ + 10 = 8-76472, log + 10 = 8-69606 

Substituting in the formulae 

! ai = i 

^ /caH- a cos 2j' ^ fci~\r ^ COS 2i 

I find Bj = 57' 31", Si = 22' 42" 


Now by (116) and (112) b = ~ cosi cos 2i, when ^=1. 

Therefore his lesnlt in my notation is 

j ^ sin 
a - /3 cos 2i 

This is the result used above (in 260) for computing the nutations of the oarth. 

If my formula is to be used for the heterogeneous earth, t must be replaced by the preoes- 
sional constant, and therefore the result in the text must be multiplied by 282 x '003272 or *759. 
Hence for the heterogeneous earth the 11'' *86 must be reduced to 9"*01. Airy computes it as 
10" *38, but says the observed amount is 9"*6, but he takes the precessional constant as *00317, 
and the moon’s mass as l-70th of that of the earth. 1 believe that *00327 and l-82nd are more 
in accordance with the now accepted views of astronomers. 
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Thus the oscillation of the lunar orbit has increased from 13" to nearly a 
degree, and that of the equator from 12 " to 23'. 

It is clear therefore that we have carried out the integi’ation by the 
method of Part II., as far back in retrospect as is proper, even for a specu- 
lative investigation like the present one. 

We shall here then make the transition to the method of Part III. 

Henceforth the formulse used regard the inclination and obliquity as 
small angles; the obliquity is still however so large that this is not very 
satisfactory. 


§ 19. Secular changes in the proper planes of the earth and moon 
when the viscosity is small. 

We now take up the integration, at the point where it stops in the last 
section, by the method of Part III. The viscosity is still supposed to be 
small, so that 7 , S, g, d (as defined in (261)) must be taken in place of 
r. A, G, D, which refer to any viscosity. The equations are ready for the 
application of the method of quadratures in (260), and the symbols are 
defined in (251-4). 

The method pursued is to assume a series of equidistant values of f, and 
then to compute all the functions (251-4), substitute them in (260), and 
combine the equidistant values of the functions to be integrated by the rules 
of the calculus of finite differences. 

The preceding integration terminates where the day is 9 hrs. 55 m., and 
the moon’s sidereal period is 8*17 m.s. days. If the present tropical year 
bo the unit of time, we have, at the beginning of the present integration 

log «« = 3-74461, logXlo = 2-44836, aaid log *+ 10 = 6-20990, h being sO.^ 
of (7). 

The first step is to compute a series of values oi njn^t by means of (254). 
As a fact, I had already computed w/no corresponding to f = 1, *92, *84, *76 for 
the paper on '' Precession,” by means of a formula, which took account of the 
obliquity of the ecliptic; and accordingly I computed w/^?o> l^he same 
formula, for the values of f = *96, * 88 , *80, instead of doing the whole operation 
by means of (254). The difference between my results here used and those 
from (254) would be very small. 

The following table exhibits some of the stages of the computation. The 
results are given just as they were found, but it is probable that the last 
place of decimals, and perhaps the last but one, are of no value. As however 
we really only require a solution in round numbers, this is of no importance. 

20 
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Table IL 



1* 

•96 

•92 

•88 

•84 

•80 

•76 

nfno- 

1-00000 

1-04467 

1-08931 

1-13392 

1-17862 

1*22308 

1-26763 

log *+10= 

8-40016 

8-43812 

8-47446 

8-60932 

8-54284 

8-67607 

8-60614 

' lOgT7T+10= 

8-61867 

8-51230 

8-40140 

8-28667 

8-16436 

8-03721 

7-90366 

logX+10= 

8-70384 

8-73806 

8-77633 

8-81681 

8-85966 

8-90712 

8-95841 


16-3546 

10-8418 

7-0889 

4-6847 

2-8895 

1-7947 

1-0914 

m=a= 

•90036 

-97976 

1-06603 

116014 

1-26320 

1-37648 

1-60172 

logy +10= 

9-67691 

9-71462 

9-76343 

9-79287 

9-83307 

9-87430 

9-91693 

log 3+10= 

9-66651 

9-66746 

9-65824 

9-66788 

9-66631 

9-66341 

9-64900 

log(gb-ad)+10= 

8-83030 

8-86666 

8-91307 

8-96946 

9-03649 

9-11080 

9-19610 

a'= 

36-696 

23-186 

12-683 

4-144 

- 2-747 

- 8-606 

-13-873 

a'= 

- 7-4782 

- 8*6811 

-10*0883 

-11-7426 

-13-6966 

-16-0163 

-18*7899 


- 6-4456 

- 6-9122 

- 7-4220 

- 7-9806 

- 8-6940 

- 9-2699 

-10-0184 

V= 

- 6-4038 

- 6-8796 

- 7-3968 

- 7-9612 

- 8-6794 

- 9-2690 

-10-0104 

log -(Ki+a)+10= 

8-74306 

8-96463 

916687 

9-37077 

9-66761 

9-71146 

9-82404 

log(Ka+a)- 

1-21135 

1-03669 

-86190 

-69374 

-64396 

-42731 

•35255 

l0g(K2-«l) = 

1-21283 

1-04017 

•87066 

-71393 

-68660 

-60372 

•46620 


The further stages in the computation, when these values aro used to 
compute the several terms of the expressions to be integrated, are given in 
the following table. 


Table III. 


( 

1- 

•96 

•92 

•88 

-84 

•80 

- (a' - ^ (ki + a)lkn (/C 2 - /ci)2= 

•00996 

•02396 

•06424 

•10413 

•13360 

•03053 

a'b (ici + a)lhi (^a + a) (k 2 — #ci)* « 

•00011 

-00064 

•00376 

•02041 

•08937 

•27506 

ab/^t (k 2 — #ci)2= 

-•03117 

-•07671 

-•18670 

-•42945 

- -86628 

-1*42975 

Va (ki + a)/^ (kj + a) (k 2 — ki)® = 

•00008 

•00049 

•00294 

■01606 

•07072 

•21887 

b'a/^7i(K2-iei)s= 

-•02403 

-•05970 

-•14693 

-•33778 

-■68646 

-1-13770 


-•00179 

-•00462 

-•01141 

-•02769 

-•06001 

- -10969 

y(Ks + o)/fa(lCj-(Cl) = 

‘52483 

•64645 

■56661 

•68036 

•58167 

•67020 

3 (Kl + a)/£n(K 2 — ICx) = 

-•00170 

-•00397 

-•00916 

-•02022 

-•03996 

- -06596 

3(<a+o)/fo»(Ka- Ki)= 

•50076 

•47916 

•45601 

•42630 

•38719 

•34288 

(bg-ad)/i»(Ka-«i)= 

•00460 

•00713 

•01124 

•01764 

•02649 

•03676 


•76 

- *26438 
•57228 

- 1-93260 
•45786 
-1-54610 

- -16534 
•55832 

- -08922 
•30127 
•04704 
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The method pursued in the integration of the preceding section pro- 
ceeds virtually on the assumption that the term 7 + a)/fc?i (/Ca — «i) is 

the only important one in the expression for dlogtan^J/cZf, and that 
the term 8 (/c^ + a)/&w (fc^ — Ki) is the only important one in the expression for 
dlogtan^I/df. 

Now when f = 1, at the beginning of the present integration, we see from 
Table III. that the said term in 7 is about 22 times as large as any other 
occurring in d log tan and that the said term in S is about 16 times 
as large as any other which occurs in dlogtan-JI. Hence the preceding 
integration must have given fairly satisfactory results. But after the first 
column these terms in 7 and 8 fail to maintain their relative importance, so 
that when f = ‘70, they have both become considerably less important than 
other terms — notably b'a/An (/Cj - ati)® and a'b/Aw; (/^a — /Ci)®. This is exactly 
what is to be expected, because the equations are tending towards the form 
which they would take if the solar influence were nil, and an inspection of 
(225) shows that these terms would then be prominent. 

If we combine these values of the several terms together according to (250), 
we obtain the seven equidistant values .of dlogtan^/df and dlogtan^/df 
exhibited in the following table : 


Table IV. 


i 

B 

•96 

■92 

•88 

•84 



dlogtaniJ/df— 
dlogtan Jl/df— 

-•49386 

+ •54460 

-•46660 

+•58194 

-•37218 

+•69284 

-■16627 

+•93287 

+ -16138 
+ 1-28273 

+ -36219 

+ 1-61136 

+ -19330 

+ 1-39323 


By interpolation it appears that dJ/df vanishes when f = ’8603. This 
value of f corresponds with 8 hrs. 36 m. for the period of the earth’s rotation, 
and 5‘20 m. s. days for the period of the moon’s revolution. 

Since df is negative in our integration, we see from these values that 
I, the inclination of the earth’s proper plane to the ecliptic, will continue 
diminishing, and with increasing rapidity. On the other hand, the incli- 
nation J of the lunar orbit to its proper plane will increase at first, but at a 
diminishing rate, and will finally diminish. This is a point of the greatest 
importance in explaining the present inclination of the lunar orbit to the 
ecliptic, and wo shall recur to it later on. 

Now combine the first four values by the rule of finite differences, viz, : 

[uo + u^ + 3{ui + Uz)]^h 

and all seven by Weddle’s rule, viz. : 

[t^o + Wa + Ms + ^^4 + We + 5 (i/i + ^ + Wb)] 


20—2 
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where h is our tZf, and the ^’s are the several numbers given in the above 
Table IV. ; then we have, on integration from 1 to '88, 

log* tan ^ = log* tan ^, + ’04750 
log, tan s log* tan Jig — ‘07 963 

and on integration from 1 to ‘76 

log* tan ^ J = log* tan + ‘02425 
log* tan = log* tan il, — ‘23972 

If we take J* = 6°, I* = 17°, which are in round numbers the final values 
of J and I derived from the first method of integration, we easily find, 

when ‘88, J=6°17', I =15° 43' 
and when f = ‘76, J = 6° 9', I = 13° 26' 

Next we have by (249) 

sml = sm J = sin J 

a Xg+oc 


A>3,. 

Now b is always unity, and the logarithms of (*, + a) and -(«i + a) are 
given in Table IL ; fixim this we find 

when I = ‘88, I^ = 1® 16', J, = 3° 39' 

when ‘76, I, = 2° 43', J, = 8°64' 

By the same formula, when f = 1 initially, we have I, = 22', J, = 66'. Those 
two results ought to be identical with the results from (260) of the bust 
swtion; and they are so very nearly, for at the end of the integration we hml 
& = 22 42', 8y = 67'31". .The small discrepancy which exists is partly duo 
to the Msum^ smallness of i andy in the present investigation, and also to 
our havmg taken the values 6° and 17° for J* and I, instead of 6° 21', 17° 4'. 

The value ^ = -88 gives the length of day as 8hre. 45 m., and the moon’s 
sici6r6dil period as 5*57 m. s. days. 

m vdue f = ‘76 gives the day as 7 hrs. 49 m., and the moon’s sidereal 

^ us to the point specified 

the end of the third period of mtegration in § 17 of the paper on “ Procession.” 

There is one other point which it will be interesting to determine -it is 
to find the rate of the processional motion of the node of the two proper 

and orbit upon their respective proper planes. By means of the precedinff 
numbed valu.; it will be easy to find these quantitfes at the epochs'^eemed 
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The period of the precession of the two proper planes is — and that 
of the precession of the two nodes on their proper planes is — /ci). 

In the preceding computations we omitted a common factor rzjn from 
a, a, b, /Cl, /caj this factor must now be reintroduced, t' is a constant and 
log t' = 1*77242, then by means of the numerical values given in the first 
table I find 

f = 1- -88 -76 

log rzjn + 10 = 7‘80940 8*19708 8*62750 

Also log - /ca + 10 = 9*99401 9*89462 9*63295 

and log (/cs — /cj) is given before in Table II. 

Introducing the omitted factor T«/n, I find 

? =1* *88 *76 

— 27r//ca = 988 yrs. 609 yrs. 434 yrs. 

27r/(>tffl — = 60 yrs. 77 yrs. 51 yrs. 

Thus both precessional movements on the whole increase in rapidity 
(because of the increasing value of rtjn), but the rate of the precession of the 
pair of proper planes increases all through, whilst that of the precession on 
the proper planes diminishes and then increases. It was pointed out towards 
the end of § 13 that /cj is, so to speak, the ancestor of the luni-solar precession, 
and /ca— /Cl the ancestor of the revolution of the moon’s nodes. Hence the 
988 years has bred (to continue the metaphor) the present 26,000 years of 
the precessional period, and the 60 years has bred the present 18J- years of 
the revolution of the moon’s nodes. 


We see that the — /cj precession attains a minimum at a certain period, 
being more rapid both earlier and later. 

All the above results will be collected and arranged in a tabular form, 
after fu^her results have been obtained by moans of an integration, carrying 
out the investigation into the more remote past. 

The tidal and precessional effects of the sun’s influence have now become 
exceedingly small, and the only way in which the sun continues to exert a 
sensible effect is in its tendency to make the nodes of the lunar orbit revolve 
on the ecliptic. In the analysis therefore we may now treat r as zero every- 
where, except where it occurs in the form r'jXZr, Since \ and t are both 
pretty small, these terms in t'/t rise in importance. 

The equation of conservation of moment of momentum now becomes 



Here kn^ is equal to the value of m in the preceding integration when 
f = *76 ; and hence 1/Awo == *666908. 
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We now have ^8 = b, 7 = g, S = d, ^' = b', 7' = g', S' = d', but a and a' are 
not equal to a and a'. 

It is proposed to cany the new integration over the field defined by f — 1 
to *88, and to compute four equidistant values. 

The following tables give the results of the computation, as in the previous 
case. 


Table V. 


f 

1- 

*96 

*92 

•88 

w/wo= 

1*00000 

1*02664 

1-06327 

1*07991 

loge+iO= 

8*60614 

8*62898 

8*66122 

8-67292 

logr'/r+10= 

7-90366 

7-79718 

7*68628 

7-67046 

logX+10= 

8-96841 

9*00018 

9*04461 

9-09167 

log T 72 XeT+ 10 = 

10-03798 

9-86699 

9*68952 

9*60493 

m=a= 

1-6017 

1*6060 

1*7193 

1*8429 

logg+10= 

9*91693 

9*96049 

9*98631 

10-02170 

logd+10= 

9*65322 

9*64780 

9*64118 

9-63303 


-13*873 

-17*719 

-21*607 

-26-692 


-18*790 

-21*266 

-24*130 

-27-460 

II 

II 

-10*010 

-10*636 

-11*316 

-12-067 

log-(Ki+a)+10= 

9*82286 

9*88247 

9*92401 

9-96203 

log(K2+a)+10= 

•36374 

•32327 

•31133 

•31347 

lOg(Kj-ICi) + 10= 

•46586 

•46758 

*46062 

-47036 


Table VI. 


1 

1- 

•96 

•92 

•88 

- (a' - (ici 4-a)/^ (<2 - Ki)^= 

- *1998 

- *4261 

- -6661 

- -8630 

a'b {Ki+a)lhn (< 2 + a) — ki)®= 

•4312 

•6077 

•7600 

•8446 

a'b/foi(K,-Ki)>= 

-1*4643 

-1*6770 

- 1*8297 

-1-9410 

b'a {<1 + a)lkn (kj+ a) (k 3 — 

•3460 

•4882 

-6047 

•6833 


-1-1714 

-1*3469 

-1*4762 

-1-6706 

g(Kl + o)/^(«S-fCl)= 

- -1251 

- *1640 

- *1777 

- -1966 

g (<2+ (*2 - *l)= 

•4248 

*4248 

•4336 

•4617 

d (kj + o)/i» ( 1 C 2 — Ki).: 

- *0682 

- *0767 

- *0806 

- -0803 

d(KS + o)/i«(K2-)Ci) = 

•2316 

*2116 

*1963 

•1846 

(bg-ad)/i»(K 2 -ici)= 

•0342 

*0404 

*0469 

•0642 
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Combiniiig these terms according to the formulse (250), we have 

Table VII. 


i 

1- 

•96 

•92 

•88 

dlogtan^J/c?|= 
d log tan 

+ -1496 

+ 1*0601 

-■0764 

+•8607 

-•3298 

+ •6364 

-•6626 

+ •4370 


By interpolation it appears that dJ/df vanishes when f = ‘9679, This 
value of f corresponds with 7 hrs. 47 m. for the period of the earth’s rotation, 
and 3’25 m. s. days for the period of the moon’s revolution. 

By the rules of the calculus of finite differences, integrating from f = 1 
to *88, 

loge tan 4 J = loge tan -jfJo + *0244 
loge tan = loge tan |Io — *0898 

With Jo 5= 6® 9", lo = 13° 25' from the previous integration, we have 
J = 6° 18', 1 = 12° 16'. 

When f = *88, the length of the day is 7 hrs. 15 m., and the moon's sidereal 
period is 2*45 m. s. days. Also I, « 3° 3', J, = 10° 58'. 

Thus we have traced the changes back until the inclination of the proper 
planes to one another is only 12° 16' — 10° 58' or 1° 18', 

In the same way as before it may be shown that, when f = *88, the period 
of the precession of the proper planes is 609 years, and the period of the 
revolution of the two nodes on their moving proper planes is 22 years. The 
former of the two precessions is therefore at this stage getting slower, whilst 
the latter goes on increasing in speed. 

The physical results of the whole integration of the present section are 
embodied in the following table. 


Table VIII. Results of integration in the case of small viscosity. 


Day in 
m. 8. 
hours 
and 
znin. 

Moon*s 
sidereal 
period 
in m. s. 
days 

Inclination 
of earth’s 
proper 
plane to 
ecliptic 

Inclination 
of equator 
to earth’s 
proper 
plane 

Inclination 
of moon’s 
proper 
plane to 
ecliptic 

Inclination 
of lunar 
orbit to 
moon’s 
proper 
plane 

Preoes- 
sional 
period 
of the 
proper 
planes 

Period of 
revolution of 
the two nodes 
on their moving 
proper planes 

h. m. 

Days 

o / 

0 

/ 

0 

t 

0 

/ 

Years 

Years 

9 66 

8-17 

17 0 

0 

22 


67 

6 

0 

988 


8 46 

6*67 

16 43 

1 

16 

3 

39 

6 

17 


77 

7 49 

3-69 

13 26 

2 

43 

8 

64 

6 

9 

434 

61 

7 16 

2*46 

12 16 

3 

3 


68 

6 

18 

609 

22 
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If the mtegratioB is to be carried still further back, the solar action may 
henceforth bo neglected, and the motion , may be referred to the invariable 
plane of the system. This plane undergoes a processional motion due to the 
sun, which will not interfere with the treatment of it as though fixed. It is 
inclined to the ecliptic at about 11® 46', because, at the time when we suppose 
the solar action to cease, the moment of momentum of the earth’s rotation is 
larger than that of orbital motion, and therefore the earth’s proper plane 
represents the invariable plane of the system more nearly than does the 
moon’s proper plane. 

The inclination i of the equator to the invariable plane must be taken as 
about 3®, and j that of the lunar orbit as something like 5® 30'. The ratio of 
the two angles 5® 30' and 3° must be equal to 1*84, which is tn, the ratio of 
the moment of momentum of the earth’s rotation to that of orbital motion, at 
the point where the preceding integration ceases. 

Then in the more remote past the angle i will continue to diminish, until 
the point is reached where the moon’s period is about 12 hours and that of 
the earth’s rotation about 6 hours. The angle j will continue increjising at 
an accelerating rate. 

This may be shown as follows : 

The equations of motion are now those of Part II., which may be written 

*»^=-g(» + 7) 

But smce i/j = f/Aw = 1/tn, they become 

Ajw ^ log tan g 

d 

foi^logtanii= (l + OT)d 

(Compare with the first of equations (255) given in Part III,, when 

t' = 0.) 

These equations are not independent, because of the relationship which 
must always subsist between t and j. 

Substituting from (251) we have for the case of small viscosity 
.di . 1 + m 

Jh! lortanli- (1 + >»») (1 " 2?^) 

*”df‘ogtani^_ -- ■ 
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From this we see that^' will always decrease as f increases at a rate which 
tends to become infinite when \ = 1 ; and i increases as f increases so long as 
X is less than '6, but decreases for values of X between *6 and unity at a rate 
which tends to become infinite when X = 1. If we consider the subject retro- 
spectively, f decreases, j increases, and i decreases, except for values of X 
between '6 and unity. 

This continued increase (in retrospect) of the inclination of the lunar orbit 
to the invariable plane is certainly not in accordance with what was to be 
expected, if the moon once formed a part of the earth. For if we continued 
to trace the changes backwards to the initial condition in which (as shown in 
“Precession”) the two bodies move round one another as parts of a rigid 
body, we should find the lunar orbit inclined at a considerable angle to the 
equator; and it is hard to see how a portion detached from the primeval 
planet could ever have revolved in such an orbit. 

These considerations led me to consider whether some other hypothesis 
than that of infinitely small viscosity of the earth might not modify the above 
results. I therefore determined to go over the same solution again, but with 
the hypothesis of very large instead of very small viscosity of the planet. 

This investigation is given in the next section, but I shall not retraverse 
the ground covered by the integration of the fii*st method, but shall merely 
take up the problem at the point where it was commenced in the present 
section. 


§ 20. Secular chungea in the proper pla/nes of the earth and moon 
when the viscosity is large. 

Lot p = 2g(ml\^v, where v is the coefficient of viscosity of the earth. 
By the theory of viscous tides 


T 


.. ni« 2« ^ n - 2Q 

tau2f=---, tangi = — — , 


tang = - ...(261) 


If tho viscosity bo very large p is very small, and the angles Jw — 2fi, 
J'Tr- 2f; ^TT-gi, i^r-g are small, so that their cosines are approximately 
unity and their sines approximately equal to their tangents. Hence 

M' -- ■«-2Xl’ n 


sin4f, = -5^, 8in4f=£, sin2g. = ^-:^’|^ , sin2g = 


Introducing X = il/m, we have 

sin 4f _ - sii^gi _ 2 (1 — \) 

sin4fi~ ’ sin4fi i — 2X ’ 


sin2g 

sin4fi 


2(1-X) 


...(262) 
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Introducing the transformations (262) into (261), we have 




...(263) 


All the other expressions in (251) remain as they were. 

The terms in F, A, G, D in (260) are the only ones which have to be re- 
computed, and all the other arithmetical work of the last section will be 
applicable here. Also all the materials for calculating these new terms are 
ready to hand. 


The results of the computation are embodied in the following tables. 


Table IX. 


s 

1- 

•96 

•92 

•88 

•84 

•80 

•76 

logr+io= 

9-64901 

9-67629 

9-59914 

9-61994 

9-63663 

9-64791 

9-66092 

logA= 

•62876 

•66617 

•68023 

•60484 

•63006 

•66708 

•68739 

log (aD - bQ) 4-10= 

9-08381 

9-22366 

9-34416 

9-46433 

9-66931 

9-66259 

9-76674 


Table X. 



1- 

•96 

•92 

•88 

•84 

•80 

•76 

r(Kl-i-o)//»^(K2- «l) = 

-•00133 

-•00328 

-•00800 

-•01863 

-•03818 

-•06613 

-•08961 

r (fC2 + a)/k7l (ks — Ki ) = 

•39186 

•39667 

•39712 

•38973 

•37003 

•33866 

•30260 

A{Ki+a)/kn{K2- Ki)= 

-•00199 

-•00486 

—01168 

-•02688 

-■05663 

-•09627 

-•13761 

A {K2+a)/kn - Ki) = 

*68529 

•58641 

•67994 

■56564 

•53826 

•60044 

■46468 

(bG-aD)/An(ic2-ici)« 

-•00826 

- -01622 

-•03034 

-•06388 

-•08850 

-•13092 

-•17504 


Combining these terms with those given in Table III., according to the 
formulae (250), (with T, &c., in place of 7 , &c.), we have the following equi- 
distant values. 


Table XI. 



D 

•96 

•92 

•88 

•84 

•80 

•76 

log tan iJ/df— 
log tan il/c2f — 

-•3477 

+ •6168 

- -2925 

+ •6661 

-•1687 

+ •7796 

+ *1126 

+1-0107 

+ '6036 

+1-3406 

+ -7818 

+1-6468 

+ -7195 
+ 1-4103 
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By interpolation it appears that dJ/df vanishes when f ='8966. This 
value of ^ corresponds with a period of 8 hrs. 54 m. for the earth’s rotation, 
and 6‘89 m. s. days for the moon’s revolution. 

Integrating as in the last section, from f = 1 to ‘88, we have 
log* tan J = logs tan JJ# + ‘0238 
log« tan = logs tan ^lo - ‘0895 

Taking Ij = 6®, Jo = 17®, we have I = 16® 34', J = 6® 9'. 

These values correspond to I, = 1® 16', J, = 3® 37'. 

Again integi-ating from f = 1 to '76, we have 

logo tan = logo tan ^ Jo — '0461 
logo tan p = logo tan ^lo — •2562 

These give J = 6® 44', I = 13® 13', which correspond to I, = 2® 33', J^ = 8® 46'. 

The integration will now be continued over another period, as in the last 
section. The following are the results of the computations. 


Table XII. 


f 

1* 


•92 

*88 

iog(r=G)+io= 

log(A=D)+10= 

9-66092 

9-64629 

9-64491 

9-86040 

9-62783 

9-87686 

9-59299 

9-89622 


Table XIII. 



1- 

•96 

•92 

•88 

^ («i + a)/X7i (Ka - #ci) « 

-•06781 

--07C17 

-•07802 

-•07323 

G (K2+a)/^/i(Ka “ ^i) “ 

•23026 

•21018 

-1903.3 

•16832 

D(Ki+a)//??i(K2-Ki)- 

-•10634 

-•12511 

-•13843 

-•14720 


•36106 

'34521 

•33771 

•33835 

(bG — &D)/k9i (k 2 ■” « i) ” 

- -13816 

-•16362 

-•19067 

- *35064 


Substituting these values in the differential equations (260), we have the 
following equidistant values : 

Table XIV. 


$ 

1- 

•96 

•92 

•88 

c^logtan = 

c?log tan 

+ -6547 
+1-0746 

+•3916 
+ •8682 

+ •2088 

+ •6391 

+ •1926 

+•3093 
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Then integrating from f = 1 to *88 we have 

loge tan ^ = loge tan ^ Jo - *0382 
logtf tan JI = loga tan JIq — ‘0886 

Putting Io=sl3®13' and Jo = 6® 44', from the previous integration, we 
have J=5®30', I = 12® 6'. 

These values of J and I give J, = 10® 49', = 2® 40'. 

The physicsal meaning of the results of the whole integration is embodied 
in the following table. 


Table XV. Results of integration in the case of large viscosity. 


Day in 
m. s. hours 
and 

minutes 

Moon’s 
sidereal 
period in 
m. 8. days 

Inclination 
of earth’s 
proper plane 
to ecliptic 

Inclination 
of equator 
to earth’s 
proper plane 

Inclination 
of moon’s 
proper plane 
to ecliptic 

Inclination 
of lunar orbit 
to moon’s 
proper plane 

h. m. 

Days 


o / 

0 / 

B i 

9 55 

8-17 


0 22 

0 67 

6 0 

8 45 

6*57 


1 15 

3 37 

6 9 

7 49 

3-59 


2 33 

8 46 

5 44 

7 15 

2*45 


2 40 

10 49 

5 30 


If we compare these results with those in Table VIII. for the case of small 
viscosity, we see that the inclinations of the two proper planes to one another 
and to the ecliptic are almost the same as before, but there is here this 
important distinction, viz. ; that the inclinations of the two moving systems 
to their respective proper planes are less (compare 6® 30' with 6® 18', and 2® 40' 
with 3® 3'). 

And besides, if we had carried the integration, in the case of small 
viscosity, further back we should have found the inclination of the lunar 
orbit increasing. 

It will now be shown that, in the present case of large viscosity, the 
inclinations of the equator and the orbit to their proper planes will continue 
to diminish, as the square root of the moon’s distance diminishes, and at an 
increasing rate. 

Suppose that, in continuing the integration, the solar influence be entirely 
neglected, and the motion referred to the invariable plane of the system. 
This plane will be in some position intermediate between the two proper 
planes, but a little nearer to the earth’s plane, and will therefore be inclined 
to the ecliptic at about 11® 45'. 
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The equations of motion are now those of § 10, Part II., which may be 
written 

^ ^ - G (i +i) 




But since ijj = f/iwi = l/ni, they become 


7 d . 1 + m p, 

kn^logiisaij^ nT ® 

&»^logtanii= (l+m)D 

(compare with the first of equations (265) given in Part III., when r = 0). 

These equations are not independent of one another, because of the 
relationship which must always subsist between i and j. 

Substituting from (263) (in which •/ is put zero, and G, D written for 
r. A) we have for the case of large viscosity 

^ ^ log tan ^ j = - HI + W) [l - 

Are ^ (1 + W) j^l + ^ |“~27r^] 

When X = i, 4\ (1 — X)/(l — 2X) is infinite, and therefore both dj/d^ and 
di/df are infinite. This result is physically absurd. 

The absurdity enters by supposing that an infinitely slow tide (viz. : that 
of speed n — 2fl) can lag in such a way as to have its angle of lagging nearly 
equal to 90“. The correet physical hypothesis, for values of X nearly equal 
to i, is to suppose the lag small for the tide n — 212, but large for the other 
tides. Hence when X is nearly = 'w® ought to put 


sin4fi=: 


P 

n — SH’ 


sin2g = 


?P 


but sin2gi = 


2 (n - 212) 

.. 


Then we should have 

G = im [l+2(l-X)-y(l-X)(l-2X) 

D= i |^l-2(l-X)+y(l-X)(l-2X) 

The last term in each of these expressions involves a small factor both in 
numerator and denominator, viz. : 1 — 2\ because X = i nearly, and p, because 
the viscosity is large. The evaluation of these terms depends on the actual 
degree of viscosity, but all that we are now concerned with is the fact that 
when X = i the true physical result is that D changes sign by passing through 
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zero and not infinity, and that G does the same for some value of \ not far 
removed fi:om 

Now consider the function — 1. The following results are not 

stated retrospectively, and when it is said that i or j increase or decrease, it 
is meant increase or decrease as ^ or f increases. 

(i) From X = 1 to X = -6 the function is negative. 

Hence for these values of X the inclination^' decreases, or zero inclination 
is dynamically stable. 

When X=*5 it is infinite; but we have already remarked on this case. 

(ii) From X = '6 to X = ‘191 it is positive. 

Therefore for these values of X the inclination j increases, or zero incli- 
nation is dynamically unstable. It vanishes when X = ‘191. 

(iii) From X = ‘191 to X = 0 it is negative. 

Therefore for these values of X the inclination j decreases, or zero incli- 
nation is dynamically stable. 

Next consider the function 1 + 

X ■— iZX 

(iv) From X = 1 to X = ‘809 it is positive. 

Therefore for these values of X the obliquity i increases, or zero obliquity 
is dynamically unstable. It vanishes when X = ‘809. 

(v) From X = ‘809 to X = *5 it is negative. 

Therefore for these values of X the obliquity i decreases, or zero obliquity 
is dynamically stable. 

When X= '5 it is infinite ; but we have already remarked on this case. 

(vi) From X = *6 to X = 0 it is positive. 

Therefore for these values of X the obliquity i increases, or zero obliquity 
is dynamically unstable. 

Therefore fi:om X = 1 to *809 the inclination j decreases and the obliquity 
i increases. 

From X = *809 to ‘6 both inclination and obliquity decrease. 

From X = *6 to *191 both inclination and obliquity increase. 

From X = ‘191 to 0 the inclination decreases and the obliquity increases. 

At the point where the above retrospective integration stopped, the 
moon s period was 2*45 days or 59 hours, and the day was 7*26 hours ; hence 



DISCUSSION OF THE INTEGRATION. 


319 


1880] 

at this point \ = '123, which falls between ’IQl and '5. Hence both incli- 
nation and. obliquity decrease retrospectively at a rate which tends to become 
infinite when we approach X = ‘5, if the viscosity be infinitely great. For 
large, but not infinite, viscosity the rates become large and then rapidly 
decrease in the neighbourhood of \='5. 

From this it follows that by supposing the viscosity large enough, the 
obliquity and inclination may be made as small as we please, when we arrive 
at the point where X = ’6. 

It was shown in § 17 of “ Precession” that X = '6 corresponds to a month 
of 12 hours and a day of 6 hours. 

Between the values X = ‘5 and *809 the solutions for both the cases of 
small and of large viscosity concur in showing zero obliquity and inclination 
as dynamically stable. But between X= *809 and 1 the obliquity is dynamically 
unstable for infinitely large, stable for infinitely small viscosity; for these 
values of X zero inclination is dynamically stable both for large and small 
viscosity. 

From this it seems probable that for some large but fiboite viscosity, both 
zero inclination and zero obliquity would be dynamically stable for values of 
X between *809 and unity. 

It appears to me therefore that we have only to accept the hypothesis 
that the viscosity of the earth has always been pretly large, as it certainly is 
at present, to obtain a satisfectoiy explanation of the obliquity of the ecliptic 
and of the incKnation of the lunar orbit. This subject will be again discussed 
in the summary of Part VII. 


§ 21. QrapMcal iUusbraHon of the preceding integrations. 

A graphical illustration will much facilitate the comprehension of the 
numerical results of the last two sections. 

The integrations which have been carried out by quadratures are of course 
equivalent to find in g the areas of certain curves, and these curves will afford 
a convenient illustration of the nature of those integrations. 

In §§ 19, 20 two separate points of departure were taken, the first pro- 
ceeding from ^ = 1 to *76, and the second from f = 1 to *88. It is obvious 
that f was referred to different initial values Co in the two integrations. 

In order therefore to illustrate the rates of increase of log tan and 
log tan JI from the preceding numerical results, we must either refer the 
second sets of f’s to the same initial value Co as the first set, or (which will be 
simpler) we may take /Jo es the independent variable. 
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For the values between and *76, the ordinates of our curves will 
be the numerical values given in Tables IV. and XI., each divided by Vco* 
By the choice of a proper scale of length, Cq may be taken as unity. 

For the values in the second integration jfrom f = 1 to *88, the is the 
final value of *Jc in the first integration. Hence in order to draw the ordinates 
in the second part of the curve to the same scale as those of the first, the 
numbers in Tables VII. and XIV. must be divided by *76. 

Also the second set of ordinates are not spaced out at the same intervals 
as the first set, for the d^Jc of the second integration is *76 of the d a/o of the 
first integration. 

Hence the ordinates given in the four Tables, IV., VII., XI., and XIV., 
are to be drawn corresponding to the abscissae 

0, 1, 2, 3, 4, 6, 6, 6*76, 7*52, 8*28 

In fig. 7 these abscissae are marked off on the horizontal axis. 

The first integration corresponds to the part 00', and the marked points 
correspond to the seven values of f from 1 to *76 inclusive. Tho second in- 
tegration corresponds to the part O'O", and the values computed in Tables VII. 
and XIV. were divided by *76 to give the ordinates. 

The value for f =*76 of the first integration is identical with that for f = 1 
of the second. 

The integrations, which have been csinied out, correspond to tho deter- 
mination of the areas lying between these curves and the horizontal axis, 
areas below being esteemed negative. 

The two curves for d log tan -J-I/d Vc lie very close together, and wo thus 
see that the motion of the earth’s proper plane is almost independent of the 
degree of viscosity. 

On the other hand, the two curves for d log tan ^Sjd v'c differ considerably. 
For large viscosity the positive area is much larger than the negative, whilst 
for small viscosity the positive area is a little smaller than the negative. 

If the figure were extended further to the right, the two curves for tho 
variation of I would become identical, and the ordinates would become very 
small. The two curves for the variation of J would separate widely. That 
for large viscosity would go upwards in the positive direction, so that its 
ordinates would be infinite at the point corresponding to = the curve 
for small viscosity would go downwards in the negative direction, and the 
ordinates would be infinite at the point where \ = 1. 

In this figure 00' is 6 centimetres, 00" is 8*28 centimetres, and tho 
point corresponding to X = i would be 15*2 centimetres from 0, and the point 
corresponding to X = 1 would be 17*4 centimetres from 0. 
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We thus see that the degree of viscosity makes an enormous difference in 
the results. 

In the figure, portions of these further parts of the two curves for the 
variation of J are continued conjecturally by a line of dashes. 

The whole figure is to be read fipom left to right for a retrospective 
solution, and from right to left if we advance with the time. 



Fig. 7. Diagram to illastrate the motion of the proper plan or of the moon and earth. 


D. n. 


21 



322 


THE PEIMmVB CONDmOlT OF THE EARTH AND MOON. 


[6 


§ 22. The effects of solar tidal friction on the primitive condition of 
the earth and moon. 

In the paper on “ Precession,” § 16, 1 found, by the solution of a biquadratic 
equation, the primitive condition in which the earth and moon moved round 
together as a rigid body. 

Since writing that paper certain additional considerations have occurred 
to me, which seem to be important in regard to the origin of the moon. 

It was there remarked that, as we approach that critical condition of 
dynamical instability, the effects of solar tidal friction must have become 
sensible, because of the slow relative motion of the moon and earth. I did 
not at that time perceive the full significance of this, and I will now consider 
it further. 


If the moon is moving orbitally nearly as fast as the earth rotates, 
the tidal reaction, which depends on the lunar tides alone, must bo very 
small, and therefore the moon’s orbital motion must increase retrospectively 
very slowly. On the other hand, the relative motion of the earth and sun is 
great, and therefore if we approach the critical condition close enough, the 
solar tidal friction must have been greater than the lunar, however groat the 
viscosity of the planet. The manner in which this will affect the solution of 
the previous paper may be shown analytically as follows. 

If we neglect the obliquity; and divide the equation of tidal friction by 
that of tidal reaction, and suppose the viscosity small, we have from (176) 


j dn fry n _ 
Integrating we have 



12 

w— XI 


n 


J [fl - f) + A g)‘a - n ] + III if 


If we do not carry the integration to near the critical phase, whore n is 
equal to X2, the last integral is small, but it tends to become large as n 
becomes nearly equal to Xi ; it has always been neglected in our integration. 
When however we wish to apply this equation to find the values for which n 
is equal to X2, it cannot be neglected ■ 


Suppose the integral to be equal to K. Then in the first part of the 
above expression we may put w = X2 = ^ and we may neglect ^ (t'/tq)* (1 - 
Hence the equation for finding the angular velocity of the two bodies at the 
critical phase, when n = X2, is 


-fK 

k sx 


-1- - -I- a? + j = 0 


or 
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The root of this equation, which gives the required phase, is nearly equal 
to the cube-root of the second coefficient, hence 

nearly 

Now in the paper on “ Precession ” we found the initial condition, on the 
hypothesis that K was zero. Hence the effect of solar tidal friction is to 
increase the angular velocity of the two bodies when their relative motion is 
zero. Since K may be large, it follows that the disturbance of the solution 
of § 16 of “Precession” may be considerable. 

This therefore shows that it is probable that an accurate solution of our 
problem would differ considerably from that found in “ Precession,” and that 
the common angulai* velocity of the two bodies might have been great. 

If Kepler*s law holds good, the periodic time of the moon about the 
earth, when their centres are 6,000 miles apart, is 2 hrs, 36 m., and when 
5,000 miles apart is 1 hr. 57 m. ; hence when the two spheroids are just in 
contact, the time of revolution of the moon would be between 2 hrs. and 
2ihrs. 

Now it is a remarkable fact that the most rapid rate of revolution of a 
mass of fluid, of the same moan density as the earth, which is consistent with 
an ellipsoidal form of equilibrium, is 2 hrs. 24 m. Is this a mere coincidence, 
or does it not rather point to the break-up of the primseval planet into two 
masses in consequence of a too rapid rotation* ? 

It is not, however, possible to make an adequate consideration of the 
subject of this section without a treatment of the theory of the tidal friction 
of a planet attended by a pair of satellites. 

It was shown above that if the moon were to move orbitally nearly as last 
as tho earth rotates, the solar tidal friction would be more important than 
the lunar, however noar the moon might be to the earth. I find that the 
consequence of this is that tho earth’s rotation continues to increase retro- 
spectively, and tho moon’s orbital motion does tho same; but the difference 
between the rotation and the orbital motion continually gets less and less. 
Meanwhile, the earth’s orbital motion round the sun is continually increasing, 
and the distance from the sun decreasing retrospectively. Theoretically this 
would go on until the sun and moon (treated as particles) revolve as though 
rigidly connected with the earth and with one another. This is the con- 
figuration of maximum energy of the system. 

* [But the instability of a homogeneous ellipsoid sets in for a considerably less rapid rate of 
rotation. Hence the argument in the text is inexact, and it would appear that the rupture of the 
primaeval planet must have occurred when the rotation was less rapid. The whole subject is 
full of difficulties, and the conclusions must nooessarily remain very speculative.] 


21—2 
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THE ECCENTRICITY OF THE ORBIT. 


The solution is physically absurd, because the distance of the two bodies 
from the earth would then be very much less than the earth’s radius, and 
A fortiori than the sun’s radius. 

It must be observed, however, that in the retrospect the relative motion 
of the moon and earth would already have become almost insensible, before 
the earth’s distance from the sun could be sensibly affected. 


Secular Changes in the Eccentricity op the Orbit. 

§ 23. Formation of the disturbing function. 

We will now consider the rate of change in the eccentricity and mean 
distance of the orbit of a satellite, moving in an elliptic orbit, but always 
remai^g m a fixed plane, namely, the ecliptic; and the rate of change of 

the obhquity of the planet’s equator when perturbed by such a satellite will 
also be found. 

Up to the end of Part I. the investigation for the formation of the dis- 

wbing fimction was q[uite general, and we therefore resume the thread at 
that pomt. 

In the present problem the inclination of the satellite’s orbit to the 
ecliptic IS zero, and we have 

•sr = w=P = oog^^ * = At = (2 = sinii 

the pligte!" henceforth will indicate 

By equations (24-8), 

^ 2* + «• 008 2 (v + ^ 

- 2MiM, = The same with sines for cosines 

JUiM, = The same with sines for cosines 
i - M,» = J (P* _ 4p.Q, + Q.) ^ 2 P>q» cos 20 
By the definitions (29) 

z.FMV 


Now let 


^ («) = cos (2d + a) 


.( 264 ) 
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Then 

X* _ Y» = P‘<I> (- 2j^) + 2P> (2x:) + 0*0 (2x) 

2XY = The same when % + Jtt is substituted for % 

YZ P*Q<I>(-x)+P(3(P^-Q»)’J^Cx) + -P<?^(x)[ (265) 

XZ = The same when — Jtt is substituted for x 
HX*+ Y« - 2Z») = J (P^ - P«(3» + <2*) R + 2P'(?0 (0) 

Hence all the terms of the fi've X-Y-Z functions belong to one of the 
three types O, % or R. 

The equation to the ellipse described by the satellite Diana is 

= 1 + e cos (0 - w) (266) 

Hence 

R = 1 +|e®+ 3e (1 cos (0— «r) + fe®cos 2 (0—®-) + ^®cos 3 (5—®) 
<E> (a) =s R cos (20 + a) = (1 + ^-) cos (20 + a) 

+ fe (1 + {e®) [cos (30 + a — ®) + cos (0 -l- a + ®)] 

+ [cos (40 + a — 2®) + cos (a H- 2®)] 

+ Je® [cos (50 + a- 3®) + cos (0 - a — 3®)] 

(267) 

and (a) « R cos ot. 

By the theory of elliptic motion, 0 the true longitude may be ex- 
pressed in terms of 12^ +• e and ®, in a series of ascending powers of e the 
eccentricity. Hence (a), R, and ^ (a) may be expressed as the sum of a 
number of cosines of angles of the form Z(fl^-h6) + m® +na, and in using 
those functions we shall require to make a either a multiple of x or zero, or 
to differ from a multiple of by a constant. Therefore the X-Y-Z functions 
arc expressible jis the sums of a number of sines or cosines of angles of the 
form I ({It -I- e) + wi'®' + 

Now X increases uniformly with the time (being equal to H-a constant); 
hence, if wo regjxrd the elements of the elliptic orbit as constant, the X-Y-Z 
functions are expressible as a number of simple time-harmonics. But in § 4, 
whore the state of tidal distortion due to Diana was found, they were assumed 
to be so expressible; therefore that assumption was justifiable, and the 
remainder of that section concerning the formation of the disturbing function 
is applicable. 

The problem may now bo simplified by the following considerations : — 
The equation (12) for the rate of variation of the ellipticity of the orbit 
involves only differentials of the disturbing function with regard to epoch and 
perigee. It is obvious that in the disturbing function the epoch and perigee 
will only occur in the argument of trigonometrical functions, therefore after 
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EACH SATELLITE MAY BE TREATED BY ITSELF. 


[6 

the required diflferentiations they only occur in the like foma. Now the 
epoch never occurs except in conjunction with the mean longitude, and the 
longitude of the perigee increases uniformly with the time (or nearly so), 
either from the action of other disturbing bodies or from the disturbing action 
of the permanent oblateness of the planet, which causes a progression of the 
apses. Hence it follows that the only way in which these differentials of the 
disturbing function can be non-periodic is when the tide-raiser Diana is 
identical with the moon. Whence we conclude that — 

The tides raised by any one satellite can produce no secular change in the 
eccmtridty of the orbit of any other satellite. 

The problem is thus simplified by the consideration that Diana and the 
moon need only be regarded as distinct as far as regards epoch and perigee, 
and that they are ultimately to be made identical. 

Before carrying out the procedure above sketched, it will be well to con- 
sider what sort of approximation is to be made, for the subsequent labour 
will be thus largely abridged. 

From the preceding sketch it is clear that all the terms of the X-Y-Z 
functions corresponding with Diana’s tide-generating potential are of the 
form 

(a + 6e + ce* + de* +/e^ + &c.) cos [lx + m(at + €)^n^ + B'] 

From this it follows that all the terms of the 36-^-SS functions arc of the 
form 

F (a + 6e + ce* 4 - de« +/e* + &c.) cos [lx + m (Rt + e) 4- n-cr + S — /] 

Also by symmetry all the terms of the X'-Y'-Z' functions are of the form 
(a + 6e + ce® + +/e‘ + &c.) cos [ly^ + m (fli + e') + titst' + 8] 

and in the present problem the accent to y may be omitted. 

The products of the 35-^-SS functions multiplied by the X'-Y'-Z' functions 
occur in such a way that when they are added together in the required 
manner (as for example in Y'Z'P52 + X'Z'XSS) only differences of arguments 
occur, and y disappears from the disturbing function. Also secular changes 
can only arise in the satellite’s eccentricity and mean distance from such 
terms in the disturbing function as are independent o{ ilt + e and tsr, when 
we put €' = € and Hence we need only select from the complete 

products the products of terms of the like argument in the two sets of 
functions. 

Whence it follows that all the part of the disturbing function, which is 
here important, consists of terms of the form 

or + + + + -/] 

F [a* + 2abe + (2ao + 6») e“ + (2ad + 26c) e» + (2af+ 2bd +<^)e* + &c.] 

cos [m (e - e') + ra (w - «r') — /] 
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Now it is intended to develop the disturbing function rigorously with, 
respect to the obliquity of the ecliptic, and as far as the fourth power of the 
eccentricity. 

The question therefore arises, what terms will it be necessary to retain iu 
developing the X-Y-Z functions, so as to obtain the disturbing function 
correct to el 

In the X-Y-Z functions (and in their constituent functions 4> (a), 'SP' (a), E) 
those terms in which a is not zero will be said to be of the order zero ; those 
in which o is zero, but 6 not zero, of the first order ; those in which a — b — 0, 
but c not zero, of the second order, and so on. 

By considering the typical term in the disturbing function, we have the 
following — 

Buie of approanmabion for the development of the X-Y-Z functions and 
of <I> (a), (a), R : develop terms of order zero to e^ ; terms of the first order 

to 0 ®; terms of the second order to e®; and drop terms of the third and fourth 
oi'ders. 

To obtain further rules of approximation, and for the subsequent develop- 
ments, wo now require the following theorem. 

Eapansion of cos (kd -f- B) in powers of the eooewtrioity. 

6 is tho true longitude of the satellite, ilt+ethe mean longitude, and 
«• tho longitude of tho perigee. For the present I shall write simply II in 
place of Il< + e. 

By tho theory of elliptic motion 

= ^ — 2c sin (^ — vr) + Je* (1 + Je®)sin2(^ — w) — 4e®sin3(d — «•) 

+ ^^e® sin 4 (0 — w) 

If this series bo inverted, it will be found that 

^ = li + 2e (1 — ^e*) sin (£2 — «■) + 4e®(l — ^•) sin 2(£1 - «■) 

+ •^§6* sin 3 (H — w) + sin 4(fi — w) 

By differentiation we find that, when e = 0, 

^^=28in(j:i--Br), ^ = f sin 2(11- w), ^ = -f sin(Il-o-)-HJ5iisin3(£i— sr) 

^ — 11 sin 2(Ii — -sr) -f- -ijisin 4(11 — «•), = 2 — 2 cos (£1 — w) 

^ (£1 — -bt) — 2 sin 3(£1 — «r), =6 — 8 cos 2(£1 — •») 

+ 2 cos 4(£1 — w) 
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— § sin 4(fl — «r) 

(^) =¥-¥‘»s4(fl-tir), ^^=-f + 8cos2(fl-«r)-J^oo84(fl-‘w) 

To expand cos (k6 + /5) by means of Maclaurin’s theorem, we require the 
values of the following differentials when e = 0 and ^ = fl : 

^ cos (Ad + )8) = — & sin (Ad + )8) ^ 

^ cos ike +yS) i? cos ike + yS) - k sin ike + ys) g 

^cos(i^+y3) = A»sin(A^+/3)(g/-3A»cos(A^+/9)^^g-Asm(A0+/9)^*^ 
cos + /3) = cos (*(9 + 6Ai» sin ike + /3) 

- 3A» cos _ 4A“ cos ^ ^ * sin (&(9 + ^ 

When e = 0, + y8 = All + y8, and the values of the differentials and 
functions of differentials of e are given above. If we substitute for those 
functions their values, and express the products of sines and cosinos as the 
sums of sines and cosines, and introduce an abridged notation in which 
An4 y3+s(fl — «•) is written (A+«), we have 

€>i = ^coa(Ad + /3) 

= — Aco8(A — 1) + Acos(A + l) 

0s=^oos(A^+y9) 

= (A* - 1 A) cos (A - 2) - 2A® cos A + (A* + |A) cos (A + 2) 

®s = ^cos(A^ + /3) 

= -(A»-^A' + J^A)cos(A-3) + 3(A'-^A» + ^A)cos(A-l) -...(268) 

- 3 (A» + 1 A“ + ^A) cos (A + 1) + (A» + J^A® + J^A) cos (A + 3) 

@4 = ^cos(A0+y8) 

= (A* - -ytA» + f^A» + 131?- igiA) cos (A - 4) 

- (4A‘ - ISA* + 16A? - JjLA) cos (A - 2) 

+ 3 (2A‘- ^A»+2A‘) cos (A) -(4A*+ 16A*+ 16A*+ ■iatA)cos(A+2) 

+ (A* + A* + A* + 13A» + ifiA) cos (A + 4) 
where the 0’s are merely introduced as an abbreviation. 
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Then by Maclaurin’s theorem 

cos (kO + iS) = cos (kO, + yS) + e@i + Je^®a + • .(269) 

In order to obtain further rules of approximation we will now run through 
the future developments, merely paying attention to the order of the co- 
efficients and to the factors by which + e will be multiplied in the results. 
From this point of view we may write 

$ (a) = (e°) cos {20) + (e) [cos (30) + cos (0)] + (e®) [cos (40) + cos (0)] 

+ (e®) [cos (50) + cos (0)] 

(a) = R = (e®) cos (0) + (e) cos (0) + (e®) cos (20) + (e*) cos (30) 

The cosines of the multiples of 0 have now to be found by the theorem 
(269) and substituted in the above equations. 

In making the developments the following abridged notation is adopted ; 
a term of the form cos [(A? + 5 ) fl + yS — stsr] is written [A + s]. 

Consider the series for <I> (a) first. 

We have by successive applications of (269) with A — 1, 2, 3, 4, 6 : 

(o«) cos (26) = (e») {2} + (e) [{1} + (3}] + (e*) [{0} + {2} + {4}] 

+ (o‘) [{- 1} + {1} + {3} + {6}] + (e^) [1- 2} + {0} + {2} + {4} + {6}] 
( 0 ) cos (3^) = (e) {3} + (o>) [{2} + {4}] + (e») [{1} + {3} + {6}] 

+ (e‘)[{0} + 12} + {4) + {6}] 

(e) COB (0) = (e) {1} + (e«) [{0} + {2}] + (e») [{- 1} + {1} + {3}] 

+ (e‘)[{-2} + {0} + {2} + {4}] 

(c») cos (4^) = (e») {4} + (o’) [{3} + {5}] + (e*) [{2} + {4} + {6}] 

(o’) cos (0) s= (e*) {0} 

(e‘) cos (56) = (e») {6} + (o‘) [{4} + {6}] 

(e«)cos(^) = (e»){l}+(eO[(0} + {2}] 

In these expressions we have no right, as yet, to assume that {— 2} and 
(-1} are different from {2} and {!}; and in fact we shall find that in the 
expansion lor (a) they are different, but in that for B they are the same. 

Adding up those, and rejecting terms of the third and fourth orders by 
the first rule of approximation, we have 

(a) = [(o») + (o») + (e*)] {2} + [(e) + (e»)] [{1} + {3}] + [(e**) + (e‘)] [{0} + {4}] 

+ (e»)(-l} + (e0l-2} 

It will be observed that {6} and (6} are wanting, and might have been 
dropped from the expansions. Also {0} and {4} are terms of the second order, 
therefore wherever they are multiplied by (e>*) they might have been dropped. 
Hence (o*) cos (50) need not have been expanded at all. A little further con- 
sideration is required to show that (e*) cos (0) need not have been expanded. 
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(e*) COB {&) is an abbreviation for cob (6 — a. — 3w), and therefore in this 
case {l} = oos(fl — a — 3i!r) and {2} = cos (2fi — a — 4w) ; but in every other 
csase {1} = cos + a + -ar) and {2} = cos (2fi + a). Hence the terms {1} and 
{2} in (e*) cos {&) are of the third and fourth orders and may be dropped, and 
{0} may also be dropped. Thus the whole of (e“) cos {&) may be dropped. 

With respect to {—2} and {—1}, observe that {2} in the expansion of 
cos (hid +y9i) stands for cos [211 +(A^ — 2) «■ + j8i]; and {— 2} in the expansion 
of cos(A^H-) 8,) stands for cos[211 — (A^ + 2)w — and hi, kt are either 
1, 2, 3, or 4 ; and ^i, ySj are multiples of % + a constant. Hence (2) and 
{— 2} are necessarily different, but if and ki were multiples of w they might 
be the same, and indeed in the expansion of R necessarily are the same. 

In the same way it may be shown that {-1} and {1} are necessarily 
different. 

Therefore {— 1} and {- 2} being terms of the third and fourth orders may 
be dropped. 

It follows from this discussion that, as &r as concerns the present problem, 
(e«) cos (20) = (e») {2} + (e) [{1} + {3}] + (e«) [{0} + (2} + {4}] 

+ (e‘)[{l} + {3}] + (e*)[l2}3 

(e) cos (30) = (e) {3} + (e») [{2} + {4}] + (e») [{1} + (3)] + (e^) {2} 

(e) cos (0)-(e){l} + (e»)[{0} + {2}] + (e»)[{l} + {3)] + (e‘){2} 

(e®) cos (40) = (e®){4} +(e»){3} + (e*){2} 

(e*)oos(0)=(e»){0} 

And the sum of these expressions is equal to <I> (a). 

We thus get the following rules for the use of the expansion (269) of 
cos (^6 + /S) for the determination of •I* (a) : 

When i = 2, omit in terms in cos (k — 3), cos (k + 3) 

in terms in cos (k — 4), cos (k - 2), 

cos (A + 2), cos (A; + 4) 

When k = S, omit in ©j term in cos (k + 2) 

in 0, terms in cos (k - 3), cos (A + 1), cos (k + 3) 
all of ©4 

When A = 1, omit in ©, term in cos (A - 2) 

in ©, terms in cos (A - 3), cos (A - 1), cos (A + 3) 
all of ©4 

When A = 4, omit in ©i term in cos (A + 1) 

in ©j terms in cos (A), cos(A+ 2) 
all of ©,, ©4 
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Following these rules we easily find. 

When k=2, = a 

oos(20 + a) = (1 — 4e* + cos (20 + a) — 2e(l — Je“) cos(0 + a + «r) 

+ 2e(l — ^^e®) cos (30 + a — «•) + |e“ cos (a + 2w) 

+ c\os (40 + a — 2®'). ..(270) 

When A: = 3, yS = o — ® 

cos (3^ + a — ®) = (1 — 9e®) cos (30 + o — ®) — 3e(l — oos (20 + a) 

+ 3e cos (40 + a — 2®) + cos (O + a + ®). . .(271) 
When A! = 1, /8 = a + ® 

cos(d + a + ®) = (1 — e‘-‘)cos(0 + a+ w) + e (1 — Je®) cos (20 + a) 

— e cos (a + 2®) + f e® cos (30 + a — ®). . .(272) 

When 7c = 4, = a — 2® 

cos (40 + a — 2®) = cos (40 + a -2®) — 4e cos (30 + a — ®) 

+ J^e® cos (20 + a). . .(273) 

These are all the series required for the expression of ‘I>(a), since 
cos (a + 2®) does not involve 6, and by what has been shown . above 
cos (50+ a — 3®) and cos(0 — a — 3®) need not be expanded. 

We now return agmn to the series for E or 'T'(a), and consider the nature 
of the approximations to bo adopted there. 

With the same notation 

(e«)cos(0) = (e«){01 

( 0 ) cos (0) = ( 0 ) {1} + (e*) [{0} + {2}] + (e®) [{- 1} + {1} + {3}] 

+ (e®) [{— 2} +. (0} + {2} + {4}] 

(e®) cos (20)= (e®) {2} + (o») [{1} + {3}] + (e‘) [(0} + {2} + {4}] 

(e») cos (30) = (o®) {3} + (e‘) [{2} + {4}] 

Since E is a function of 0 — ®, therefore after expansion it must be a 
function of fl — ®, and hence {1} must be necessarily identical with {— 1}, 
and {2} with {— 2j. 

Adding those up, and dropping terms of the third and fourth orders, 

E = [(co) + (e®) + (e‘)] {0} + [(e) + (e®)] {1} + (e») {- 1} 

+ [(e*) + (e^)]{2} + (e‘){-2} 

Here {0} is a term of the order zero, {1} of the first order, and {2} of the 
second. Therefore by the first mle of approximation {2} and {— 2} may be 
dropped when multiplied by (e*). 

Also {3} and {4} may be dropped. 
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Hence as &r as concerns the present problem 
(e") cos (0) = (e") {0} 

(e) cos (d) = (e) {1} + (e*) [{0} + {2}] + (e“) [{- 1} + {1}] + (e‘) {0} 

(e>) cos (26) = (e*) {2} + (e*) {1} + (e^ {0} 
and (e*) cos (3d) need not be expanded. 

And the sum of these expressions is equal to R 

We thus get the following rules for the use of the expansion of cos (kd + 
for the determination of E. 

When A; = 1, omit in @a term in cos (i + 2) 

in 0, terms in cos (k — 3), cos (k + !)> cos (k + 3) 
all of @4 

When k = 2, omit in @i term in cos (k + 1) 

in @j terms in cos (k), cos (k + 2) 
all of 04 
Following these rules, we find 
When A = 1, y8 = — w 

cos(d- Br)=(l — e®)oos (f2— w) — e + ecos 2 (fl — «■) (274) 

When k = 2, ^ = ~2v 

cos 2 (d - w) = cos 2 (ft - w) - 2e cos (ft - «r) + -2e“ (275) 

These are the only series required for the expansion of E or 'SP' (a), since 
by what is shown above, cos 3 (d -r w) need not be expanded. 

Now multiply (270) by l + |e»; (271) by |e(l+ie“) j (272) by |e(l + ie*); 
and (273)by|6*; add the four products together, and add cos (a + 2w), 
and we find jfrom (267) after reduction 

^ («) = (1 - -y-e* + -^e^) cos (2ft + a) - ^e (1 - ^e») cos (ft + a + «r) 

+ 1 e (1 - ^e’*) cos (3ft + a - «r) + Jf e* cos (4ft + « - 2w). . .(276) 

Next multiply (274) by 3e (1 +ie*); (275) by |e®; add the two products, 
and add 1 +fg*, and we find from (267) after reduction, 

E = 1 _ |e» + |e^ + 3e (1 _ ^e») cos (ft - w) + f e» cos 2 (ft - w). . ,(277) 

Now let 

Ei=-^e(l-iyieO; Ej = 1 - JjLe= + 

E»=|e(l-^es); E4 = J^e> 

Jo = l-|e* + |eS J,==fe(l-.yie’*); Ja=|e», 


( 278 ) 
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And wo have 

4> (a) = El cos (fl + a + ot) + Eg cos (2fl + a) + Eg cos (3fl + a — ■»•) 

+ E 4 cos (4fl + a - 2 «r) 

R = Jj + 2 Ji cos (11 — w) + 2 Jg cos 2 (fl — «r) ^ 

whence 

'P' (a) = Jo cos « + Ji[cos(il + a— ■Br) + cos(fi — a — w)] 

+ Jj [cos (211 + a — 2 w) + cos (211 — a — 2 w)] , 

(279) 

Those three expressions are parts of infinite series which only go as far as 
terms in o’, but the terms of the orders e® and e have their coefficients 
developed as lar as e® and e® respectively. 

Substituting from (279) for and R their values in the expressions 
(266), we find 

X’— Y’ = P®[EiCOS ( 2 ^ — H — «f) + Ea00s(2% — 211) + E3 Cos(2x — 311 + w) ' 

+ E 4 cos (2x — 411 + 2 ®)] 

+ 2 ^^’ [Jo cos 2x + Ji {cos ( 2 % - 11 + w) + cos (2x + 11 — w)} 

+ Jj {cos ( 2 % — 211 + 2 iir) + cos ( 2 ;^ + 211 — 2 «r)}] 

+ Q* [El cos (2% + H + w) + Eg cos (2^ + 211) + E* cos (2 + 311 — ib-) 

+ E 4 cos (2x + 411 — 2 Br)] 

- 2 XY = The same, with sines for cosines 

YZ = The same as X» - Y®, but with -P>Q for P®, PQ(J^-Q‘) for 
2 P®Q®, PQ* for 0* and with x 2x 
XZ = The same as the last, but with sines for cosines 

(X’+ Y’- 2 Z’) = ^(P®-4P’(?+ Q®) [Jo+ 2 J 1 COS (n— Br)+ 2 J, cos 2 (H - «)] 

+ 2P®Q’ [El cos (O + «r) + Eg cos 211 + E, cos (311 - w) 

+ E 4 cos (411 — 2«)] ^ 
(280) 

If we regard w as constant, and remember that x = w<, and that 11 stands 
for ilt + e, and if we look through the above functions we see that there 
are trigonometrical terms of 22 different speeds, viz. : 9 in the first pair all 
involving 2fit, 9 in the second pair all involving nt, and 4 iH the last. 

Since these five functions correspond to Diana’s tide-generating potential, 
we are going to consider the effects of 22 different tides, nine being semi- 
diurnal, nine diurnal, and the laist four may be conveniently called monthly, 
since their periods are J, ■J, of a month and one month. 

We next have to form the functions. We found that in the 

X-Y-Z functions there were terms of 22 different speeds j hence we shall now 
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have to introduce 44 symbols indicating the reduction in the 
below its equilibrium height, and the retardation of phase. The notet on 
adopted is analogous to that used in the preceding problem, and the following 
schedule gives the symbols. 

Semi-div/mcil Udes. 


speed 

height 

lag 

27^-40 

Sti— 30 

pi 

2fffl 

2n-20 2»-0 27?. 27i+0 

pi F r Ti 

2f‘t 2f‘ 2f 2fi 

272. 4” 20 

Fh 

2f„ 

2n+ZQ 

Fui 

2fui 

2«-»-40 

F., 

2f„ 

speed 

height 

lag 

71—40 

GP’ 

g*' 

71-30 

G“ 

if 

Div/mal tides. 

n—iQ n-€t n, 

a» O' G 

g" 8“ g 

72,4*0 

G. 

gi 

n+2Q 

G„ 

ga 

7i 4“ 30 

gill 

W+dSl 

Gw 

&T 


Monthly tides*. 

speed n 20 Sn 

height H? H“ H“ H*' 

lag h‘ 2h“ 3h“ 4h''' 

The functions might now be easily written out ; for each term of 

the X-T-Z functions is to be multiplied, according to its speed by tho corre- 
sponding height, and the corresponding lag subtracted from the argimiont 
of the trigonometrical term. For example, the first term of X’ — is 
F‘EiP* cos (2% — O - w — 2?). It will however be unnecessary to write out 
these long expressions. 

In order to form the disturbing function W, the 3£-^-SS functions have 
to be multiplied by the X'-Y'-Z' functions according to the formula (31). 
Now the X'-T'-Z' functions only differ from the X-Y-Z functions in the 
accentuation of fl and w, because Diana is to be ultimately identical with 
the moon. 

In the 3e-|&-5S functions XI is an abbreviation for Xli 4- e, and in tho 
X'-Y'-Z' functions XI' for Clt + ^; hence wherever in the products wo find 
XI — XI', we may replace it by e - e'. 

A aiTiftA we are only seeking to find the secular changes in tho 
elhpticity and mean distance, therefore (as before pointed out) we need only 
multiply together terms whose arguments only differ by the lag. Secular 
inequalities, in the sense in which the term is used in the planetary theory, 
will indeed arise from the cross-multiplication of certain terms of like 
speeds but of different argvments, — for example, the product of the term 
FP‘EsCos(2x-2Xl-2f“) in 
multiplied by the term 

2P“(?JjCos(2x-2Xl'-l-2«r') in X'^-Y'*" 


* With periods oi i, i, and one month. 



HtUMATION OK THK l)IM'n’RIHN(} KUNcn’ION. 


;wr) 


whtii luiiiftl ti> iln* similar tTiiHs-jirtMluHi in 4X'Y'3£3i) (which only (liiVcrs in 
having sim's for comucs) will j,nvt* a term 

•iK"/'"(^''K,.l,cos (2 (c' - e) - 2«' - 21’"] 

This Icrni in the tlisturhinf? luncUon will ^ive a lon^ intujuHlit.y, hut iti is of 
no jircscnf intiTcsl. 

The {iroilnci** may now Im‘ wriltcn down wiUiont writanj' out in full oithor 
fill' X IJ iC functions or the X'-Y'-Z' functions. In onlcr that tlu'! rosults 
may form tin* const it, uont- terms of W, the factor .J is intro<lu<:csl in the first 
pair of {ir<Hlucts, the factor 2 in the second pair, and the. factor ij in tin* last, 
'riieli from (2S0t we have 

V’'' Y''3C' . t<)- 

«l M 

*,/*' F'K.'eosjt.' . ,t I (ar' w)-2f‘l t K" K,;cos [2(«' -c) - 2r''l 

t K’" K,,' cos I :t ( » ' «| (cr‘ i!T)-2f'‘*| 
t K'*K,’coh( t(f'-i)- •2(6r'-w)‘’ 2f'''ll 
t 2/*V ;K.I«’eo,H2f 

t l'*'.l,’coM|(r' ■ «) - (w' ■■ ts) -" ^f'l 

t K, .1,® cos I w) I 2fil 
t KM,®cos|2(/ -r) .■2{ar'~w)-2f"l 
t K,|.f.;'cos(2(*j' -r) -2(«r'»-w) f 2f|||| 

t ,J V' I K|I'V'*“«1 ('•'“*') ^ (»' ' w) 1 ‘-lil * Fii1V‘‘"n[ 2(''-«) 1 2llil 

» or) 1 2fiHl 

1 l'VK.’co,sl4(r,'-..,)-2(w' -w) I 2f„l! (2HI) 

2V7;j;>^ t 2X7/XZ- tile same, when 2 /’"(/' replaces .J/*"; 

re|ilaecH 2/‘*f^*; 2/*'(/ replatsis ,]|Qf; and d’s and 
jj's replace K’s ami 2f's (2K2) 

X'. ( Y'’ 2X'’X' I Ji>’ 

'■ a a 

4 /'''</'' I- l«l„” t 21 IM,'cos((»' -*<)• (ttr'~Mr) f h'l 

t 2H''.1.4 ’'«s.s |2 («;' “ t) 2 (w' - w) t- 2h"li 

\ a/'‘V* ;n'lVcosI(«' •> t (w'-w) » h'l t n“K.,.®»'osl 2 (/‘“r) ( ‘ih") 
t n"'K,’c.is(a(i' -cl-lBr'-wl I :fh''‘l 

» ll'MV«-'sl4(i'--0-2(«r'- tir).t' 4 h'‘lt (282) 

The sum of these three last expnissions (281 2) whmi multiplied by 

* is eomil to W the disturhiiif' function, 
g(l-e’r ‘ 
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§ 24. Secular changes in eceentrioity and mean distance. 

Before proceeding to the differentiation of W, it is well to note tho 
following coincidences between the coefficients and arguments, viz. : oocui's 
with (e'- e) + (w'-sr), Eg® with 2 (e'-e), E,* with 3(6'- e) - («■'- sr), E 4 » with 
4(e'-6) — 2(w'— «■), Ji® with (e' — e) — («■' — to-), with 2(e'— e) — 2 (to'— to), 
and the terms in Jj* do not involve e, e', to, to'. In conso(][iiencc of thcjst! 
coincidences it will be possible to arrange the results in a highly symmetrical 
form. 


and 


By equations (11) and (12) 

^ d , f d d \ 1 

kdt-\dd^'^d;^')^> 'y=o 


Hence the single operation djde' + ydjdu' will enable us by proper choice 
the value of y to find either fd log rj/kdt or d^/kdt. 

Perfonn this operation; then putting e'=e, to' = to, and collecting tho 
terms according to their respective E’s and J’s, we have 

fdW , dW\ . T» 1 
\de' '^dv') ' g(l_e»)« 

= Ei*(l + y) {iP'F sin 21* + 2P*Q«G* sin gi - 2P»Q>Q^ sin g, 

- sin 2f, - sin h‘} 

+E,*(2) {the same with ii for i, and 2h“ for h*} 

+ Ej* (3 - y) {the same with iii for i, and Sh*** for h‘} 

+ Ei*(4 - 2y) {the same with iv for i, and 4h‘'' for h‘} 

+ Ji» (1 - y) {2P‘Q‘ (P sin 2^ - p, sin 2^) 

T ~ g* - G. sing,) - i (P*_ 4P»(2«+ Q^y sin h*} 

+ J. (2-27) {the same with ii for i, and 2h“ for P} (284) 

-i(P‘-4P»Q» + Q‘)»H*sin(xh>) J 

(285) 
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The generalised definition of the F’s, G’s, H’s, &c., is contained in the 
following schedule 


speed 

2n — xfl, 

w — xfl, 

xO, 

w + xfl, 

2n + xH ] 


height 

F* 

G* 

H* 

Gx 


(286) 

lag 

2f* 

g* 

(xh*) 

gx 

24 J 



We must now substitute for the E’s and J’s their values, and as the 
ollipticity is chosen as the variable they must be expressed in terms of r) 
instead of e. Also each of the E®’s and J’’s must he divided by (1 — e®)“. 

Since vl^e’ 

0 = = and (1 - e>)-“ = (1 - 1 ?)"“ = 1 + 121 ? + 

Then by (278) 

le” (1 - a^o’*) = J-T? (1 - 139 j) 


and = 

EJ 


E 2 »=l-lle*'+A|ae‘=l -229; + 4 ^ij», and 1 - 10 i/ + W 


Ea»= i,'ic= (1 - (1 

E,»=a|Ao‘ = 289i7» 

J«»= 1 - 3e» + 3e^ = 1 - 617 + 16 » 7 » 
Ji* = Je* (1 - Jjtc*) = It; (1 - 8v) 


and 


E/ 


(l-nr 


:289t;* 


J.* 


(1 = ^ + 6^? + 21 t;‘ 

Q^=‘ivil+4^) 

(l-vT 

(287) 


and = 


When 7 is put equal to - we shall also require the following : 

0/1 io«^ ^ 


Ei *(1 + t;)^^ 

y (288) 

Therefore by putting 7 = - in equation (284) we have 
I ^ logT? = (i) + 2 (1 - IO 1 ;) ^ (ii) - ^ (1 - ^v) 4> (iii) - 578v<f> (iv) 


- 1 (1 + 3 t;) i/r (i) - ^'^y{r (ii) 
22 


D. II, 
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and by putting y = 0 in (284) 

+ 1156v^<f> (iy) + ^vO- + ^)t (i) + (ii) 
The equations may be also arranged in the following form : 

= + H (ii) -*H (iii) - (i)] 


+ «; [- 20^ (ii) + 301^ (iii) - 5l8(f> (iv) -^^(i)- (ii)]. . .(289) 

il^=. 

T^k dt 


■■ 2^ (ii) 


+ ’? [i^ (i) -20^ (n)+ii^<f> (iii) + (i)] 

+ l-H (i) + 73^ (ii) -^<j> (iii)+ 11660 (iv) + 18-0 (i) + (ii)] 

(290) 

The former of these apparently stops with the first power of rj, but it will 
be observed that we have d log rj/dt on the left-hand side so that dfjidt is 
developed as fer as i;’. 

These equations give the required solutions of the problem. 


§ 26. AppKccttion to the case where the planet is viscous. 

If the planet or earth be viscous, we have, as in 5 7, F* = cos 2f*, 
G*=cosg«, H* = cos(xh*), G^ = cosg., F, = cos 24 . 

When values are substituted in (289) we have the equation giving 
the rate of ^ange of elliptioity in the case of viscosity. The equation is 
owever so ong and complex that it does not present to the mind any 
physical meanmg, and I shall therefore illustrate it graphically. 

« w® "rotates 15 

as last as the satelhte revolves. 

lineX'sTrSen' 

as of til© planet, such viscosities 

2n-2Q, equal semi-diurnal tide, of speed 

same cases as in SR V a i o ( curves thus correspond to the 
sin4£. when ®f sin4f*, sin 2g*, sin2xh*, sin 2 g 3 t, 

viscoM tidea ^ computed, according to the theory of 

^ * «■, f * f >• 

combined so aa to m™ ■ ’j, ® * ' o > 30 • The results were then 

values are set out £iplficXla°th^r^ 

“u gtapuicany m the accompanying fig. 8. 
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Pio. 8. Diagram Bbowing the rate of change in the eccentricity of the orbit 
of the satellite for various obliquities and viscosities of the planet 


In the figure the ordinates are proportional to dejedt, and the abscissae to 
i the obliquity ; each curve corresponds to one degree of viscosity. 

From the figure we see that, unless the viscosity be so great as to approach 
rigidity (when f** = 46*^), the eccentricity will increase for all values of the 
obliquity, except values approaching 90®. 

The rate of increase is greatest for zero obliquity unless the viscosity be 
very large, and in that case it is a little greater for about 36 of obliquity. 

It appears from the p»aper on Precession ” that if the obliquity be very 
nearly 90®, the satellite’s distance from the planet decreases with the time. 
Hence it follows from this figure that in general the eccentricity of the orbit 
increases or diminishes with the mean distance ; this is however not true if 
the viscosity approaches very near rigidity, for then the eccentricity will 
diminish for zero obliquity, whilst the mean distance will increase. 

If the viscosity be very small, the equations (289—90) admit of reduction 
to very simple forms. 

In this case the sines of twice the angles of lagging are proportional to 
tho speeds of the several tides, and we have (as in previous cases)— 


si n4f^ 
sin 4f 


= 1 - 




sin2xli* 1 - 

sm'4f 


sin4fx , , 1 . 8iii2g, 1 , i_T. 

.•■ .1=1+ . fn = J + 4x\, 

sin 4f * am 41 


22—2 
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THE CASE OF SMALL VISCOSITY. 


[0 


Therefore 

^ (x) = i 8m4f [P + 2PQ“ - 2P<3« - 

- (P> + 4P«^? + + <?* + 6P W] 

= i sin 4f (cos i - ^xX) 

f (x) = i sin 4f [- 2P(2‘xX - 2P(3» (P - Q^Y xX - ixX (P - 4P^“ + W 
= -ism4f(^xX)(|) 

And 

^ (i) + 40 (ii) — 490 (iii) — 9-0' (i) = — sin 4f (1 1 cos i — 18X) 

- 200 (ii) + 3010 (iii) - 6780 (iv) - (i) - (ii) 

= — i sin 4f (297 cos i — 756X) 

Whence from (289) 

-^|^logi; = -isin4f{ll cos i (1 + J^) - 18X (1 + 21»7)} 


or 


|^logi? = ^(l+^)-V-8in4f jcosf- 




...( 201 ) 


From this we see that, in the case of small viscosity, tidal reaction is in 
general competent to cause the eccentricity of the orbit of a sixtollito to 
increase. But if 18 sidereal days of the planet be greater than 11 eideroal 
months of the satellite the eccentricity will decrease. Wherefore a circular 
orbit for the satellite is only dynamically stable provided a period of 18 such 
days is greater than 11 such months.’ 

Now if we treat the equation (290) for ^ in the same way, wo find — 
The first line = J sin 4f (cos i - X). 

The second = sin 4f (27 cos i - 46X). 

The third = sin 4f (273 cos i - 697X). 

Therefore 


gld? 


or 


^ ^ + 27ij + 2739;>) cos i - X (1 + 4697 + 69797*)] 

1 3 “ + 27397*) sin 4f j^cos i - ^ (1+1997 - 8997*)J j 


(292) 


From this it follows that the rate of tidal reaction is greater if the orbit 

e eccentno t an if it be circular. Also for zero obliquity the tidal reaction 
vanishes when 


Q, 


— = 1 — 1997 + 46O97* 

^4.^ ^tellite were to separate from a planet in such a way that, at 
^1 its mean motion were equal to the angular 

y 0 • ^ P Dftt, if its orbit were eccentric it must fell back into 
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the planet; but if its orbit were circular an infinitesimal disturbance. would 
decide whether it should approach or recede from the planet*. 

Now suppose that the viscosity is very large, and that the obliquity 
is zero. 


Then 

— ^ I ^ log 97 — J (sin 4f * H- 4 sin 4f — 49 sin 4f + 6 sin 2h*) 


and the sines are reciprocally proportional to the speeds of the tides, from 
which they take their origin. As to the term in sin 2 hS which takes its 
origin from the elliptic monthly tide, the viscosity must make a close approach 
to absolute rigidity for this term to be reciprocally proportional to the speed 
of that tide ; for the present, therefore, sin 2 ^ will be left as it is. 


The equation becomes, on this hypothesis. 


-5 I ^ log , . 1 sm 4f" - 1 «n 2 h' 


.(293) 


Tho numerator of the first term on the right is always positive for values 
of X loss than unity, and the denominator is always positive if X be less than 
Hence if the viscosity be not so great but that the last term is small, the 
eccentricity jUways increases if X lies between zero and §. 


If however X be not small, then even though the viscosity be not groat 
enoxigh to approach perfect rigidity, wo must have sin 2h‘ = 2 (1 — X) sin 4f”/X» 
And of course, by supposing the viscosity groat enough, this relation may be 
fulfilled whatever be X. 


Then our equation becomes 


3Al 

7^ kdt 


logi7 = — ^sin4f” 


12-80X + 96X»-29X» 
X'(l-»"(l-f>.) 


(294) 


The numerator on the right-hand side is always positive for values of X 
less than unity, and tho denominator is positive for values of X less than §. 


Since 
wo have 


1 ^ 
k dt 


= 4 — sin4f“ 
^5S 


.d, , 12-80X + 96X*-29X» 


From this we see that, for very large viscosity, — 

For values of X between 1 and -6667, the eccentricity increases per unit 
increase of f, and the rate of increase tends to become infinite when X= 


* Bee Appendix (p. 374) for furtlier oon Biderations on this subject. 
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The remarks csonceming the physical absurdity of this class of result in 
§ 21 may be repeated in this case. 

For values of \ between *6667 and 0, the eccentricity diminishes. 

A similar treatment of the case of small viscosity shows that — 

For values of X between 1 and '6111 the eccentricity decrciisos, and for 
values of X between •6111 and 0 the eccentricity increases. 

Thus it is only between X = *6111 and *6667 that the two cases agree. 

Hence in the course of evolution of a satellite revolving about a purely 
viscous planet: — 

For small viscosity the orbit will remain circular until 11 months of the 
satellite are equal to 18 days of the planet, then the eccentricity will increase 
until this relationship is again fulfilled, when the eccentricity will again 
diminish*. 

And for very large viscosity the orbit will at once become eccentric, and 
the eccentricity will increase very rapidly until two months of the satellite 
are equ^ to three days of the planet. The eccentricity will then diminish 

imti this relationship is again fulfilled, after which the eccentricity will again 
mcrease. 

We shall consider later which of these views seems the moi-o probable 
With regard to the history of the moon. 


§ 26. Seaidwr change in the oUignity and diurnal rotation of the planet, 
when the satellite moves m m eocentric orbit. 

problem will be the same as that of § 12, to 
which the reader is referred. ^ 

In tie complete deyelopmeat of tie dieturimg imction y-v- would 
occur wiem™, tie F. and O’, occur, but ueyor rti tic Hi. 

If we put 7 = 1 in (284), we have 


m dm 2 t » 

de' dn/ g (1 _ i^ya (x) 


.(295) 


where 2 means summation for i, ii, iii, iv. 

in tie Qo-term, it m.tem iu tie form y-f Lui i.“ ftS\7^.e^;: 
• s— 0. 0.. ^ ^ ^ ^ ^ ^ 
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from Z + m ; in the Gx-terme it enters in the form and is of the same 
sign as Z + m. 

Hence as fer as regards the E-terms of W, we have 

• /dW ^dW\ 

mlheP-terms^-- + 

. , „ cZW dW 

in the F,.tenns = + 

mtheG*-terms + 

in the a,-terms « 

in the H-terms = 0 

In the J-terms of W, enters with coefficient 2 in the F*- and F^-terms, 
and with the coefficient 1 in the G*- and Gx-terms, and is always of the same 
sign as the corresponding lag. 

Hence for the J-terms 

dx'" Uf*^ dg*j 

where % means summation for the coses where x is zero and both upper and 
lower i and ii. 

From this we have 
dn^dW 
dt d)^ 

= ~ g (1 ‘i riy^ ^ ^ ^ 

+ 22-*‘'Q*Gx sin gx + Q“Fx sin 2fx} 

+ J,s {4P'‘Q‘F sin 2f + 2P»Q» (i» - Q»)» G sin g} 
+ SJx“ {4P‘(;]‘(F*sin 2f*+FxSin2fx)-l-2P“Q»(^- W(G*sing>+GxSingx)}] 

(296) 

the first 2 being from iv to i, and the last only for ii and i. 

This is a partial solution for the tidal friction, and corresponds only to the 
action of the moon on her own tides ; that of the sun on his tides may be 
obtained by symmetry. 

It is easy to sec that for the joint effect of the two bodies we have 

$ “ ■ X a-vni^ ^ ® 

(297) 

From (296-7) and (287-8) the complete solution may be collected. 

In order to find the secular change in the obliquity, we must consider how 
■fj/ would enter in W. 
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In the development of W, il't + e' stands for i2 ^ and cr stands 

for nr' — yjr'. Hence from (295) 

dyjr' V de' dnr' ) 


Now by (18) 




8 (i-vy 

. .di dW 

w sm t -jT = -7-7 cos t — 


' dt d/x! 


dW 

d^' 


,(29H) 


Substituting for from (296) and for firom (298), we find 

» S = ? /■, — ^ (SEx* [I»Q¥^ sin 2f* + JP»Q (P" + 3Q“) G* sin g* 
at 8 (1 — v) 

- PQ> (3P + <3>) sin - PQ^F* sin 2f; - 3P»Q>H* sin (xh»)] 

- J.‘ [2P«Q» (P* - (3») P sin 2f + PQ (P--* - Q*)» G «« g] 

- 2Jx* [2P(2* (P» - <3») (F* sin 2f * + F, sin 2f;.) 

+ PQ(P»- Q^y (G* sin g* + G* sin g*)]l • • -(299) 
the first 2 being from iv to i, and the last only for ii and i. 

This is only a partial solution, and gives the result of the action of th(j moon 
on her own tides ; that for the sun on his tides may be obtained by synnnotry. 

It is easy to see that for the joint effect 

” i - T a- mi - ,y (J- - O’) 

+ PQ (P - Qy G sin g] (300) 

From (299, 300) and (287-8) the complete solution nuiy bo colloctod. 

If these solutions be applied to the case where the earth is viscous and 
where the viscosity is small, it will be found after reduction Jis in previous 
cases that 

dn sin 4f f 

“dt““2^ [T^(l-isin*i)(l + 157j-l-i|i,,») 

+ t'* (1 - 1 sinH’) (1 + 1 V + 

- -r®§cos i(l + 277? + 2737?*) - t'"— cosi (1 + 277?' + 2737?'®) 

n n 


+ tt'^ sin® i (1 + 37? + 37?' + 67?® + 97?7?' + 67?'®) ( 301 ) 

di sin 4if . , , 

S “ ~4^ sm i cos i I^T® (1 + 157 ? + i|i7?») + ■/» (1 + 167?' + J.§Ji7?'®) 

- 2t®^ sec t (1 + 277? + 2737?®) - 2 t'“ ^ sec i (1 + 277?' 4 - 2737?'“) 
- tt' (1 + St? +37?' + 6 v® + 9 i? 7 ?' + 6i?'®)l (302) 
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These results give the tidal friction and rate of change of obliquity due 
both to the sun and moon ; rj is the ellipticity of the lunar orbit, and rf of the 
solar (or terrestrial) orbit. 

If rj and 7f' be put equal to zero they agree with the results obtained in 
the paper on “ Precession.” 


§ 27. Verifioatio7i of ancdyds, and effect of evectional tides. 

The analysis of this part of the paper has been long and complex, and 
therefore a verification is valuable. 


The moment of momentum of the orbital motion of the moon and earth 
round their common centre of inertia is proportional to the square root of the 
latm rectum of the orbit, according to the ordinary theory of elliptic motion. 
In the present notation this moment of momentum is equal to Cf (1 — ri)jk. 
If we suppose the obliquity of the ecliptic to be zero, the whole moment of 
momentum of the system (supposing only one satellite to exist) is 


0 



Therefore we ought to find, if the analysis has been correctly worked, that 




This test will be only applied in the case where the viscosity is small, 
because the analysis is pretty short ; but it may also be applied in the 
generjil case. 

When i = 0, we have from (292), after multiplying both sides by 1 — - 17 , 
sOT (1 - ^) J § = 1 + 26^ + 246,» - \ (1 + 45,, + 651,,«) 


And when i = 0 and = 0, from (301) 

- ^ -X(l + 21v + 21^) 

Hence 






Thus the above formulss satisfy the condition of the constancy of the 
moment of momentum of the system. 


The most important lunar inequality after the Equation of the Centre is 
the Evection. The effects of lagging evectional tides may be worked out on 
the same plan as that pursued above for the Equation of the Centre. 
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I will not give the analysis, but will merely state that, in the case oi small 
viscosity of the earth, the equation for the rate of change of ellipticity, inclusive 
of the evectional terms, becomes 

II log ¥ (1 + V’?) sin 4f ||l - if f - SH (§) } 

where G' is the earth’s mean motion in its orbit round the sun. 

From this we see that, even at the present time, the evectional tides will 
only reduce the rate of increase of the ellipticity by part of the whole. 
In the integrations to be carried out in Part VI. this term will sink in 
importance, and therefore it will be entirely neglected. 

The Variation is another lunar inequality of slightly less importance than 
the Evection; but it may be observed that the Evection was only of any 
importance because its argument involved the lunar perigee, and its coefficient 
the eccentricity. Now neither of these conditions are fulfilled in the ctxso of 
the Variation. Moreover in the retrospective integration the coefficients will 
degrade fer more rapidly than those of the evectional terms, because they 
will depend on {Q/Jiiy, Hence the secular effects of the variationtxl tides will 
not be given, though of course it would be easy to find them if they were 
required. 


VI. 

Integration fob Changes in the Eccentricitv op the Orbit. 

§ 28. Integration in the case of 87 nall viscosity. 

By (291-2), we have approximately 

1 1 logi, = Vsin 4f I (1 + [cos i - If \] 
i §= I sin 4f I (1 + 27 i,) [cos i - X] 

Therefore 

— -y — < ^ sec i approximately 

assumes that \ or €ljn is small compared with 
^ty ; this mil he the case in the retrospective integration for a long way 

As a first approximation we have 

V — ’/of** 
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Therefore 

logij=‘^(ti — %) = - \^tio (1 - ?“) approximately 

And for a second approximation 

ioge (^,) = (1 - n (303) 

The integral in this expression is very small, and therefore to evaluate it 
we may assign to i an average value, say I, and neglect the solar tidal ftiction 
in assigning a value to n, so that we take 

Let too + 1 = K J whence n = i (/e — f ) 


Hence the hist tenn in (303) is approximately equal to 
- 7 Mlo sec I (f — g) 

[I (^V_ + l)] 

In the last terra n has been written for (« — ^)/k. 


If wo write 

= UCr - 0 + i(?- ^ (r 0] 

then n = (304) 

This formula will now be applied to trace the changes in the eccentricity 
of the lunar orbit. 


Tho integration will bo made over a series of “ periods ” which cover the 
same ground as those in tho paper on “ Precession ” ; and the numerical 
results of that paper will be used for assigning the values to n and I. 

to® is equal to l//t of that paper, and therefore k is (l + fi)/ii. 


First pei-iod of iidegroAion. 

From f = 1 to ‘88. 

I is taken os 22°. In “Procession” n was 4‘0074, therefore too = '24964 
and K — 1'24954. Also k£l^ = kn^SX/nt, and flo/wo = 1/27 '32. 

In computing for § 17 of “ Precession ” I found at the end of the period 
log«/»io = '18971. 
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Using these values I find 

*Ik 

Also K; = -01980 + 

Now e^, the present eccentricity of the lunar orbit, is -064908. 

Whence % = 1 - Vl - e.* = -001609, and (1 - f ") » -01 6376 

Using these values I find 

logi#’? = 6-59007 — 10, and the first approximation gave logio v) = 6-50788 — 10 

Therefore 17 =-00038911, and e= -02789, at the end of the first perio<l of 
integration. 


From f = 1 to *76. I was taken as 18° 46'. 

A similar calculation gives 

1 f n \-^secI 

--00817 

The first part of K = -06998, and V’?o(l - ?“) = -00500 
Whence 

log 17 = 6-31758 - 10, and the first approximation gave log r) = 6-27902 — 10 
of e= -006446, at the end of the second period 


Third ^period of integration. 

From f = 1 to *76. I was taken as 16° 13'. 

Then a similar calculation gave 

Th. tot pat of K . -12856, .nd (1 - f «) » -00027 

Whence 

bg,-d-06584-10, the tot .ppt»i,„.tion gate log, = 4-00068 - 10 
cl « ‘k- -d elto thitd period 
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Fourth period of integration. 

The procedure is now changed in the same way, and for the same reason, 
as in the fourth period of § 17 of “ Precession.” 


Let JV = ^ (as in that paper). 


Then the equation of tidal friction is 


dt 


sin 4f — (1 — \) 


and tho equation for the change in rj may be written approximately 

d 1 11 — 18\ 

"Sf “Tijr 

Since \ or il/n is no longer small, this expression will be integrated by 
quadratures. 

Using the numerical values given in § 17 of “ Precession,” I find the 
following corresponding values: 

i\r= 1-000 1*107 1*214 1*321 ^ 

=, 15-469 17-666 19-466 11-994 

Integmting by quadratures with the common difference dN^ equal to -107 , 
wo find the integral equal to 5-6715. 

Whence ij = 44-273 x 10-“, and e = -00009411. 

The results of the whole integration are given in the following table, of 
which the first two columns are taiken firom the paper on “ Precession.” 


Table XVT. 


Days in m. s. hours 
and minutes 

Moon’s sidereal 
period in m. s. days 

Eooentrioity of 
lunar orbit 

h. m. 

23 56 

Days 

27-32 

•064908 

16 28 

18-62 

■027894 

9 65 

8-17 

■006446 

1 49 

3-69 

■001626 

6 66 

12 hours 

•000094 


Beyond this the eccentricity would decrease very little more, because this 
integration stops where \ is about and the eccentricity ceases to diminish 
when X is 

The final eccentricity in the above table is only ly^^yth of the initial 
eccentricity, and the orbit is very nearly circular. 
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§ 29. The change of ecoentnwty when the viscoeitg in hrge. 

I shall not integrate the equations in the case where the viseosity is 
laige, heoause the solution depends so largely on the exact (h^gruo of 
viscosity. 

If the viscosity were infinitely large, then in tho rctrospisctivo integration 
the eccentricity would be found getting larger and larger and finally would 
become i nfini te, when X is equal to This result is of course, physically 
absurd. If on the other hand the viscosity were largo, wo might find tho 
eccentricity diminishing, then stationary, and finally inoroaaing until 
after which it would diminish again. Thus by varying tho viscosity, supiwsod 
always large, we might get a considerable diversity of results. 


vn. 

Summary and Discussion of Results. 

♦ 

§30. Eiqtlanation of p-(hlem.—Svmmxiry of Parts 1. and II. 

In conad^ the changes in the orbit of a satellite duo to frictional 
rides, v^httle mterest attaches to those elements of the orbit which arts to 
be specified, m order to assign the position which the satollito would occupy 

time. We are rather here merely concornod with those 
elements which contam a description of the nature of the orbit. 

Mo^wr^u distance, inclination, and occ«mtricity. 

faa”e n?tot^7 ' of “secular ” or “ periodic ” inequalities, 

interest for us, and what we require is to trace their secular ohanges. 

nr *» ‘I'” 

equator to a fixed plane. ^ rotation, and in the obliquity of its 

to ^ the invostigati,,!. 

secular inequalities (in the ^ mvestigation, viz. : Part III, that 

into consideration both in the^fi^ acceptance of the term) had to bo taken 
orbit, mid toe 

nodes. ^ also in the motion of the two 

In the paper on “Precession” I conaidp^^ * 1 , , , 

mean distance of the satelUte and the oS' ^ changes in tho 

planet, but the satelUte’s orbit was there rotation-period of tho 

was there assumed to be circular and confined 
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1.0 l.h<' jilioif. In t.lu‘ pn'Monti jHipor thct inclinuliiou and «'.«!onl.ricitiy nn^ 
KjHH'iiilly (HinsidiTiMl, hnt. Uit* intnMlHciliion of thowi t'hniu'nts has occaHioncd a 
niiMlificatiion of th** n*HultK atitaimsl in the pin^vions piper. For conviniiisnas 
of dicl'ion I Nhall hi'nct>fort.h Hi»i'ak of the planet as tin*, ejirth, and «)f the 
wittdliteH jw the main and aim; for, aa far aa regarda tidea, the ami may he 
ln*al.«*<l jia a aaU'llite of the earth. Tim inveatij^ation haa l«ien kept aa far aa 
poaaihle fjeneral, ao aa to he applieahle to any ayatem of tidiw in the eartih ; 
l>Ht it haa been directed mon* eapeeially tKiwarda the eoneoption of a bodily 
diatortion of the isirtli'a masa, and all tht* aetual applieationa are made on the 
hypitheaia that the earth ia a viacona body. A v<iry alight modifieation 
Would how«*ver make the reaulta applicable to frictional (Kieanie tidea on a 
rigid nucleua (aee § 1 imimslintely afl.i'r (15)). 

I thought it aullu’h'nt to ainaider the problem aa diviaible int<* the two 
following caaea ; — 

lat. Where th<* moon'a orbit ia circular, but inclined to the. eoliptie. 
(Parta I., II., III., IV.) 

2ud. VV'hei*e the orbit ia e<;centric, but a) waya coincident with the ecliptic. 
(IWta I.. V., VI.) 

Now that theae problema are aolved, it wouhl not be diffietdt, although 
laborioua, to unite the two inveatigationa itito a aingle one; but the iwlditional 
intereat of the reaulta wouhl hanlly repiyone for the great labour, and Iwiaidea 
this diviaion of th«* problem makea the formulie conaiderably ahorter, and thia 
conducea to intelligibility. 

For the pis*aent I only refer to the firat of the above problema. 

It appsira that th<’ pniblem r(s|uirea atill further aubdiviaion, for the 
following reaaona:— 

It ia a well-known ri'ault of the theory of p(*rturl»ed elliptic motiiui, that 
the orbit of a aabdlite, revolving about an oblat,<i planet and pirturbed by a 
aeeoiul aatellite, alwaya maintiaina a conaliant inclination to a (jerbiin plane, 
which ia aaid t<i be proper to the orbit ; the. rnahw alao of the <irbit revolve 
with a uniform motion on that plane, a{»art from " p<*riodic’' ine(|ualitiie8. 

If then t he iiMioji’a pniper phum be inelimsl at a veiy Hiuall angle to the 
l•(•liptie, the nodea revolve very nearly tmiformly on the eediptic, and the 
orbit ia inclined at very nearly a conatant angle tlmreUi. In thia (siae th<i 
eipiinoetial line revolvea alao nearly uniformly, and the eipiator ia inelimsl at 
nearly a conatant angle to the «*cliptic.. 

Hen* tluuj any imsjualitiea in the* motion of the earth ami moon, which 
depend on the longitndea of the malea or of the e<{uin(K*.tial liiut, are har- 
monically p-riiHliii in time (although thiy are “aeimlar iumpialitioa ”), and 
(Miunot leail to any cuundative etteeU which will alter the elementa of the 
earth or moon. 
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Again, suppose that the moon and earth are the only bodies in o^xistcnco* 
Here the axis of resultant moment of momentum of the system, or the normal 
to the invariable plane, remains fixed in space. The component nioriionts of 
momentum are those of the earth’s rotation, and of the moon’s and earth’s 
orbital revolution round their common centre of inertia. Honce the earth’s 
axis and the normal to the lunar orbit must always bo coplanar with tho 
normal to the invariable plane, and therefore the orbit and eqtiator intist have 
a common node on the invariable plane. This node revolves with a uniform 
precessional motion, and (so long as the earth is rigid) the inclinations of the 
orbit and equator to the invariable plane remain constant. 

Here also inequalities, which depend on the longitude of the common 
node, are harmonically periodic in time, and can lead to no cumulative effects. 

But if the lunar proper plane be not inclined at a small angle to tho 
ecliptic, the nodes of the orbit may either tevolve with much irregularity, or 
may oscillate about a mean position^ on the ecliptic. In this case tho in- 
clinations of the orbit and equator to the ecliptic may oscillate considerably. 

Here then inequalities, which depend on the longitudes of tho node and 
of the equinoctial line, are not simply periodic in time, and may and will load 
to cumulative effects. 


This explains what was stated above, namely, that we ctinnot entirely 
ignore the motion of the two nodes. 

Our problem is thus divisible into three cases : 

(i) Where the nodes revolve uniformly on the ecliptic, and where there 

is a second disturbing satellite, viz. : the sun. 

(ii) Where the earth and moon are the only two bodies in existence. 

(iii) Where the nodes either oscillate, or do not revolve uniformly. 

The ^ (i2 jmd (ii) are distinguished by our being able to ignore tho 
nodes. They afford the subject matter for the whole of Part II. 

It IS proved in § 5 that the tides raised by any one satellite can produeo 

^tiy no ^nlar chanp m the mean distance of any other satellite. This 
is true for all three of the above cases. 

satelHt^rl^ raised by any one 

“ it otS SSr incHnation of the orbit 

of any other satelhte to the plane of reference. This is not true for case (iii). 

56. The^mti moon’s orbit in case (i) is considered in 

(61) and In S change of inclination is given in 

K. TmiSLe?!! ^ *1^® is viscous. 

Illustrates the physical meaning of the equation, and the reader is 

* It is true that this mean posiHon will iteelf have a slow preoessional motion. 
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referred to §7 for an explanation of the figure. From this figure we learn 
that the effect of the finctional tides is in general to diminish the inclination 
of the lunar orbit to the ecliptic, unless the obliquity of the ecliptic be large, 
when the inclination will increase. The .curves also show that for moderate 
viscosities the rate of decrease of inclination is most rapid when the obliquity 
of the ecliptic is zero, but for larger viscosities the rate of decrease has a 
maximum value, when the obliquity is between 30° and 40°. 

If the viscosity be small the equation for the rate of decrease of inclina- 
tion is reducible to a very simple form ; this is given in (64) § 7. 

In §§ 8, 9, is found the law of increase of the square root of the moon’s 
distance fi:om the earth under the influence of tidal reaction. The law differs 
but little from that found and discussed in the paper on Precession,” where 
the plane of the lunar orbit was supposed to be coincident with the ecliptic. 
If the viscosity be small the equation reduces to a very simple form ; this is 
given in (70). In § 10 I pass to case (ii), where the earth and moon are the 
only bodies. The equation expressive of the rate of change of inclination of 
the lunar orbit to the invariable plane is given in (71). Fig. 6 illustrates the 
physical meaning of the equation, and an explanation of it is given in § 10. 
From it wo loam that the effect of the tides is always to cause a diminution 
of the inclination — at least so long as the periodic time of the satellite, as 
measured in rotations of the planet, is pretty long. The following considera- 
tions show that this must generally be the case. It appears fi:om the paper 
on "Precession” that the effect of tidal firiction is to cause a continual trans- 
ference of moment of momentum from that of terrestrial rotation to that of 
orbital motion; hence it follows that the normal to the lunar orbit must 
continually approach the normal to the invariable plane. It is true that the 
rate of this approach will be to some extent counteracted by a parallel 
increase in the inclination of the earth’s axis to the same normal. It will 
appear later that if the moon were to revolve very rapidly round the earth, 
and if the viscosity of the earth were great, then this counteracting influence 
might be sufficiently great to cause the inclination to increase*. This 
possible increase of inclination is not exhibited in fig. 5, because it illustrates 
the case where the sidereal month is 15 days long. 

In § 11 it is shown that, for case (ii), the rate of variation of the mean 
distance, obliquity, and terrestrial rotation follow the laws investigated in 
" Precession,” but that the angle, there called the obliquity of the ecliptic, 
must be interpreted as the angle between the plane of the lunar orbit and 
the equator. 

In § 12 I return again to case (i) and find the laws governing the rate of 
increase of the obliquity of the ecliptic, and of decrease of the diurnal rotation 

* See the abstract of this paper, JProc, Boy, Soc,^ No. 200, 1879 [Appendix A, p. $80 below], 
for certain general considerations bearing on tMs case. 
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of the earth. The results differ so little from those diseumid in “ I’m.H'iwion'* 
that they need not be further referred to hero. 

Up to this point no approximation has been admitted with n,*f{iirrf to 
smallness either in the obliquity or the inclination of the orhit, hut JtiaUi*'* 
matical difficulties have rendered it expedient to iissunus tlujir in 

the Mowing part of the paper. 


§31. Swnmmry of Part III. 

Part ni. is devoted to case (iii) of our first problem. It. wi«* fitiimi 
necessaiy in the first instance to consider the theory of the wwiilnr in- 
equalities in the motion of a moon revolving about an oblate rigwl <'arth, and 
perturbed by a second satellite, the sun. The sun being largo an<i distant-, 
the ecliptic is deemed sensibly unaffected, and is taken as tlu> fix«l piano of 
reference. 


The proper plane of the lunar orbit has been already refiurod to, but I 
was here led to introduce a new conception, viz, : that of a Hocond proper 
plane to which the motion of the earth is referred. It is proved that the 
motion of the ^tem may then be defined as follows : 

The two proper planes intersect one another on the I’cliptic, ami their 
(wmmon n e re^des on the ecliptic with a slow processional motion. Tho 
u^ orbit and the equator are respectively inclined at constant angles to 
their nodes on their respective pianos alH<, roginde 
when the ind^nf ^ motions are timed in such a way that 

‘he maxiunuu, the 

ohhqmty of the equator to the echptic is at the minimum, and vm vcrml. 

would the nodes of tho orbit 

gied n the ediptio, if the earth were spherical, the nodal veltmltj. 

orbit and velocity with which the common node of fcho 

.«> did 

‘fce I»«»a«[onal rdwit/, 

This IS the case with the 

nodal period is about 18i veara P^^ent, because tho 

period of between 20,000 and 'soonn ^ precession would have a 

proper plane of the earth becansA i+ speak of a 

IS more simple to conceive a moan 
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equator, about which the true equator nutates with a period of about 
18i years. 

Here the precessional motion of the two proper planes is the whole luni- 
solar precession, and the regression of the nodes on the proper planes is 
practically the same as the regression of the lunar nodes on the ecliptic. • 

A comparison of my result with the formula ordinarily given will be 
found at the end of § 13, and in a note to § 18. 

Secondly, if the nodal velocity be small compared with the precessional 
velocity, the lunar proper plane is inclined at a small angle to the earth’s 
proper plane. 

Also the inclination of the equator to the earth’s proper plane bears very 
nearly the same ratio to the inclination of the orbit to the moon’s proper 
plane as the orbital moment of momentum of the two bodies bears to that of 
the rotation of the earth. 

In the planets of the solar system, on account of the immense mass of the 
sun, the nodal velocity is never small compared with the precessional velocity, 
unless the satellite moves with a very short periodic time round its planet, or 
unless the satellite be very small ; and if either of these be the case the ratio 
of fche two moments of momentum is small. 

Hence it follows that in our system, if the nodal velocity be small com- 
pared with the precessional velocity, the proper plane of the satellite is 
inclined at a small angle to the equator of the planet. The rapidity of motion 
of the satellites of Mars, Jupiter, and of some of the satellites of Saturn, and 
their smallness compared with their planets, necessitates that their proper 
planes should be inclined at small angles to the equators of the planets. 
A system may, however, be conceived in which the two proper planes are 
inclined at a small angle to one another, but where the satellite’s proper 
plane is not inclined at a small angle to the planet’s equator. 

In the case now before us the regression of the common node of the two 
proper planes is a sort of compound solar precession of the planet with its 
attendant moon, and the regression of the two nodes on their respective 
proper planes is very nearly the same as the purely lunar precession on the 
invariable plane of the system. Thus there are two precessions, the first of 
the system as a whole, and the second going on within the system, almost as 
though the external precession did not exist. 

If the nodal velocity be of nearly equal speed with the precessional 
velocity, the regression of the proper planes and that of the nodes on those 
planes are each a compound phenomenon, which it is rather hard to disentangle 
without the aid of analysis. Here none of the angles are necessarily small. 

It appears jfrom the investigation in “ Precession.” that the effect of tidal 
friction is that, on tracing the changes of the system backwards in time, we 

23—2 
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find the moon getting nearer and nearer to the earth. The result of this is 
that the ratio of the nodal velocity to the precessional velocity continually 
diminishes retrospectively; it is initially very large, it decreases, then becomes 
equal to unity, and finally is veiy small. Hence it follows that a retro- 
spective solution will show us the lunar proper plane departing fi:om its 
present close proximity to the ecliptic, and gradually passing over until it 
becomes inclined at a small angle to the earth’s proper plane. 

Therefore the problem, involved in the history of the obliquity of the 
ecliptic and in the inclination of the lunar orbit, is to trace the secular 
changes in the pair of proper planes, and in the inclinations of the orbit and 
equator to their respective proper planes. 

The four angles involved in this system are however so inter-related, that 
it is only necessary to consider the inclination of one proper plane to the 
ecliptic, and of one plane of motion to its proper plane, and afterwards the 
other two may be deduced. I chose as the two, whose motions were to be 
traced, the inclination of the lunar orbit to its proper plane, and the inclina- 
tion of the earth’s proper plane to the ecliptic ; and afterwards deduced the 
inclination of the moon’s proper plane to the ecliptic, and the inclination of 
the equator to the earth’s proper plane. 

The next subject to be considered (§ 14 to end of Part III.) was the rate 
of change of these two inclinations, when both moon and sun raise frictional 
tides in the earth. The change takes place from two sets of causes : — 

First because of the secular changes in the moon’s distance and periodic 
time, and in the earth’s rotation and ellipticity of figure— for the earth must 
always remain a figure of equilibrium. 

The nodal velocity varies directly as the moon’s periodic time, and it will 
decrease as we look backwards in time. 

The precessional velocity varies directly as the ellipticity of the earth’s 
figure (the earth being homogeneous) and inversely as the cube of the moon’s 
^tance, and inversely as the earth’s diurnal rotation; it will therefore 
increase retro^ectively. The ratio of these two velocities is the quantity on 
which the» position of the proper planes principally depends. 

The second cause of disturbance is due directly to the tidal interaction of 
the three bodies. 

The most prominent result of this interaction is, that the inclination of 
the lunar orbit to its proper plane in general diminishes as the time increases, 
or increases retrospectively. This statement may be compared with the 
results of Part II., where the ecliptic was in effect the proper plane. The 
retrospective increase of inclination may be reversed however, under special 
conditions of tidal disturbance and lunar periodic time. 
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Also the inclination of the earth’s proper plane to the ecliptic in general 
increases with the time, or diminishes retrospectively. This is exempHfied 
by the I'esults of the paper on “ Precession,” where the obliquity of the ecliptic 
was found to diminish retrospectively. This retrospective decrease may be 
reversed under special conditions. 

It is in determining the effects of this second set of causes, that we have 
to take account of the effects of tidal disturbance on the motions of the nodes 
of the orbit and equator on the echptic. 

After a long analytical investigation, equations are found in (224), which 
give the rate of change of the positions of the proper planes, and of the 
inclinations thereto. 

It is interesting to note how these equations degrade into those of case (i) 
when the nodal velocity is very large compared with the precessional velocity, 
and into those of case (ii) when the same ratio is very small. 

In order completely to define the rate of change of the configuration of 
the system, there are two other equations, one of which gives the rate of 
increase of the square root of the moon’s distance (which I called in a 
previous paper the equation of tidal reaction), and the other gives the rate of 
retardation of the earth’s diurnal rotation (which I called before the equation 
of tidal friction). For the latter of these we may however substitute another 
equation, in which the time is not involved, and which gives a relationship 
between the diurnal rotation and the square root of the moon’s distance. It 
is in fact the equation of conservation of moment of momentum of the moon- 
earth system, as modified by the solar tidal friction. This is the equation 
which was extensively used in the paper on Precession.” 

Except for the solar tidal friction and for the obliquity of the orbit and 
equator, this equation would be rigorously independent of the kind of frictional 
tides existing in the earth. If the obliquities are taken as small, they do not 
enter in the equation, and in the present case the degree of viscosity of the 
earth only enters to an imperceptible degree, at least when the day is not 
very nearly equal to the sidereal month. When that relation between the day 
and month is very nearly fulfilled, the equation may become largely affected 
by the viscosity ; and I shall return to this point later, while for the present 
I shall assume the equation to give satis&ctory results. 

This equation of conservation of moment of momentum enables us to 
compute as many parallel values of the day and month as may be desired. 

Now we have got the time-rates of change of the inclinations of the lunar 
orbit to its proper plane, and of the earth’s proper plane to the ecliptic, and 
we have also the time-rate of change of the square root of the moon’s distance. 
Hence we may obtain the square-root-of-moon’s-distance-rate (or shortly the 
distance-rate) of change of the two inclinations. 
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The element of time is thus entirely eliminated ; and as the period of 
time required for the changes has been adequately considered in the paper on 
“ Precession,” no further reference will here be made to time. 

In a precisely similar manner the equations giving the time-rate in the 
cases (i) and (ii) of our first problem, may be replaced by equations of distance- 
rate. 

Up to this point terrestrial phraseology has been used, but there is 
nothing which confines the applicability of the results to our own planet and 
satellite. 


§32. Summoury of Part IV. 

We now, however, pass to Part IV., which contains a retrospective in- 
tegration of the differential equations, with special reference to the earth, 
moon, and sun. The mathematical difficulties were so great that a numerical 
solution was the only one found practicable*. The computations made for 
the paper on “ Precession” were used as far as possible. 

The general plan followed was closely similar to that of the previous 
paper, and consists in arbitrarily choosing a number of values for the distance 
of the moon from the earth (or what amounts to the same thing for the 
sidereal month), and then computing all the other elements of the system by 
the method of quadratures. 

The first case considered is where the earth has a small viscosity. And 
here it may be remarked that although the solution is only rigorous for in- 
fimtely small viscosity, yet it gives results which are very nearly true over a 
considerable range of viscosity. This may be seen to be true by a comparison 
of the results of the integrations in §§ 16 and 17 of “ Precession,” in the first 
of which the viscosity was not at all small ; also by observing that the curves 
in fig. 2 of Precession ” do not differ materially from the curve of sines 
until € (the f of this paper) is greater than 26° ; also by noting a similar 
peculiarity in figs. 4 and 6 of this paper. The hypothesis of large viscosity 
does not cover nearly so wide a field. 

That which we here call a small viscosity is, when estimated by terrestrial 
standards, very great (see the summary of " Precession ”). 

To return, however, to the case in hand: — We begin with the present 
configuration of the three bodies, when the moon’s proper plane is almost 
identical with the ecliptic, and when the inclination of the equator to its 
proper plane is very smalL This is the case (i) of the first problem : — 

It appears that the solution of " Precession ” is sufficiently accurate for 
this stage of the solution, and accordingly the parallel values of the day, 

* An analytical solution in the case of a single satellite, where the viscosity of the planet is 
small, is given in Proc. Boy. Soc„ No. 202, 1880. [Paper 7, below.] 
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month, and obliquity of the earth’s proper plane (or mean equator) are taken 
&om § 17 of that paper ; but the change in the new element, the inclination 
of the lunar orbit, has to be computed. 

The results of the solution are given in Table I,, § 18, to which the reader 
is referred. 

This method of solution is not applicable unless the lunar proper plane is 
inclined at a small angle to the ecliptic, and unless the equator is inclined at 
a small angle to its proper plane. Now at the beginning of the integration, 
that is to say with a homogeneous earth, and with the moon and sun in their 
present configuration, the moon’s proper plane is inclined to the ecliptic at 
13", and the equator is inclined to the earth’s proper plane at 12" (for the 
heterogeneous earth these angles are about 8"'3 and 9"‘0) ; and at the end 
of this integration, when the day is 9 hrs, 66 m, and the month 8T7 m,s, days, 
the former angle has increased to 67' 31", and the latter to 22' 42", These 
last results show that the nutations of the system have already become con- 
siderable, and although subsequent considerations show that this method of 
solution has not been overstrained, yet it heio becomes advisable to carry out 
the solution into the more remote past by the methods of Part III, 

It was desirable to postpone the transition as long as possible, because 
the method used up to this point does not postulate the smallness of the 
inclinations, whereas the subsequent procedure does make that supposition. 

In § 19 the solution is continued by the new method, the viscosity of the 
earth still being supposed to be small. After laborious computations results 
are obtained, the physical meaning of which is embodied in Table VIIL 
The last two columns give the periods of the two precessional motions by 
which the system is affected. The precession of the pair of proper planes is, 
as it were, the ancestor of the actual luni-solar precession, and the revolution 
of the two nodes on their proper planes is the ancestor of the present revolu- 
tion of the lunar nodes on the ecliptic, and of the 19-yearly nutation of the 
earth’s axis. 

This table exhibits a continued approach of the two proper planes to one 
another, so that at the point where the integration is stopped they are only 
separated by 1° 18 ' ; at tho present time they are of course separated by 
23“ 28', 

The most remarkable feature in this table is that (speaking retrospectively) 
the inclination of the lunar orbit to its proper plane first increases, then 
diminishes, and then increases again. 

If it were desired to carry tho solution still further back, we might with- 
out much error here make the transition to the method of case (u) of the fiirst 
problem, and neglecting the solar influence entirely, refer the motion to the 
invariable plane of the moon-earth system. This invariable plane would have 
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to be taien as somewhere between the two proper planes, and therefore in- 
clined to the ecliptic at about 11® 45'; the invariable plane would then really 
continue to have a precessional motion due to the solar influence on the 
system formed by the earth and moon together, but this would not much 
afiect the treatment of the plane as though it were fixed in space. 

We should then have to take the obliquity of the equator to the invariable 
plane as about 3®, and the inclination of the lunar orbit to the same plane as 
about 5® 30'. 


In the more remote past the obliquity of the equator to the invariable 
plane would go on diminishing, but at a slower and slower rate, until the 
moon's period is 12 hours and the day is 6 hours, when it would no longer 
diminish ; and the inclination of the orbit to the invariable plane would go 
on increasing, until the day and month come to an identity, and at an ever 
increasing rate. 

It follows from this, that if we continued to trace the changes backwards, 
until the day and month are identical, we should find the lunar orbit inclined 
at a considerable angle to the equator. If this were necessarily the caso, it 
would be diflScult to believe that the moon is a portion of the primeval planet 
detached by rapid rotation, or by other causes. But the previous results arc 
based on the hypothesis that the viscosity of the earth is small, and it therefore 
now became important to consider how a different hypothesis concerning the 
constitution of the earth might modify the results. 

In §20 the solution of the problem is resumed, at the point where the 
methods of Part III. were first applied, but with the hypothesis that the 
viscosity of the earth is very large, instead of very small. The results for any 
mtermediate degree of viscosity must certainly lie between those found before 
and those to be found now. 


having retraveraed the same ground, but with the new hypothesis, 
I found the results given in Table XV. 

The inclinations of the two proper planes to the ecliptic are found to be 
very nearly the same as in the case of small viscosity. But the inclination of 
the lunM orbit to its proper plane increases at first and then continues 
^mi^hmg, without the subsequent reversal of motion found in the previous 


h^Z the motion 

i^vanable plane, we should find both the obUquity of 

to bXe diminishing at a rate whil tends 

become tnfimte, if the viscosity is infinitely great. Infiboite viscosity is of 

coi^ the same ^ perfect rigidity, and if the earth were perfertw|d the 

Silt“isXf tl, f interpretation to put fn this 

e ra o change of inclination becomes large, if the viscosity 
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be large. This diminution would continue until the day was 6 hours and the 
month 12 hours. For an analysis of the state of things further back than 
this, the reader is referred to § 20. 

From this it follows, that by supposing the viscosity large enough we may 
make the obliquity and inclination to the invariable plane as small as we 
please, by the time that state is reached in which the month is equal to twice 
the day. 

Hence, on the present hypothesis, we trace the system back until the 
lunar orbit is sensibly coincident with the equator, and the equator is 
inclined to the ecliptic at an angle of 11® or 12°. 

It is probable that in the still more remote past the plane of the lunar 
orbit would not have a tendency to depart from that of the equator. It is 
not, however, expedient to attempt any detailed analysis of the changes further 
back, for the following reason. Suppose a system to be unstable, and that some 
infinitesimal disturbance causes the equilibrium to break down ; then after 
some time it is moving in a certain way. Now suppose that from a know- 
ledge of the system we endeavour to compute backwards from the observed 
mode of its motion at that time, and so find the condition from which the 
observed state of motion originated. Our solution will carry us back to a 
state veiy near to that of instability, from which the system really departed, 
but iis the calculation can take no account of the infinitesimal disturbance, 
which caused the equilibrium to break down, it can never bring us back to 
the state which the system really had. And if we go on computing the pre- 
ceding state of affairs, tho solution will continue to lead us further and further 
astray from the truth. Now this, I take it, is likely to have been the case 
with the earth and moon ; at a certain period in the evolution (viz. : when 
the month was twice the day) th# system probably became dynamically 
unstable, and the equilibrium broke down. Thus it seems more likely that 
we have got to the truth, if we cease the solution at the point where the 
lunar orbit is nearly coincident vrith the equator, than by going still further 
back. 

In §21, fig. 7, is given a graphical illustration of the distance-rate of 
change in the inclinations of the lunar orbit to its proper plane, and of the 
earth's proper plane to the ecliptic; the dotted curves refer to the hypothesis 
of large viscosity, and the firm-curves to that of small viscosity. 

The figure is explained and discussed in that section; I will here only 
draw attention to tho wideness apart of the two curves illustrative of the rate 
of change of tho inclination of the lunar orbit. This shows how much influence 
the degree of viscosity of the earth must have had on the present inclination 
of the lunar orbit to the ecliptic. 

It is particularly interesting to observe that in the case of small viscosity 
this curve rises above the hoiizontal axis. If this figure is to be interpreted 
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retrospectively, along with our solution, it must be read from left to right, 
but if we go with the time, instead of against it, from right to left. 

Now if the earth had had in its earUer history infinitely small viscosity, 
and if the moon had moved primitively in the equator, then until the 
evolution had reached the point represented by P, the lunar orbit would 
have always remained sensibly coincident with its proper plane. In passing 
from P to Q the inclination of the orbit to its proper plane would have 
but the whole increase could not have amounted to more than a 
few minutes of arc. At the point P the day is 7 hrs. 47 m. in length, and 
the month 3-26 m.s. days in length; at the point Q the day is 8 hrs. 36 in., 
and the month 5‘20 m. s. days. From Q down to the present state this small 
inclination would have always decreased. 

If then the earth had had small viscosity throughout its evolution, the 
lunar orbit would at present be only inclined at a very small angle to the 
ecliptic. But it is actually inclined at about 5® 9', hence it follows that while 
the hypothesis of small viscosity is competent to explain some inclination, it 
cannot explain the actually existing inclination. 

It was shown in the papers on " Tides*' and " Precession” that, if the earth 
be not at present perfectly rigid or perfectly elastic, its viscosity must be vary 
large. And it was shown in '' Precession ” that if the viscosity be large, the 
obliquity of the ecliptic must at present be decreasing. Now it will be 
observed that in resuming the integration with the hypothesis of large 
viscosity, the solution of the first method with the hjrpothesis of small 
viscosity was accepted as the basis for continuing the integration with large 
viscosity. This appears at first sight somewhat illogical, and to be strictly 
correct, we onght to have taken as the initial inclination of the earth's proper 
plane to the ecliptic, at the beginning 8f the application of the methods of 
Part III. to the hypothesis of large viscosity, some angle probably a little less 
than 23^°* instead of 17®. This would certainly disturb the results, but I 
have not thought it advisable to take this course for the following reasons. 

It is probable that at the present time the greater part, if not the whole 
of the tidal friction is due to oceanic tides, and not to bodily tides. If the 
ocean were fiictionlesa, it would be low tide under the moon ; consequently 
the effects of fiuid friction must he to accelerate, not retard, the ocean 
tides f. In order to apply our present analysis to the case of oceanic tidal 

* ^ the present configuration of the earth, moon, and sun, the obliquity will decrease, if the 
viscosity be very laxge. But if we integrate backwards this retrospective increase of obliquity 
would soon be converted into a deesrease. Thus at the end of “ the first period of integration,” 
the obliquity would be a little greater than 23^®, but by the end of the “second period” it 
would probably be a Kttle less than SSJ®. It is at the end of the “ second period" that the 
method of Part III. is first applied. 

t Otherwise the lunar attraction on the tides would accelerate the earth’s rotation— a dear 
violation of the principles of energy. 
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friction, that angle which has been called the lag of the tide mi;ist be inter- 
preted as the acceleration of the tide. 

We know that the actual friction in water is small, and hence the tides of 
long period will be less affected by friction than those of short period ; thus 
the effects of fluid tidal friction will probably be closely analogous to those 
resulting from the hypothesis of small viscosity of the whole earth and bodily 
tides. On the other hand, it is probable that the earth was once more plastic 
than at present, either supei^ficially or throughout its mass, and therefore it 
seems probable that the bodily tides, even if small at present, were once more 
considerable. I think therefore that on the whole we shall be more nearly 
correct in supposing that the terrestrial nucleus possessed a high degree of 
stiffness in the earliest times, and that it will be best to apply the hypothesis 
of small viscosity to the more modem stages of the evolution, and that of 
large viscosity to the more ancient. 

At any rate this appears to be a not improbable theory, and one which 
accords very well with the present values of the obliquity of the ecliptic, and 
of the inclination of the lunar orbit. 


§ 33. On the initial conditim of the ewrth <md moon. 

It was remarked above that the equation of conservation of moment of 
momentum, as modified by the effects of solar tidal friction, could only be 
regarded as practically independent of the degree of viscosity of the earth, so 
long as the moon’s sidereal period was not nearly equal to the dayj and that 
if this relationship were nearly satisfied, the equation which we have used 
throughout might be considerably in error. 

Now in the paper on “ Precession” the system was traced backwards, in 
much the same way as has been done here, until the moon’s tide-generating 
influence was very laxge compared with that of the sun , the solar influence 
was then entirely neglected, and the equation of conservation of moment of 
momentum was used for determining that initial condition, whore the month 
and day were identical, from which the system started its course of develop- 
ment*. The period of revolution of the system in its initial configuration 
was found to be about hours. I now however see reason to believe that 
the solar tidal friction will make the numerical value assigned to this period of 
revolution considerably in error, whilst the general principle remains almost 
unaffected. This subject is considered in §22. 

The necessity of correction arises from the assumption that because the 
moon is retrospectively getting nearer and nearer to the earth, therefore the 

* See also a paper on “ Xhe Determination of the Seonlar Etteots of Tidal S'notion by a 
Oraphioal Method,” Proc. Ray. Soe., No. 197, 1879. [Paper 6.] 
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effects of lunar tidal friction must more and more preponderate over those of 
solar tidal friction, so that if the solar tidal friction were once nogligeable it 
would always remain so. But tidal friction depends on two elements, viz. . 
the magnitude of the tide-generating influence, and the relative motion of the 
two bodies. Now whilst the tide-generatmg influence of the moon doefi 
become larger and larger, as we approach the critical state, yet the relative 
motion of the moon and earth becomes smaller and smaller ; on the other 
hand the tide-generating influence of the sun remains sensibly constant, 
whilst the relative motion of the earth and sun slightly increases*. 

Prom this it follows that the solar tidal friction must ultimately become 
actually more important than the lunar, notwithstanding the close proximity 
of the moon to the earth. 

The complete investigation of this subject involves considerations which 
will require special treatment. In § 22 it is only so far considered as to show 
that, when there is identity of the periods of revolution of the moon and earth, 
the angular velocity of the system must be greater than that given by the 
solution in § 18 of “ Precession.” 

When the earth rotates in 5^ hours, the motion of the moon relatively to 
the earth’s surface would already be pretty slow. If the system were traced 
into the more remote past, the earth’s rotation would be found getting more 
and more rapid, and the moon’s orbital angular velocity also continnally 
increasing, but ever approximating to identity with the earth’s rotation. 

When the sur&ces of the two bodies are almost in contact, the motion of 
the moon relatively to the earth’s surface would be almost insensible. This 
appears to point to the break-up of the primeval planet into two parts, in 
consequence of a rotation so rapid as to be inconsistent with an ellipsoidal 
form of equilibrium -j-. 


§34. Summa/ry of Parts F, and VI, 

I now come to the second of the two problems, where the moon moves in 
an eccentric orbit, always coincident with the ecliptic. 

In § 23 it is shown that the tides raised by any one satellite can produce 
no secular chmge in the eccentricity of the orbit of any other satellite ; thus 
the eccentricity and the mean distance are in this respect on the same 
footing. 

It was found to be more convenient to consider the ellipticity of the orbit 
instead of the eccentricity. In § 24 (289) and (290), are given the time-rates 

; 1“ ^per on •• Precession ” it was stated in Seotion 18 that this must be the case, bnt 
I did not at that time perceive the importance of this consideration. 

t [See a footnote to § 22 on p. 823.] 
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of the ellipticity and of the square root of mean distance. In § 26 
^ for the ellipticity is applied to the case where the earth is viscous, 
*^3^sical meaning is graphically illustrated in fig. 8. 

^gxxre shows that in general the ellipticity will increase with the 
if the obliquity of the ecliptic be nearly 90°, or if the viscosity be 
fifiat the earth is very nearly rigid, the ellipticity will diminish. 

i:*osult is due to the rising into prominence of the effects of the 
"Monthly tide. 

“ viscosity be very small the equation is reducible to a very simple 
is given in (291). From (291) wo see that if the obliquity of the 
zero, the ellipticity will either increase or diminish, according as 
of the planet take a shorter or a longer time than 11 revolutions 
••■fcollite. From this it follows that in the history of a satellite re- 
^1^0 ut a planet of small viscosity, tho circular orbit is dynamically 
■fcil 11 months of tho satellite have become longer than 18 days of the 
Since the day and month start fi'om equality and end in equality, it 
■Aa.!; the eccentricity will rise to a maximum and ultimately diminish 

Btlso shown that if a satellite be started to move in a circular orbit 
sa,nac periodic time as that of the planet’s rotation (with maximum 
>r given moment of momentum), then if infinitesimal eccentricity be 
■fcli© orbit the satellite will ultimately fell into the planet ; and if, the 
ng’ circular, infinitesimal decrease of distance be given the satellite 
in, whilst if infinitesimal increase of distance be given the satellite 
5.0 from the planet. Thus this configuration, in which the planet and 
move as parts of a single rigid body, has a complex instability ; for 
t ijwo sorts of disturbance which cause the satellite to fall in, and one 
nsos it to recede from the planet*. 

3 planet have very large viscosity the case is much more complex, and 
nined in detail in § 25. 

11 here only be stated that the eccentricity will diminish if 2 months 
-bellite be longer than 3 dajrs of the planet, but will increase if the 
.s he shorter than 3 days; also the rate of increase of eccentricity 
hecome infinite, for infinitely great viscosity, if the 2 months are 
•felie 3 days. 

e results are largely due to the influence of the elliptic monthly tide, 
t most of the satellites of the solar system, this is a very slow tide 

pSksaage appeared to the referee, requested by the B. S. to report on this paper, to be 
and it has therefore been somewhat modified. To further elucidate the point 
in an appendix [p. 374] a graphical illustration of the effects of eccentricity, similar 
: in No. 197 of Proc. JRoy. fifoc., 1879. [Paper 5.] 

^ ijla-e abstract of this paper in the Proc. Boy. Soc., No. 200, 1879 [Appendix A, p. 380], 
general considerations bearing on the problem of the eccentricity. 
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compared with the semi-diumal tides j therefore it must in general bo supposed 
that the viscosity of the planet makes a close approximation to perfect rigidity, 
in order that this statement may be true. 

The infinite value of the rate of change of eccentricity is duo to the speed 
of the slower elliptic semi-diumal tide being infinitely slow, when 2 months 
are equal to 3 days. The result is physically absurd, and its true meaning is 
commented on in §25. 

In §26 the time-rates of change of the obliquity of the planet's equator, 
and of the diurnal rotation are investigated, when the orbits of the tide-raising 
satellites are eccentric ; the only point of general interest in the result is, that 
the rate of change of obliquity and the tidal friction are both augmented by 
the eccentricity of the orbit, as was foreseen in the paper on “ Precession.” 

In §27 it is stated that the effect of the evectional tides is such as to 
diminish the eccentricity of the orbit, but the formula given shows that the 
effect cannot have much importance, unless the moon be very distant from 
the earth. 

In Part VI. the equations giving the rate of change of eccentricity are 
integrated, on the hypothesis that the earth has small viscosity. 

The first step is to convert the time-rates of change into distance-rates, 
and thus to eliminate the time, as in the previous integrations. 

The computations made for the paper on “ Precession ” wore hero made 
use of, as far as possible. 

The results of the retrospective integration are given in Table XVI,, §28. 
This table exhibits the eccentricity falling from its present value of -j^^th down 
to about T ^fy ^th, so that at the end the orbit is very nearly circular. 

The integration in the case of large viscosity is not carried out, because 
the actual degree of viscosity will exercise so very large an influence on the 
result. 

If the viscosity were infiriiteh/ large, we should find the eccentricity getting 
larger and larger retrospectively, and ultimately becoming infinite, when 
2 months were equal to 3 days. This result is of course absurd, and merely 
represents that the larger the viscosity, the larger would be the eccentricity. 
On the other hand, if the viscosity were merely large, we might find the 
eccentricity decreasing at first, then stationary, then increasing until 2 months 
were equal to 8 days, and then decreasing again. 

It follows therefore that various interpretations may be put to the present 
eccentricity of the lunar orbit. 

If, as is not improbable, the more recent changes in the configuration of 
our system have been chiefly brought about by oceanic tidal friction, whilst 
the e^lier changes were due to bodily tidal fiiotion, with considerable 
viscosity of the planet, then, supposing the orbit to have been primevally 
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circulax, the history of the eccentricity must have been as follows : first an 
increase to a maximum, then a decrease to a minimum, and finally an increase 
to the present value. There seems nothing to tell us how large the early 
maximum, or how small the subsequent minimum of eccentricity may have 
been. 


VIII. 

EEVIEW OF THE TiDAL ThBORF OF EVOLUTION AS APPLIED TO THE EARTH 
AND THE OTHER MEMBERS OF THE SOLAR SYSTEM. 

I will now collect the various results so as to form a sketch of what the 
previous investigations show as the most probable history of the earth and 
moon, and in order to indicate how far this history is the result of calculation, 
references will be given to the parts of my several papers in which each point 
is especially considered. 

We begin with a planet, not very much more than 8,000 miles in diameter* * * § , 
and probably partly solid, partly fluid, and partly gaseous. This planet is 
rotating about an axis inclined at about 11° or 12° to the normal to the 
eclipticf, with a period of from 2 to 4 hoursj, and is revolving about the sun 
with a poriod not very much shorter than our present year§. 

The rapidity of the planet’s rotation causes so great a compression of its 
figure that it cannot continue to exist in an ellipsoidal forml| with stability; 
or else it is so nearly unstable that complete instability is induced by the 
solar tides If. 

The planet then separates into two masses, the larger being the earth and 
the HTnallftr the moon. I do not attempt to defibae the mode of separation, or 
to say whether the moon was initially more or less annular. At any rate it 
must be assumed that the smaller msms became more or less conglomerated, 
and finally fused into a spheroid— perhaps in consequence of impacts between 
its constituent meteorites, which were once part of the primeval planet. Up 
to this point the history is largely speculative, [for although we know the 
limit of stability of a homogeneous mass of rotating liquid, yet it surpasses 
the power of mathematical analysis to follow the manner of rupture when the 
liTniting velocity of rotation is surpassed.] 

* “ Precession,” Section 24 [p. 116]. 

t This at least appears to be the obliquity at the earliest stage to which the system has been 
traced back in detail, but the effect of solar tidal Motion would make the obliquity primevally 
less than this, to an uncertain and perhaps considerable amount. 

t “Precession,” Section 18 [p. 101], and Part IV., Section 22 [p. 322; but ^e footnote 
on p. 328]. 

§ “ Precession,” Section 19 [p. 106]. 

|] “ Precession,” Section 18 [p. 101], and Part IV., Section 22 [p. 822, and footnote on p. 328]. 

IT Summary of “ Precession ” [p. 182]. 
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We now have the earth and the moon nearly in contact with one another, 
and rotating nearly as though they were parts of one rigid body. 

This is the system which has been made the subject of tho i)resont dyna- 
mical investigation. 

As the two masses are not rigid, the attraction of ejich distorts thes other ; 
and if they do not move rigorously with the same periodic time, each raises a 
tide in the other. Also the sun raises tides in both. 

In consequence of the frictional resistance to these tidal motions, such a 
system is djmamically unstable*. If the moon had moved orbi tally a littlii 
faster than the earth rotates she must have fallen back into the earth ; thus th(i 
existence of the moon compels us to believe that the equilibriunx broke down 
by the moon revolving orbitally a little slower than the earth rotates. Perhaps 
the actual rupture into two masses was the cause of this slower motion ; for 
if the detached mass retained the same moment of momentum as it had 
initially, when it formed a part of the primeval planet, this would, I think, 
necessarily be the case. 

In consequence of the tidal friction the periodic time of the moon (or the 
month) increases in length, and that of the earth’s rotation (or tho day) also 
increases; but the month increases in length at a much greater rato than tho 
day. 

At some early stage in the history of the system, the moon has con- 
glomerated into a spheroidal form, and has acquired a rotation about an axis 
nearly parallel with that of the earth. We will now follow the moon itself 
for a time. 


The axial rotation of the moon is retarded by the attraction of tho earth 
on the tides raised in the moon, and this retardation takes place at a far 
greater rate than the similar retardation of the earth’s rotation As soon as 
the moon rotates round her axis with twice the angular velocity with which 
she revolves in her orbit, the position of her axis of rotation (paraillel with the 
earth’s axis) becomes dynamically unstable J. The obliquity of the lunar 
equator to the plane of the orbit increases, attains a maximum, and then 
^ mi n is hes. Meanwhile the lunar axial rotation is being reduced towards 
identity with the orbital motion. 


Finally her equator is nearly coincident with the plane of her orbit, and 
the att^tion of the earth on a tide, which degenerates into a permanent 
ellipticity of the lunar equator, causes her always to show the same face to 

[Paper 6,p. 204]; and -Precession.- 


t “Precession,” Section 23 [p. 113]. 

Ml * [P* 9S]- B is of oourse possible that the lunar rotation was very 

ZfC t the «^h>s attraction on the lagging tides, and was never permitted to^ 

^*“*--«^«l™««^-torhaeneverdevfatedmuchtm 
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the earth*. Laplace has shown that this is a necessary consequence of the 
elliptic form of the lunar equator. 

All this must have taken place early in the history of the earth, to which 
I now return. 

As the month increases in length the lunar orbit becomes eccentric, and 
the eccentricity reaches a maximum when the month occupies about a rotation 
and a half of the earth. The maximum of eccentricity is probably not large. 
After this the eccentricity diminishesf. 

The plane of the lunar orbit is at first practically identical with the earth’s 
equator, but as the moon recedes from the earth the sun’s attraction begins 
to make itself felt. Here then we must introduce the conception of the two 
ideal planes (here called the proper planes), to which the motion of the earth 
and moon must be referred The lunar proper plane is at first inclined at a 
very small angle to the earth’s proper plane, and the orbit and equator coincide 
with their respective proper planes. 

As soon as the earth rotates with twice the angular velocity with which 
the moon revolves in her orbit, a new instability sets in. The month is then 
about 12 of our present hours, and the day is about 6 of our present hours in 
length. 

The inclinations of the lunar orbit and of the equator to their respective 
proper planes increase. The inclination of the lunar orbit to its proper plane 
increases to a maximum of 6° or 7®§, and ever after diminishes; the incli- 
nation of the equator to its proper plane increases to a maximum of about 
2® 45' II, and ever after diminishes. The maximum inclination of the lunar 
orbit to its proper plane takes place when the day is a little less than 9 of our 
present hours, and the month a little less than 6 of our present days. The 
maximum inclination of the equator to its proper plane takes place earlier 
than this. 

Whilst these changes have been going on, the proper planes have been 
themselves changing in their positions relatively to one another and to the 
ecliptic. At first they were nearly coincident with one another and with 
the earth’s equator, but they then open out, and the inclination of the 
lunar proper plane to the ecliptic continually diminishes, whilst that of the 
terrestrial proper plane continually increases. 

* [At the time when this was written I thought that Helmholtz had been the first to suggest 
the reduction of the moon’s axial rotation by means of tidal friction. But the same idea bad been 
advanced both by Eant and Laplace, independently of one another, at much earlier dates. See 
Chapter 16 of The Tides and Kindred Phenomena in the Solar System, by G-. H. Darwin.] 

t Parts V. and VI. The exact history of the eccentricity is somewhat uncertain, because of 
the uncertainty as to the degree of viscosity of the earth. 

X See Parts in. and IV. (and the summaries thereof in Fart VII.) for this and what follows 
about proper planes. 

§ Table XV., Part IV. [p. 316]. 

11 Found from the values in Table XV. [p. 316], and by a graphical construction. 
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IttlNIMmi PEBIOB OF TIME INVOLVED. 


[0 


At some stage the earth has become more rigid, and occariB havt^ been 
formed, so that it is probable that oceanic tidal friction has coino to plfl^y 
more important part than bodily tidal friction*. If this bo the case tho 
eccentricity of the orbit, after passing through a stationary phase, begins to 
increase again. 

We have now traced the system to a state in which tho day and month 
are increasing, but at unequal rates ; the inclinations of the lunar proper 
to the ecliptic and of the orbit to its proper plane are diminishing ; tho incli- 
nation of the terrestrial proper plane to the ecliptic is increasing, and of th(^ 
equator to its proper plane is diminishing; and the eccentricity of the orbit 
is increasing. 


No new phase now supervenesf, and at length we have tho system in its 
present configuration. The minimum time in which the changes from first 
to last can have taken place is 64,000,000 years J. 


In a previous paper it was shown that there are other collateral results of 
the viscosity of the earth; for during this course of evolution tho earth’s iniiss 
must have suffered a screwing motion, so that the polar regions have travelled 
a little from west to east relatively to the equator. This affords a possible 
explanation of the north and south trend of our great continents §. Also a 
lajge amount of heat has been generated by friction deep down in tho earth, 
and some very small part of the observed increase of temperature in under- 
ground borings may be attributable to this causelL 


The preceding history ^ght vary a Uttle in detail, according to tho dogreo 

y® attribute to the earth’s mass, and according iis ocoanic 

^ powerful 

cause of change than bodily tidal friction 


tem^frSrf the imperfect rigidity of solids, and on the in- 

^ Tf have gone on in fhe 

past. And for this history of the earth and moon to be true throuirhoiit it is 

moon’s mean motion is present secnlai aooderatioii of the 

^nld be (he “ obliquity, 

am^n^ must ultimately take place in the fte fatLl ^ 

+ ‘^cession,** end of Section 18 fp. 1051 

§ “^oblems,” Part L [p. 161 and p. 188] 

II “Problems,” Part IL [p. 166 and p. Sj. 
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would necessarily be developed which would bear a strong resemblance to our 
own. 

A theory, reposing on verm causce, which brings into quantitative corre- 
lation the lengths of the present day and month, the obliquity of the ecliptic, 
and the inclination and eccentricity of the lunar orbit, must, I think, have 
strong claims to acceptance. 

But if this has been the evolution of the earth and moon, a similar 
process must have been going on elsewhere. The present investigation has 
only dealt with a single satellite and the sun, but the theory may of course 
bo extended, with some modification, to planets attended by several satellites. 
I will now therefore consider some of the other members of the solar system. 

A large planet has much more energy of rotation to be destroyed, and 
moment of momentum to bo redistributed than a small one, and therefore a 
largo planet ought to i)rocced in its evolution more slowly than a small one. 
Thoroforo we ought to find the larger planets less advanced that the smaller 
ones. 

The masses of such of the planets as have satellites are, in terms of the 
earth’s mass, as follows: Mars = Jupiter — 301 ; Saturn = 90; Uranus = 14; 
Neptune = 16. 

Mars should therefore be furthest advanced in its evolution, and it is here 
alone in the whole system that we find a satellite moving orbitally faster than 
the planet rotates. This will also be the ultimate fate of our moon, because, 
after the moon’s orbital motion has been reduced to identity with that of the 
earth’s rotation, solar tidal friction will further reduce the earth’s angular 
velocity, the tidd reaction on the moon will be reversed, and the moon’s 
orbitid velocity will increixsc, and her distance from the earth mil diminish. 
But since the moon’s mass is very largo, the moon must recede to an enormous 
distance from the earth, before this reversal will take place. Now the satellites 
of Mars are very small, and therefore they need only to recede a short distance 
from the planet before the reversal of tidal reaction*. 

The periodic time of the satellite Deimos is 30 hrs. 18 m-f, and as the 
period of rotation of Mjxts is 24 hrs. 37 m. J, Deimos must be still receding 
from Mars, but very slowly. 

The periodic time of the satellite Phobos is 7 hrs. 39 m.; therefore Phobos 
must be approaching Mars. It does not seem likely that it has ever been 
remote from the planet. 

* In the graphical method of treating the subject, “the line of momentum’* wiU only just 
intersect “ the curve of rigidity.” See Proc. Roy, Soc,, No. 197, 1879. [Paper 5, p. 201.] 

t Obsei^ations and Orbits of the Satellites of Mars, by Asaph HaU. Washington Govern- 
ment Printing Oihoe, 1878. 

t According to Kaiser, as quoted by Schmidt. Ast. Nach,, Vol. lxxxii. p. 838. 
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THE SATELLETBS OE MASS. 


The eccentricities of the orbits of both sateUites axo small, thmigh somiv 
what uncertain. The eccentricity of the orbit of Phobos appears how.‘.vor to 
be the larger of the two. 

If the viscosity of the planet be small, or if oceanic tidal friction b« tho 
principal cause of change, both eccentricities are diminishing , but i 
riscosity be large, both axe increasing. In any case the mto oi change muHt 
be excessively slow. As we have no means of knowing whether the eeoenti i- 
cities are increasing or diminishing this laxgor eccentricity of the orbit of 
Phobos cannot be a feet of much importance either for or against the presen 
views. But it must be admitted that it is a sUghtly unfavourable indication. 


The position of the proper plane of a satellite is determined by the periodic 
rirnfl of the satellite, the oblateness of the planet, and tho sun’s distance, lliu 
inclination of the orbit of a satellite to its proper plane is not detonnined by 
anything in the system. Hence it is only the inclination of tho orbit which 
can afford any argument for or against the theory. 

The proper planes of both satellites are necessaiily nearly coincident with 
the equator of the planet ; but it is in accordance with the theory that tho 
inclinations of the orbits to their respective proper planes should bo small 


Any change in the obliquity of the equator of Mars to tho plane of his 
orbit must be entirely due to solar tides. The present obliquity is about 27* , 
and this points also to an advanced stage of evolution — at least if tho axis of 
the planet was primitively at all nearly perpendicular to tho ecliptic. 


We now come to the system of Jupiter. 

This enormous planet is still rotating in about 10 hours, its axis is nearly 
perpendicular to the ecliptic, and three of its satellites revolve in 7 days or 
less, whilst the fourth has a period of 16 days 16 hrs. This system is obviously 
far less advanced than our own. 


The inclinations of the proper planes to Jupiter’s equator are necessarily 
small, but the inclinations of the orbits to the proper planes appear to be 
very interesting jfrom a theoretical point of view. They are as follows f : — 


Satellite 





Inclination of orbit 
to proper plane 

First 





o / // 

0 0 0 

Second . 

, 




0 2Y 60 

Third . 

, 

. 



0 12 20 

Fourth . 

. 

. 



0 14 58 


* For the details of the Martian system, see the paper by ProfesBor Asaph Hall, above u,(ioted. 
With regard to the proper planes, see a paper by Professor J. 0, Ai^atwh read before the 
B. Ast. Soc, on Nov. 14, 1879, R. A. S, Monthly Not, There is also a paper by Mr Marth, 
Ast, Nach,, No. 2280, Vol. xov., Oct. 1879. 

t Herschel’s Astron,, Synoptic Tables in Appendix* 
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Now we have shown above that the orbit of a satellite is at first coincident 
with its proper plane, that the inclination afterwards rises to a maximuin, 
and finally declines. If then we may assume, as seems reasonable, that the 
satellites are in stages of evolution corresponding to their distances from the 
planet, these inclinations accord well with the theory. 

The eccentricities of the orbits of the two inner satellites are insensible, 
those of the outer two small. This does not tell strongly either for or against 
the theory, because the history of the eccentricity depends considerably on the 
degree of viscosity of the planet ; yet it on the whole agrees with the theory 
that the eccentricity should be greater in the more remote satellites. It 
appears that the satellites of Jupiter always present the same face to the 
planet, just as does our moon*. This was to be expected. 

The case of Saturn is not altogether so favourable to the theory. The 
extremely rapid rotation, the ring, and the short periodic time of the inner 
satellites point to an early stage of development ; whilst the longer periodic 
time of the throe outer satellites, and the high obliquity of the equator 
indicate a later stage. Perhaps both views may be more or less correct, for 
successive shedding of satellites would impart a modern appearance to the 
system. It may be hoped that the investigation of the effects of tidal friction 
in a planet surrounded by a number of satellites may throw some light on 
the subject. This I have not yot undertaken, and it appears to have peculiar 
difficulties. It has probably been previously remarked, that the Saturnian 
system bears a strong analogy with the solar system, Titan being analogous 
to Jupiter, ’ Hyi)erion and lapetus to Uranus and Neptune, and the inner 
satellites being analogous to the inner planets. Thus ^mything which aids us 
in forming a theory of the one system will throw light on the otherf . 

The details of the Saturnian system seem more or less favourable to the 
theory. 

The proper planes of the orbits (except that of lapetus) are nearly in the 
plane of the ring, and the inclinations of all the orbits to their proper planes 
appear not to be large. 

Herschel gives the following eccentricities of orbit : — 

Tethys *04(?), Dione *02(?), Rhea -02 (?), Titan -029314, Hyperion “rather 
largo ” ; and he says nothing of the eccentricities of the orbits of the remaining 
three satellites. If the dubious eccentricities for the first three of the above 
are of any value, we seem to have some indication of the early maximum of 
eccentricity to which the analysis points; but perhaps this is pushing the 

* Hersohel’s Aatron., 9th ed., § 546. 

t Another investigation [Paper 8] seems to show pretty conclusively that tidal friction cannot 
be in all oases the most important feature in the evolution of such systems as that of Saturn and 
his satellites, and the solar system itself. I am not however led to reject the views maintained 
in this paper. 
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argument too far. The satellite lapetus appears always to present the sjwne 
face to the planet*. 

Concerning Uranus and Neptune there is not much to be said, as their 
systems are very little known ; but their masses are much larger than that of 
the earth, and their satellites revolve with a short periodic time. The retro- 
grade motion and high inclination of the satellites of Uranus are, if thoioughly 
established, very remarkable. 

The above theory of the inclination of the orbit has been based on an 
assumed smallness of inclination, and it is not very easy to see to what I'esults 
investigation might lead, if the inclination were large. It must bo admitted 
however that the Uranian system points to the possibility of the existence of 
a primitive planet, with either retrograde rotation, or at least with a very 
large obliquity of equator. 

It appears from this review that the other members of the solar system 
present some phenomena which are strikingly favourable to the tidal theory 
of evolution, and none which are absolutely condemnatory. Perhaps by 

further investigations some light may be thrown on points which remain 
obscure. 


Appendix. 

(Added July, 1880.) 

A graphical iUmtraMon of the effects of tidal fricHon when the orbit 
of tho 8<it$llit6 %8 occ&ntvic, 

“ graphical illustration of the effects of 
of the t>rcnrTif^^° ®a8ily intelligible than the purely analytical method 

elliS^t ^ ^ B particle, moving in an 

elhptic orbit, which is co-planar with the equator of the planet 

with the notation raoment of momentum of the systena. Then 

of moment of momentim^^^’^* ^ equation of conservation 

n + ^0—v)=-h 

* Aitron., 9th ed., g 647. 

omitted to f “ ^neoua etatement [which I unfortunately 

that the line of aao eoeentrioity on L ““ P' ®’'B 

e energy surface is not a ridge as there stated. 
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Here Cn is the moment of momentum of the planet’s rotation, and 
C^(l is the moment of momentum of the orbital motion; and the 

whole moment of momentum is the sum of the two. 

By the definitions of ^ and A; in § 2, C - = -t=^^= a/c, where a is the 

^ k VjLL(M + m) ^ 

attraction between unit masses at unit distance. 

By a proper choice of units we may make /iMm/Vfi (M + m) and C equal 
to unity*. 

Let a be equal to the square root of the satellite’s mean distance c, and 
the equation of conservation of moment of momentum becomes 

n + a?(l — A. (a) 

If in (a), the ellipUcity of the orbit be zero, we have equation (3) of 
Paper 5, p. 197. 

It is well known that the sum of the potential and kinetic energies in 
elliptic motion is independent of the eccentricity of the orbit, and depends 
only on the mean distance. 

Hence if OE be the whole energy of the system, we have (as in equations 
(2) and (4) of Pai)er 5), with the present units 

a? 

If z be written for 2E, and if the value of n be substituted from (a), we 
have 

03) 

This is the equation of energy of the system. 


^ In the paper above referred to, and in Paper 7 , below, the physical meaning of the units 
adopted is scarcely adeg,uately explained. 


The units are such that 0 , the planet’s moment of inertia, is unity, that (ilf + 771) is unity, 
and that a quantity called 9 and defined in (6) of this paper is unity. 


From this it may bo deduced that the unit length is such a distance that the moment of 
inertia of planet and satellite, treated as particles, when at this distance apart about their 
common centre of inertia is equal to the moment of inertia of the planet about its own axis. 


If 7 be this unit of length, this condition gives 


Min 
JIf + wi 


7^s=0, or 7 



Q (M+w) ^ 
Mm 


The unit of time is the time taken by the satellite to describe an arc of in a circular 

Mm 


orbit at distance 7 ; it is therefore 


The unit of mass is — . 

M+m 


From this it follows that the unit of moment of momentum is the moment of momentum of 
orbital motion when the satellite moves in a circular orbit at distance 7. The critical moment 
of momentum of the system, referred to in those two papers and below in this appendix, is 

4 / 8 ^ of this unit of moment of momentum. 
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In whatever manner the two bodies may interact on one anotlu^r, tlu! 
resultant moment of momentum h must remain constant, and thoreforo. (a) 
will always give one relation between n, as, and 97; a second relation would 
be given by a knowledge of the nature of the interaction betwcion the two 
bodies. 


The equation (a) might be illustrated by taking n, x, 97 m the thrt^o 
rectangular co-ordinates of a point, and the resulting surface might bo called 
the sur&ce of momentum, in analogy with the " line of momentum ” in the 
above paper. 

This surfece is obviously a hyperboloid, which cuts the plane of nx in 
the straight line ^ = A ; it cuts the planes of W97 and 97 = 1 in the straight 
line determined by n = h; and the plane of xti in the rectangular hyixiibola 
a? (1 — 17) = A. 


The contour lines of this surface for various values of n are a family of 
rectangular hyperbolas with common asymptotes, viz. : 97 = 1 and x — 0. It 
does not however seem worth while to give a figure of them. 

If the satellite raises fi:ictional tides of any kind in the planet, the systotn 
is non-conservative of energy, and therefore in equation ()8) x and 97 must so 
vary that z may always diminish. 


Suppose that equation (^) be represented by a surface the points on 
which have co-ordinates x, 97, z, and suppose that the axis of z is vortical. 

® each point on the surface represents by the co-ordinates x and 97 ono 
configuration of the system, with given moment of momentum h. Since 
the energy must diminish, it follows that the point which represents the 
confiprataon of the system must always move down hill. To determine the 
e^t path pursued by the point it would be necessary to take into con- 

frictional tides which are being raised by the 


I will now consider the nature of the surface of energy. 

bp ^ necessary to consider positive values of 97 lying 

a hvDerbohV a ^ correspond to 

P.»M ’’5' of verlicol planes 

I»^d to Si har, maanna and mminm pointe datenninod by */*= 0 

This condition gives by differentiation of (/9) 

a!* — - ^ .1 1___A , . 

1-17 (7) 
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When 97 = 0 the equation has real roots provided h be greater than 
4/3^, and since this case corresponds to that of all but one of the satellites of 
the solar system, I shall henceforth suppose that h is greater than 4/3^. It 
will be seen presently that in this case every section parallel to x has a 
maximum and minimum point, and the nature of the sections is exhibited in 
the curves of energy in the two other papers. 

Now c<msidor the condition w = fl, which expresses that the planet rotates 
in the same period as that in which the satellite revolves, so that if the orbit 
be circular the two bodies revolve like a single ’rigid body. 

With the present units fl = l/ar», and by (a), n = A - a; (1 - 97). 

Hence the condition 9i. = il leads to the biquadratic 


. A . 1 - 

+ r = 0 

1 --97 1 —97 


( 8 ) 


If 97 bo zero this ©(juation is identical with (7), which gives the maxima 
and minima of energy. 


Hence if the orbit be circular the maximum and minimum of energy 
correspond to two cases in which the system moves as a rigid body. If how- 
ever the orbit be elliptical, and if n = £2, there is still relative motion during 
revolution of the satellite, and the energy must be capable of degradation. 
The principal object of the present note is to investigate the stability of the 
circular orbit in these cases, and this question involves a determination of the 
nature of the degradation when the orbit is elliptical. 


In Part V. of the present paper it has been shown that if the planet be a 
fluid of small viscosity the ellipticity of the satellite’s orbit will increase if 18 
rotations of the planet be less than 11 revolutions of the satellite, and vice 
versd. Hence the critictil relation between n and £2 is 9^ = -J-f £2. This leads 
tt^ the bupiadratic 




1-97 




1-97 


= 0 


(^) 


This is an equation witli two real roots, and when it is illustrated 
graphiciilly it will lead to a pair of curves. For configurations of the system 
represented by points lying between these curves the eccentricity increases, 
and outside it diminishes, — supposing the viscosity of the planet and the 
eccentricity of the satellite’s orbit to be small. 


In order to illustrate the surface of energy (0) and the three biquadratics 
( 7 ), ( 8 ), and (e), I chose h = 3, which is greater than 4/3^. 


By means of a series of solutions, for several values of 97, of the equations 
(7), (S), (e), and a method of gniphical interpolation, I have drawn the 
accompanying figure. 
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The horizontal axis is that of se, the square root of the satellite’s distonce, 
and the numbers written along it are the various values of as. The vertical 
axis is that of tj, and it comprises values of t} between 0 and 1 . Tho axis of 
z is peq>endicular to the plane of the paper, but the contour lines for various 
values of e are projected on to the plane of the paper. 

The numbers written on the curves represent the values of z, viz., 
A=0, 1,2,3, 4, 6. 

The ends of the contour lines on the right are joined by dotted linos, 
because it would be impossible to draw the curves completely without a very 
large extension of the figure. 

The broken lines ( ) marked “ line of maxima,” terminating at A, 

md “line of minima,” terminating at B, represent tho two roots of the 
biquadratic ( 7 ). 

The ^es marked n = Sl represent the two roots of (S), but computation 
s owed that the right-hand branch fell so very near the line of minima, that 

It WM necessary somewhat to exaggerate the divergence in order to show it 
on the figure. 


iV) 



Fra. 9. Contour lines of surface of energy. 


roots of (e). For ^fiOTrations^ f’+h’ represent the two 

between these two curves, the eUipticiT^oroST^^T^ 

regions outside it will decrease This at«+ increase ; for the 

small elHpticity, and 
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Inspection of the figure shows that the line of minima is an infinitely 
long valley of a hj^erbolic sort of shape, with gently sloping hills on each 
side, and the bed of the valley gently slopes up as we travel away from B. 

The line of maxima is a ridge running up from A with an infinitely deep 
ravine on the left, and the gentle slopes of the valley of minima on the right. 

Thus the point B is a true minimum on the surface, whilst the point A 
is a maximum-minimum, being situated on a saddle-shaped part of the 
surface. 

The lines n — d start from A and B, but one deviates from the ridge of 
maxima towards the ravine ; and the other branch deviates from the valley 
of minima by going up the slope on the side remote from the origin. 

This surface enables us to determine perfectly the stabilities of the 
circular orbit, when planet and satellite are moving as parts of a rigid body. 

The configumtion B is obviously dynamically stable in all respects; for 
any configuration represented by a point near B must degrade down to B. 

It is also clear that the configuration A is dynamically unstable, but the 
nature of the instability is complex. A displacement on the right-hand side 
of the ridge of maxima mil cause the satellite to recede from the planet, 
because m must increase when the point slides down hill. 

If the viscosity be small, the ellipticity given to the orbit will diminish, 
because A is not comprised between the two chain-dot curves. Thus for this 
class of tide the oircula/rity is stable, whilst the configuration is unstable. 

A displacement on the left-hand side of the ridge of maxima will cause 
the satellite to fall into the planet, because the point will slide down into the 
ravine. But the circularity of the orbit is again stable. 

This figure at once shows that if planet and satellite be revolving with 
maximum energy as parts of a rigid body, and if, without altering the total 
moment of momentum, or the equality of the two periods, we impart in- 
finitesimal ellipticity to the orbit, the satellite will fall into the planet. This 
follows fi'om the fact that the line runs on to the slope of the ravine. 

If on the other hand without affecting the moment of momentum, or the 
circularity, we infinitesimally disturb the relation n = fl, then the satellite 
will either recede from or approach towards the planet according to the 
nature of the disturbance. 

These two statements are independent of the nature of the frictional 
interaction of the two bodies. 

The only parts of this figure which postulate anything about the nature 
of the interaction are the curves n = XI. 
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I hav6 not thought it worth whilo to illustrato tho cfiso whcro h is 
than 4/3®, or the negative side of the surface of energy \ but both illustnitions 
may easily be carried out. 


Appendix A. 

An extract from the olbstract of the foregoing paper, Proc. Roy, Soc., 
Vol. XXX. (1880), pp. 1—10. 


The following considerations (in substitution for the analytical breatiiuuit 
of the paper) will throw some light on the general effects of tidal friction : — 

Suppose the motions of the planet and of its solitary satellite to bo 
referred to the invariable plane of the system. • The axis of resultant moment 
of momentum is normal to this plane, and the component rotations aro that 
of the planet’s rotation about its axis of figure, and that of the orbital motion 
of the planet and satellite round their common centre of inertia; the axis of 
this latter rotation is clearly the normal to the satellite’s orbit. Hence the 
normal to the orbit, the axis of resultant moment of momentum, and tht% 
planet’s axis of rotation, must always lie in one plane. From this it follows 
that the orbit and the planet’s equator must necessarily have a common node 
on the invariable plane. 

If either of the component rotations alters in amount or direction, a 
corresponding change must take place in the other, such as will keep tlic^ 
resultant moment of momentum constant in direction and magnitude. 

It appears from the previous papers that the effect of tidal friction is to 
increase the distance of the satellite from the planet, and to transfer moment 
of momentum from that of planetary rotation to that of orbital motion. 

If then the direction of the planet’s axis of rotation does not change, it 
follows that the normal to the lunar orbit must approach the axis of i-osultant 
moment of momentum. By drawing a series of parallelograms on the saiuo 

diameter and keeping one side constant in direction, this may be eaeily seen 
to be true. ^ 


The above statement is equivalent to saying that the inclination of the 
satellites orbit will decrease. 

But this decrease of inclination does not always necessarily take place, for 
the previous mv^tigations show that another effect of tidal friction may be 
to increase the obliquity of the planet’s equator to the invariable plane, or in 
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Now if a parallelogram be drawn with a constant diameter, it will easily 
be seen that by increasing the inclination of one of the sides to the diameter 
(and even decreasing its length), the inclination of the other side to the 
diameter may also be increased. 

The most favourable case for such a change is when the side whose incli- 
nation is increased is nearly as long as the diameter. From this it follows 
that the inclination of the satellite's orbit to the invariable plane may increase, 
and also that the case when it is most likely to increase is when the moment 
of momentum of planetary rotation is large compared with that of the orbital 
motion. The analytical solution of the problem agrees with these results, for 
it shows that if the viscosity of the planet be small the inclination of the orbit 
always diminishes, but if the viscosity be large, and if the satellite moves 
with a short periodic time (as estimated in rotations of the planet), then the 
inclination of the orbit will increase. 

These results servo to give some idea of the physical causes which, 
according to the memoir, gave rise to the present inclination of the lunar 
orbit to the ecliptic. For the analytical investigation shows that the incli- 
nation of the lunar orbit to its proper plane (which replaces the invariable 
plane when the solar attraction is introduced) was initially small, that it 
then increjised to a maximum, and finally diminished, and that it is still 
diminishing. 


The following considerations (in substitution for the analytical treatment 
of the paper) throw some light on the physical causes of these results [as to 
the eccentricity of the orbit]. 

Consider a satellite revolving about a planet in an elliptic orbit, with a 
pexiodic time which is long compared with the period of rotation of the 
planet; and suppose that frictional tides are raised in the planet. 

The major axis of the tidal spheroid always points in advance of the 
satellite, and exercises a force on the satellite which tends to accelerate its 
linear velocity. 

When the satellite is in perigee the tides arc higher, and this disturbing 
force is gi’cater than when the satellite is in apogee. 

The disturbing force may, therefore, be represented as a constant force, 
always tending to accelerate the motion of the satellite, .and a periodic force 
which accelerates in perigee and retards in apogee. The constant force causes 
a secular increase of the satellite's mean distance and a retardation of its 
mean motion. 

The accelerating force in perigee causes the satellite to swing out further 
than it would otherwise have done, so that when it comes round to apogee it 
is more remote from the planet. The retarding force in apogee acts exactly 
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inversely, and diminishes the perigeean distance. Thus, the apogcoau distaiico 
increases and the perigeean distance diminishes, or in other words, tho eccen- 
tricity of the orbit increases. 

Now consider another case, and suppose the satellite’s periodic time to 
be identical with that of the planet’s rotation. When tho satollito is in 
perigee it is moving faster than the planet rotates, and when in apogee it is 
moving slower; hence at apogee the tides lag, and at perigee they arc 
accelerated. Now the lagging apogeean tides give rise to an accelenitin^ 
force on the satellite, and increase the perigeean distance, whilst the acoolcratod 
perigeean tides give rise to a retarding force, and decretiso tho apogeean 
distance. Hence in this case the eccentricity of the orbit will diminish. 

It follows from these two results that there must be some intormodiabo 
periodic time of the satellite, for which the eccentricity does nob tend to 
vary*. 

But the preceding general explanations are in reality somewhat loss 
satisfactory than they seem, because they do not make clear the existence of 
certain antagonistic influences. 

Imagine a satellite revolving about a planet, and subject to a constant 
accelerating force, which we saw above would result from tidal reliction. 

In a circular orbit a constant tangential force makes the satellite’s distance 
increase, but the larger the orbit the. less does the given force. increase tho 
mean distance. Now the satellite, moving in the eccentric orbit, is in tho 
apogeean part of its orbit like a satellite moving in a circular orbit at a 
certain mean dis^ce, but in the perigeean part of the orbit it is like a 
satellite moving in a circular orbit but at a smaller mean distixnce ; in both 
parts of the orbit it is subject to the same tangential force. Then the distjuico 
at the perigeean part of the orbit increases more rapidly than the distance at 
the apogeean part. Hence the constant tangential force on the satellite in 
the eccentnc orbit will make the eccentricity diminish. It is not clear from 
general explanation, when this cause for decreasing eccentricity 
will be less important than the previous cause for increasing eccentricity. 


snggeated to me in oonvereation by 

sir wiuiem ThomBon, when I mentioned to him the results at which I had arrived. 
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ON THE ANALYTICAL EXPRESSIONS WHICH GIVE THE 
HISTORY OF A FLUID PLANET OF SMALL VISCOSITY, 
ATTENDED BY A SINGLE SATELLITE. 

[Prooeedings of tlie Royal Society, VoL xxx. (1880), pp. 255 — 278.] 


In a series of papers road from time to time during the past two years 
before the Royal Society*, I have investigated the theory of the tides raised in 
a rotating viscous spheroid, or planet, by an attendant satellite, and have also 
considered the secular changes in the rotation of the planet, and in the 
revolution of the satellite. Those investigations were intended to be especially 
applicable to the case of the earth and moon, but the friction of the solar 
tides was found to be a factor of importance, so that in a large part of those 
papers it became necessary to conceive the planet as attended by two 
satellites. 

The differential equations which gave thp secular changes in the system 
were rendered very complex by the introduction of solar disturbance, and I 
was unable to integrate them analytically ; the equations were accordingly 
treated by a method of numerical quadratures, in which all the data were 
taken from the earth, moon, and sun. This numerical treatment did not 
permit an insight into all the various effects which might result from frictional 
tides, and an analytical solution, applicable to any planet and satellite, is 
desirable. 

In the present paper such an analytical solution is found, and is interpreted 
graphically. But the problem is considered from a point of view which is at 
once more special and more general than that of the previous papers. 

The point of view is more general in that the planet may here be con- 
ceived to have any density and mass whatever, and to be rotating with any 
angular* velocity, provided that the ellipticity of figure is not large, and that 
the satellite may have any mass, and may be revolving about its planet, 
either consentaneously with or adversely to the planetary rotation. On the 
other hand, the problem here considered is more special in that the planet is 


* [The previous papers of the present volume.] 
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STATEMENT OF THE PBOBLBM J NOTATION. L 

supposed to be a spheroid of fluid of small viscosity; that the obli<iviity of tho 
plot’s equator, the inclination and the eccentricity of the satellite h orbit to 
the plane of reference are treated as being small, and, lastly, it is supposea 
that the planet is only attended by a single satellite. 

The satellite itself is treated as an attractive particle, and the planet iK 
supposed to be homogeneous. 

The notation adopted is made to agree as far as possible with that ot 
Paper 6, in which the subject was treated from a similarly general imiiit of 
view, but where it was supposed that the equator and orbit were co-plaiiar, 
and the orbit necessarily circular*. 

The motion of the system is referred to the invariable pla.no, that is, to 
the plane of maximum moment of momentum. 

The following is the notation adopted : — 

For the planet : — 

M = mass ; a *= mean radius ; g = mean pure gravity ; 0 = moment of 
inertia (neglecting ellipticity of figure) ; n = angular velocity of rotation ; 
i = obliquity of equator to invariable plane, considered as small ; g = 

For the satellite : — 

m = mass ; o = mean distance ; « mean motion ; e = eccentricity of orbit, 

considered as small ; y = inclination of orbit, considered as small; 
where m is measured in the astronomical unit. 


For both together : — 

V = Mfm, the ratio of the masses ; a = | (1 + 5 resultant 

moment of momentum of the whole system; E^the whole energy, both 
kinetic and potential, of the system. 

By a proper choice of the units of length, mass, and time, the notation 
may be considerably simplified. 

Let the unit of length be such that ikf +• m, when measured in the sistro- 
nomical unit, may be equal to unity. 

Let the unit of time be such that 5 or | [(avlgy{l ■+ may bo unity. 


Let the unit of mass be such that C, the planet’s moment of inertia, may 
be unity f. 

Then we have = if + m = l (1) 

Now, if we put for g its value Mja^, and for v its value Mjm, we have 


{^aM a?~ 


'K 

m 


= smoe if -H m is umty, 
and since s is unity, m = when m is estimated in the astronomical unit. 


^ “Detennixiation of the Secular Effects of Tidal Eriotion by a Graphical Method,** Proc. 
Roy. Soc., No. 197, 1879, [Paper 5.] 

t [See a footnote on p. 375 for a consideration of the nature of these nnits.] 
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Again, since 0 = and since 0 is unity, therefore 1/= where M 
is estimated in the mass unit. 


Therefore M7)i/(M + m) is unity, when M and m are estimated in the mass 
unit, with the proposed units of length, time, and mass. 

According to the theory of elliptic motion, the moment of momentum of 
the orbital motion of the planet and satellite about their common centre of 

inertia is Vl — Now it has been shown that the factor involving 

M is unity, and by (1) ilc^ = fl “ 

Hence, if we neglect the square of the eccentricity e, the moment of 
momentum of orbital motion is numerically equal to fl ” or c^. 

Lot = ==c^. 


In this paper os, the moment of momentum of orbital motion, will be taken 
as the independent variable. In intoqiroting the figures given below it will 
be useful to remember that it is also equal to the square root of the moan 
distance. 


The moment of momentum of the planet’s rotation is equal to Civ ; and 
since 0 is unity, w will be either the moment of momentum of the planet’s 
rotation, or the angular velocity of rotation itself. 

With the proposed units t = |m/c‘‘ = since m = ; and 

S = y/a = ^ m, Mjmd? = ^vja 

Also T®/g (a quantity which occurs below) is equal to 

Lot t be the time, and let 2/ bo the phase-retardation of the tide which 
I have elsewhere called the sidereal semi-diurnal tide of speed 276, which 
tide is known in the British Association Report on Tides as the faster of the 
two K tides. 

If the planet be a fluid of small viscosity, the following are the 
differential equations which give the secular changes in the elements of the 
system : 



D. n. 


25 
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The first three of these equatioiLS are in effect established in equation (80) 
of Paper 3, p. 91. The sufBx m“ to the symbols % and N there indicates that 
the equations (80) only refer to the action of the moon, and as hero wo only 
have a single satellite, they are the complete equations. N is oqual to 

so that ?7o disappears firom the first and second of (80) ; also /i = and 

thus disappears from the third equation. P = cos i, Q = sin i, and, since wo 
are treating i the obliquity as small, P = 1, Q = i; also X = (1/n; the e of that 

paper is identical with the / of the present one ; lastly f is equal to 

and since with our present units s = 1, therefore judi/dt = dfl~^f 7 Zodt = dailn„dt. 

With regard to the transformation of the first of (80) into (4) of tho 
preset paper, I remark. that treating i as small JPQ -iXQ = ii(l - mjn), 
and introducing this transformation into the first of (80), equation (4) is 
obtained, except that i occurs in place of (i +j). Now in Paper 8 the inclina- 
tion of the orbit of the satellite to the plane of reference was treated as zero, 
and hence j wm zero ; but I have proved on pp. 292, 295 of Paper 6 that 
when we take into account the inclination of the orbit of the satellite, the P 
and « on the right-hand sides of equation (80) of « Precession ” must be taken 
M the cosme and sme of i + j instead of i. Equations (6) and (6) are proved 
in § 10, Part n, p. 238 and § 26, Part V, p. 338, of Paper 6. 

+1. system of equations will give the secular changes in 

the motaon of the system under the influence of the frictional tidbs. Tho 

«»pre»ion for tho ooIuBmj, 

and to mterpret that solution geometrically. 

Prom .equations (2) and (4) we have 

• dn . di . . . r / -1 


• dn di T* r / 


, ® “<* w io 0,0.1 to the 

•dn di dj .dx 

dt-‘^dt'^ 3 di 

The integral of this equation is m= 


same expression; 


moment of momlntum.^hemotiOT°^'^ principle of conservation of 

sjrtem, and however the planet and invariable plane of tho 

the resultant moment of mt^itu^^ -ay interact on one another, 

magnitude. Hence if we draw a na^lTi - direction and 

draw a parallelogram of which the diagonal is h 
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(the resultant moment of momentum of the system), and of which the sides 
are n and w, inclined respectively to the diagonal at the aneles i and j, we see 
at once that 

sinf _ a? 
sin J n 

If i and j be treated as small this reduces to (7). 

Again the consideration of this parallelogram shows that 

^ ^ ^ 2?iaj cos (i j) 

which expresses the constancy of moment of momentum. If the squares and 
higher powers of i +j be neglected, this becomes 

h — n + oo .* (8) 

Equation (8) may also be obtained by observing that dn/dt + dxjdt = 0, 
and therefore on integration n + «? is constant. It is obvious from the prin- 
ciple of moment of momentum that the planet’s equator and the plane of the 
satellite’s orbit have a common node on the invariable plane of the system. 


If wo dmde equations (4) and (6) by (3), we have the following results : — 


1 di 1 

/- , j\ » — 2fl 

(9) 

i dx^2n 



1 de 1 

ii«-i8n 

(10) 

e da ~ 2a! 

But from (T) and (8) 

72 — fl 

1+i 

= 1 4- - sss - 


i 

Also 11 =5 ar“®, and «= A — a?. 

X X 



Hcnco (9) and (10) may bo written 


Now 

Therefore 


( fe — a?) — 2 > 
dx a? (A— w) * {h - ig) — 1 

d . lla^(A-a?)-18 

do) ic® (A — a?) — 1 , 

A [x^ (A — a?) — 2| _ A ^hx^ 

2x (A — a;) {ic® (A — ig) - 1} ~ a? (A — a?) — Ag® + 1 

d , . 1 , 1 ^ 


( 11 ) 


( 12 ) 


Also 

Therefore 


ll(g®(A -a;)-18 ^9 |g®(a?-A) 

2ig{ig®(A — ig)-lj X — Ag®-Hl 

— 10 ^ 6 =— 

dx ° X ig* — Ag®4-1 


(13) 


These two equations are integrable as they stand, except as regards the 
last term in each of them. 


25—2 
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It was shown in (4) of Paper 5, p. 197 that the whole energy of tho 
system, both kinetic and potential, was equal to ^ [ra“ — ar®]. 

Then integrating (12) and (13), and writing down (7) and (8) again, and 
the expression for the energy, we have the following equations, which give the 
variations of the elements of the system in terms of tho squaiu root of the 
satellite’s distance, and independently of the time : — 


+ const. 


.( 14 ) 


logs = log aj» -I + const 

. A— ^ . 

J = ^ 

a? 

so 

2E = (h^xy-\ 

✓ 

When the int^rration of these equations is completed, we shall have the 
s o ^ing the history of a fluid planet of small viscosity, attended by 
single satelhte when the system is started with any given moment of 

y “clination and (small) 

2?a^ Tf obliquity of the planet’s 

becanap* tt e remarked that h is to be taken as essentially positive, 

to V °° the convention which we choose to 

anopt as to positive and negative rotations. 

r«S^fl,r ^ *• 1* “ bowevot, MC<»„ry 

tbe Uatoiy *" «f ovonbi in 

» ‘J* *» 

Hint £ may diminish. “ ‘b“®f<)re a must change in such n way 


energy ” may be tfllroT . -p_ ^sss'j en any point on this “ curve of 
regards the mean distance the system, as far as 

slide down a slope of enerffv and w ^ ^ point must always* 

given configuration Tb,?’ ^*7® ® for any 

S,nencelfr»rwh^w. *« ‘b° 

teL of .. ^ oome to conmdsr the eapretoiona fcr f. a, j. „ in 
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We have now to consider the further steps towards the complete solution 
of the problem. 

The only difficulty remaining is the integration of the two expressions 
involved in the first and second of (14). From the forms of the expressions 
to be integrated, it is clear that they must be split up into partial fractions. 
The fomis which these fractions will assume will of course depend on the 
nature of the roots of the equation — + 1 = 0. 

Some of the properties of this biquadratic were discussed in a previous 
paper, but it will now be necessary to consider the subject in more detail. 

It will be found by Ferrari’s method that 

A 1 o 1 f « n I — A) f ^ ^ + A + A|^ 

where V - 4X - A^ = 0. 

By using the property (X‘^ — + A) = 4X, this expression may be 
written in the form 

[{® + i - h)Y + - A) '^1+2^X-^}*] 

X [{« - i (x^ + h)Y + (i (x 4 A) Vi-2Ax-'2 }»] 

which is of course equivalent to finding all the roots of the biquadratic in 
terms of A and X, 

Now let a curve be drawn of which A® is the ordinate (negative values of 
A® being admissible) and X the abscissa ; it is shown in fig. 1. Its equation is 
A® = X(X®-4). 



Fio. 1. 

N.B. The ordinates are drawn to one-third of the scale to 
which the abscissffi are drawn. 
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It is obvious that OA = 0 A' = 2. 

The fna-Hnnim and minimum values of A* (viz., B&, B'6') are given by 
3X» = 4 or X=±2/3^. 

Then Eb = B'6' = - 2*/3 ^ + 4 . 2/3^ = (4/3*)“. 

Since in the cubic, on which the solution of the biquadratic depends, A* la 
necessarily positive, it follows that if h be greater than 4/3* the cubic has one 

real positive root greater than OM, and if A be less than 4/3*, it hiw two real 
negative roots lying between 0 and OA'^, and one real positive root lyii^S 
between OA and OM. * 

To find OM we observe that since A® is equal to (4/3^)®, and since the root 

of V — — which is equal to —2/3^ is repeated twice, therefore, if e 

be the third root (or OM) we must have 

/ 2 \* ,16 
+ (\-€) = X«-4\-p- 

whence (2/3^)® e « (4/3^)®, and € or OM = 4/3^. 

Now OA = 2 ; hence, if h be less than 4/3^, the cubic has a positive root 
between 2 and 4/3^, and if h be greater than 4/3^, the cubic has a positive 
root between 4/3^ and infinity. 

It will only be necessary to consider the positive root of the cubic. 

Suppose A to be greater than 4/3^. 

Then it has just been shown that X is greater than 4/3^, and hence 
(\ being positive) 3X® is greater than 16X, or 4 (X® — 4X) greater than X®, or 

greater than X®, or 2AX‘’^ greater than unity. 

Therefore 

U (X* + A) Vl - 2Ax-t = - {i (X* + A) V 2AX- ^ - 1}“ 

Thus the biquadratic has two real roots, which we may call a and b, 

where a=J(X* + A)[l + '/2AX~*-l] 

b= i (X* + A) [1 - V 2 AX-* - 1] 

It will be proved that a is greater and b less than f A. 

Now a > or < f A 

(X^ + A) [1 + ^ 2AX — 1] > or < 3A 


as 
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> or < 2A — 


as + A > or 

as X’ + 2AX^ + A* > or < 2AX^ — X“ 

as 2X* + A* > or < 0 

Since the left-hand side is essentially positive, a is greater than |A. 

Again b > or < |A 

as (X^ -H A) [1 — */ 2AX~ “ — 1] > or < 3A 

aa V — n^ 2A — X^ > or < 2A— X^ 

X* 

Since the left-hand side is negative and the right positive, the left is less than 
the right, and therefore b is less than f A 

If, therefore, A be greater than 4/3^, we may write 

«* — Aaj* + l = (ar — a)(® — b) [(aj — «)’•+ ^] 
where a — 2 A, fA — b are positive, and where a is negative. 

We now turn to the other case and suppose A less than 4/3^. All the 
roots of the biquadratic ai-e now imaginaiy, and we may put 

as* — A«* + 1 = [(® — a)“ + /S’] [{x — 7)’ + S’] 

If a be taken as — ^ (X^ — A), then 7 is ^ (X^ + A). 

It only remains to prove that 7 is greater than 
Now 7>or<fA 

as X^ > or < 2A 

as X’ > or < 4A’ = 4 (X® — 4X) 

as 16 > or < 3X’ 


as 4/3® > or < X 

but it has been already shown that in this case, X is less than 4/3^, wherefore 
7 is greater than f A. 

We may now proceed to the required integrations. 

JVrsf oase where A is greater than 4/3^. 

Let a!‘-/uF' + l = (a;-a)(a!-b)[(®-a)*-H^] 

so that the roots are a, b, a ± /St. 
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Also let a be the root which is greater -than f A, b that which is loss, 
and let 

a = ai-i-|A, b = |A — bi, o=|A— ai 

To find the expression for i we have to integrate — — i ‘ 

Let / («) = (a — a) («), and let ai‘/ f(cc) = ^ /(« — a) + ^ (®)* 

Then (a! - a) =. J./(®) + (« - a)» ^ («) 

Hence 4=aV/'(a) 

If, therefore, /(a;) + J. = i/(4a - 3A) = l/4ai 

Thus the partial fi:actions corresponding to the roots a and b are 

J_JL nfis 

4aia!— a 4bia;— b ^ ■' 

If the pair of fiactions corresponding to the roots a i bo formed and 
added together, we find 

1 -g] (a!-a) + j8° 


2(ai*+/?>) [(ai-ay + ^J 


.( 10 ) 


The sum of (15) and (16) is equal to — £ and 

f scFdx 1 , , 1 ^ 

J + l “ 4^ (® ~ a) - ^ log (® ^ b) - log [(® - «)» + yS*] 

. /3 


Substituting in the first of (14) we have 

A r 

i=A— [; 


2(ai“ + y8») 


arc tan 


a? —a 


.(17) 




.4(g.» + ;8«) 


arc tan 


iui; 


a — a 


(a; ~ b)®’>- [(a; - a)a + fia] 8(i.s+s») 


.(18) 


To find the expression for e we have to integrate 

£15*— 1 ’ 

Now ^(«-A)=i(4a!»-3Afl!>)-^Aa? 

and therefore 

[!i^(x-h)dai . 

* y«*-A«» + i 
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The intogml remaining on the right hand has been already determined 
in (17). Substituting in the second of (14), we have 


Baf^ 




(® ~ a)“®i exp. 




' ^ 

_4 (a,^ + 


-^)arctany 


hai 


i 


...(19) 


(x ^ b)«^> [(x - ay 4- 13^] 

where JJ is a constant to be determined by the value of e, corresponding to 
some paiticular value of x. 

From this c<iuation wo get the curious relationship 


e = - 


B 






.( 20 ) 


(aj4 — /iaj® -f l)a ^ 

This last result will obviously be equally true even if all the roots of 
+ 1 s= 0 are imaginary. 

In the present case the complete solution of the problem is comprised in 
the following equations : — 




{x a)^*^* exp. 


hB ^ X-i 


Jh hai 

(x ~ b)«»>i [(® - of + 


X 

h-x^ 

B 


(a^ — /mb* + l)'*f 
n = h — x 

1 






2E^{h^xy^ 




.( 21 ) 


It is obvious that the system can never degrade in such a way that x 
should pass through one of the roots of the biquadratic x^ — haf^ 4-1 — 0. 
Hence the solution is divided into three fields, viz., (i) 55 = 4*00 to 55 = a; 
here wo must write 55 — a, a? — b for the x^ b., Xf^h in the above solution; 
(ii) a? = a to 55 = b ; here wo must write a — a?, a? — b (this is the part which has 
most interest in application to actual planets and satellites) ; (hi) a? = b to 
ai = — 00 ; here wo must write a — a?, b — a?. When x is negative the physical 
meaning is that the revolution of the satellite is adverse to the planet’s 
rotation. 


By referring to (4) and (6), we see that i must be a maximum or 
minimum when n = 2Ct, and e a maximum or minimum when w = |fll. 
Hence the corresponding values of x are the roots of the equations 
a:^ — /wc* -i- 2 = 0, and a;^ — Aar* 4- It = 0 respectively. 
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Now 

« -IT 1 1 1 — Oite — + 


therefore 


=, ^ (a; - b) [(a* - «)“ + /3>] - ;^ (a? - a) [(a: - «)» + /3*] 


. [— tti (« — «) + (x — a) (a! — b) 


2 (fii H- 

Hence the coefficient of as* on the right-hand side must bo zero, and 


therefore 


And 




4ai 4bi 2(a»*-h/8») 
_h ^ Aoi 

O- Ol- T* 


= 0 


8ai 8bi 4(ai«H-y3*) 


Now when itr = + oo , arc tan — 4^» when = — oo , it is equal 


to — \ir. 


Hence when = ± oo , j ^ exp. [± irh^/S (oi^ + iS®)], i = — ^ ; the upper 
sign being taken for +00 and the lower for — 00 . 

Then since j tends to become constant when a? = ± 00 , and since 9 — f === 
therefore when x is very large e tends to vary as 

If a? be very small y has a finite value, and i varies as x, and e varies as 

j, i, and e all become infinite when a? = b, and i also becomes infinite when 
x—Ii. 


This analytical solution is so complex that it is not easy to understand 
its physical meaning; a geometrical illustration will, however, make it in- 
telligible. 

The method adopted for this end is to draw a series of curves, the points 
on which have x as abscissa and i, j, e, n, JE as ordinates. The figure would 
hardly be intelligible if all the curves were drawn at once, and theroforo a 
separate figure is drawn for i, y, and e ; but in ea»ch figure the straight line 
which represents n is drawn, and the energy curve is also introduced in order 
to determine which way the figure is to be read. The zero of energy is of 
course arbitrary, and therefore the origin of the energy curve is in each case 
shifted along the vertical axis, in such a way that the energy curve may clash, 
as little as possible with the others. 

It is not ve^ easy to select a value of h which shall be suitable for drawing 
these curves within a moderate compass, but afber some consideration I chose 
h = 2*6, and figs. 2, 3, and 4 are drawn to illustrate this value of h. If the 
cubic V — 4\ — (2*6)® = 0, be solved by Cardan’s method, it will be found that 
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^ — 2'6741, and using this value in the formula for the roots of the biquadratic 
wo have 

- 2 - 6 ®» + 1 == (a! - 2-539) {as - -826) {{x + -382)“ + (■575)*] 

Hence a = 2-539, b = -826, a = - -882, |8 = -575, %h = 1 - 95 , and 4ai = 2-356, 
4b, = 4-496, a, = 2-332, a,* -i- |S» = 5-771. 

Then we have 


. _ 4 (2-539 ~ aV^exp. [-062 arc tan (l-740a! + -665)] ■] 
^ (a; ~ -826)-«» {a? + -765a! + -477 )-“* 

X 


e = - 


£ 


#(ai‘-2-6ai» + l)5“ 
» = 2-6 — a! 


ii- 


( 22 ) 


2E^{2-6-xy-^ 

iAa y 

The maximum and minimum values of % are given by the roots of the 
equation ai* — 2-6a!* + 2 = 0, viz., x = 2-467 and x = 1-103. The maximum and 
minimum values of e are given by the roots of the equation ai^— 2-6a!' +-J4 = 0, 
viz., a; = 2-495 and a: =1-0095. The horizontal a 83 nnptotes for ijA and 
jjA are at distances from the axis of x equal to exp. (-062 x ^w) and 
exp. (- -062 X ■J^), which are equal to 1-102 and -908 respectively. 


Fig. 2 shows the curve illustrating the changes of i, the obliquity of the 
equator to the invariable plane. 


The asymptotes are indicated by broken lines; that at A is given by 
X = -826, and is the ordinate of maximum energy ; that at B is given by a = 2 - 6 , 
and gives the configuration of the system for which the planet has no rotation. 
The point C is given by » = 2-539, and lies on the ordinate of minimum energy. 
Geometrianlly the curve is divided into three parts by the vertical asymptotes, 
but it is further divided physically. 

The curve of energy has four slopes, and since the energy must degrade, 
there are four methods in which the system may change, according to the way 
in which it was started. The arrows marked on the curve of obliquity show 
the direction in which the curve must be read. 


Since none of these four methods can ever pass into another, this figure 
really contains four figures, and the following parts of the figure are quite 
independent of one another, viz.: (i) from — oo to 0; (ii) from A to 0; 
(iii) from A to C; (iv) from + oo to 0. The figures 3 and 4 are also similarly 
in reality four figures combined. For each of these parts the constant A must 
be chosen with appropriate sign ; but in order to permit the curves in fig. 2 
to be geometrically continuous the obliquity is allowed to change sign. 
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The actual numerical interpretation of this figure depends on th(% value of 
A, Thus if for any value of a? in any of the four fields the obli(|uity has an 
assigned value, then the ordinate corresponding to that value of will give a 
scale of obliquity jfrom which all the other ordinates within that fii^ld may 
estimated. 



M a special example of this we see that, if the obliquity be zero at any 
p^t. a considemtion of the curve wiU determine whether zero obliquity bt! 
d^mi^lly stable or not; for if the arrows on the curve of oblicputy be 

f^^th^ of “T ’-T “ dynamically stable, and if icceding 

- ?' r™ “ djMumoallj matobU, from 

^ B, ta. .Ublo. thon 

fit', ‘‘ *'’° “ ?«»“““• “K- 

Sir WilliMn Tkonuon ^ 11 ^ « «8 no rotation, and being thus free from wbnt 
t.ne nt . ^^ILteSg'r onfo^. 
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and of d 3 mamical equilibrium, but is unstable as regards 
fbxxoo and planetary rotation ; at this point the system changes 
slowly regards time, and therefore the infinite value of the 
Locisj indicate an infinite rate of change of obliquity. In fact if 
=* 'Ti in (1) we see that dijidt^ - ^ (rVg) sin 4/ However, to con- 
5iXSo adequately wo should have to take into account the obliquity 
i^tioxis for dnjdt and dwjdt, because the principal semi-diurnal tide 
n = fl. 

’ly ixli the minimum of energy the system changes infinitely slowly, 
h-o olxliquity would take an infinite time to vanish. 

by xiow state the physical mcivning of fig. 2, and this interpretation 
tnpaiX'ed with a similar interjjretation in [Paper 6]. 

L X^lsxnct of small viscosity is attended by a single satellite, and the 
S’fcjxx'ted with an amount of positive moment of momentum which is 

XXX 4 /3^, with our present units of length, mjiss and time. 

fx'rt of the figure on the negative side of the origin indiciites a 
o volxxtion of the satellite and a positive rotation of the planet, but 
ixt> of momentum of planetary rotation is greater (by an amount h) 
ixxoixxont of momentum of orbital motion. Then the satellite ap- 
bho planet and ultimately falls into it, and the obliquity always 
^ slowly. The part from 0 to A indiciitos positive rotation of both 
1 x 0 system, but the satellite is very close to the planet and revolves 
plsxTxet quicker than the planet rotates, as in the case of the inner 
f IVTjxrs. Hero again the satellite approaches and ultimately falls in, 
xliqxxity always diminishes. 

ixx'ti from A to C indicates positive rotation of both parts, but the 
evolves slower than the planet rotates. This is the case which has 
rost> for application to the solar system. The satellite recedes from 
b, ^xxxd the system ceases its changes when the satellite and planet 
^wly ns parts of a rigid body — that is to say, when the energy is a 
. The obliquity first decreases, then increases to a maximum, and 
f doorcases to zero*. 

fi’om infinity to C indicates a positive revolution of the satellite, 
infii^ity to B a negative rotation of the planet, but from B to 0 a 
•oijsxhion of the planet, which is slower than the revolution of the 
Ixx oither of these cases the satellite approaches the planet, but the 
505 XSO when the satellite and planet move slowly round as parts of a 

to the present theory, the moon, considered as being attended by the earth as a 
gozic through these changes. 
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rigid body — that is to say, when the energy is a nainimnni. If the rotivtioii 
of the planet be positive, the obliquity diminishes, if negative it incre*wiOS. 
If the rotation of the planet be nil^ the term obliquity coixsos to have any 
meaning, since there is no longer an equator. 



I^g. 3 illustrates the changes of inclmation of the satellite’s orbit, and 
be interpre^ in the same way as fig. 2. It appears from the part of 
the figure for which « is negative, that if the revolution of tho satellite 
be negative, and the rotation of the planet positive, but the moment of 
momentum of planet^ rotation greater than that of orbital motion, then, as 
e satelhte approMhes the planet, the inclination of the orbit increases, or 
zere mchnation is dynamically unstable. In every other case the inclination 
will decrease, or zero inohnation is dynamically stable. 

i. “1 important modification when a second satellite 

IS mtroduced, as appeared in Paper 6. u oauwuce 

v«r;!!f ^ ^ eccentricity of the orbit The 

inclination, so that it was here necessary to draw the ordinates on I 
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iiiUtrU 

Tlu. 


3?educed scale. It was not possible to extend the figure far in either 
’^■fcion, because for large values of x, e varies as a high power of x (viz., -y-). 
^Virve presents a resemblance to that of obliquity, for in the field com- 
"between the two roots of the biquadratic (viz., between A and C) the 
* * ^^tiricity diminishes to a minimum, increases to a maximum, and ultimately 
I sixes at C. This field represents a positive rotation both of the planet 



soitellite, but the satellite revolves slower than the planet rotates. This 
represents the degradation of the system from the configuration of 
tun#xinaLum energy to that of minimum energy, and the satellite recedes from 
planet, until the two move round slowly like the parts of a rigid body. 

Ixi every other case the eccentricity degrades rapidly, whilst the satellite 
a|>proaches the planet. 

The very rapid rate of variation of the eccentricity, compared with that of 
tJio oTbhquity would lead one to expect that the eccentricity of the orbit of a 
sixtiellilie should become very large in the course of its evolution, whilst the 
should not increase to any very large extent. But it must be 
1 *^ *ixiexnbered that we are here only treating a planet of small viscosity, and 
it» a^ppsared, in Paper 6, that the rate of increase or diminution of the 
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eccentricity is very much less rapid (per unit increase of x) if the viscosity 
be not small, whilst the rate of increase or diminution of obliquity (per unit 
increase of x) is slightly increased with increase of viscosity. Thus the 
observed eccentricities of the orbits of satellites and of obliquities of their 
planets cannot be said to agree in amount with the theory that the planets 
were primitively fluids of small viscosity, though I believe they do agree with 
the theory that the planets were fluids or quasi-solids of largo viscosity. 


We now come to the second case, where h is less than 4/3"^. The biquad- 
ratic having no real roots, we may put 


+ + [(x - 7)3 + S®] 

It has already been shown that a is negative, and y greater than 
Let a=fA — tti, 7 = 7i4-|A 

By inspection of the integral in the first case we see that 


X exp. 


r I 

'* [i (ai* 


hfi CL hh 

+ /3*) /5 ^4(y,“+S“) 


arc t!Xii 


at — <y” 


The rest of equations (21), which express the other elements in terms of 
j and as, remain the same as before. 


By comparison with the first case, we see that 

^ _ 1 + 1 .yj(a!-7) + S“ 

a^-hif+l 2(ai“ + ^) (x-oLf + ^ + {x-r^f + S‘ 

On multiplying both sides of this identity by as* - + 1, and equating the 

coefi6i<nents of a?, we find 


0 = ~ 1 7i 

2(ai‘H-/3»)^2(7i‘>+3“) 

Therefore — 

8(V+iS^) 

Thus when x is equal to ± oo 


y=J.exp. ± 


trh^ 


8(ai» + ^) 


irhh 

8(7i“+8“)_ 


the upper sign being taken for + oo , and the lower for - oo . 
gives the horizontal asymptotes for j and i. 


This expression 



1880] 


THE CHANGES OP THE OBLIQHITT. 


401 


In order to illustrate this solution, I chose A = 1, and found by trigono- 
metrical solution of the cubic — 4A. — 1 = 0, X = 2’1149, and thence 




+ ■346 arc tan(l‘669«J — 1'691)] 


X 

^=T:r^3 

B 


e=- 


ai® 


n — \ — x 


2^ = (l-a?)® 

When 
and when 




a:,* = + 00 , jjA = 1*956 = — if A 
i»=-oo, jlA^ •512 = -Vil 


^( 23 ) 



Fig. 6. Diagram for Obliquity of Planet’s Equator. — Second oase. 


These solutions are illustrated as in the previous case by the three 
figures 5, 6, 7. There are here only two slopes of energy, and hence these 
figures each of them only contain two separate figures. 

Fig. 6 illustrates the changes of i, the obliquity of the equator to the 
invariable plane. 


n. II. 


26 
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In this figure there is only one vertical as3niiptote, viz., that corresponding 
to For this value of sn the planet has no rotation, is free from 

"gyroscopic domination,” and the term equator loses its meaning. 

The figure shows that if the rotation of the planet be negative, but the 
moment of momentum of planetary rotation less than that of orbital motion, 
then the obliquity increases, whilst the satellite approaches the planet. 

This increase of obliquity only continues so long as the rotation of the 
planet is negative. The rotation becomes positive after a time, and the 
obliquity then diminishes, whilst the satellite falls into the planet. In the 
corresponding part of fig. 2 the satellite did not fall into the planet, but the 
two finally moved slowly round together as the parts of a rigid body. 

If the revolution of the satellite be negative, and the rotation of the 
planet positive, but the moment of momentum of rotation greater than that 
of revolution, the obliquity always diminishes as the satellite falls towards 
the planet. 

Figs. 2 and 5 only differ in the feet that in the one there is a true maxi- 
mum and a true minimum of obliquity and energy, and in the other there is 
not so. In feet, if we anni h i l ate the part between the vertical asymptotes of 
fig. 2 we get fig. 6. 



Fig. 6 illustrates the changes of inclination of the orbit. It does not 
I»ss^ v&j mu(* interest, since it simply .shows that however the system be 
started with poative revolution of the satellite, whether the rotation of the 
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planet be positive or not, the inclination of the orbit slightly di min i s hes as 
the satellite falls in. 


And however the system be started with negative revolution of the 
satellite, and therefore necessarily positive rotation of the planet, the incli- 
nation of the orbit slightly increases. Fig. 6 again corresponds to fig. 3, if in 
the latter the part lying between the maximum and minimum of energy be 
annihilated. 

Fig. 7 illustrates the changes of eccentricity, and shows that it always 
diminishes rapidly however the system is started, as the satellite falls towards 
the planet. This figure again corresponds with fig. 4, if in the latter the 
parts between the maximum and minimum of energy be annihilated. 



These three figures may bo interpreted as ^ving the various stabiUties 
and instabilities of the system, just as was done in the first case. 


The solution of the problem, which has been ^ven ^d 
gives merely the sequence of events, and does not show the rate at 
fhanges in the system take place. It will now be shown how the time may 

be found as a function of x. 

26—2 
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Consider the equation 

dx 1 t" . . - ii\ 

/ is here the angle of lag of the sidereal semi-diurnal tide of speed 2n. 
By the theory of the tides of a viscous spheroid, tan 2/= 2n/p, where p is a 
certain function of the radius of the planet and its density, and which varies 
inversely as the coeflBcient of viscosity of the spheroid*. 

Since by hypothesis the viscosity is small, / is a small angle, so that sin 
m3,j be taken as equal to 2 tan 2/ Thus, sin if/n is a constant, depending on 
the dimensions, density, and viscosity of the planet. 

It has already been shown that varies as and g is a constant, which 
depends only on the density of the planet. Hence, the above equation may 
be written 

*”S=S(„-n) 

where K is a certain constant, which it is immaterial at present to evaluate 
precisely. 

Since and fl = we have 




fl?*— hs ^ -|- 1 


or 


K^: 


j®*- 


aP^dx 


haP + 1 


+ a const. 


The determination of this integral presents no difficulty, but the analytical 
K^pression for the result is very long, and it does not at present seem worth 
while to give the result. The actual scale of time in years will depend on 
the value of K, and this is a subject of no interest at present. 

It will, however, be possible to give an idea of the rate of change of the 
system without actually performing the integration. This may be done by 
dravmg a curve m which the ordinates are proportional to dt/dx, and the 
absoBSSB are x. The equation to this curve is then 




-<p“ 


dx xP-lufi+i 

‘•J' tte »al 

lla!‘-12A®» + 16=0 


* “ On the Boaay Tides ot Yisoons and 


semi-elaBtio Spheroids,” <&o. [Paper 1, § 6.] 
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Fig. 8 shows the nature of the curve when drawn with the free hand. It 
was not found possible to draw this figure to scale, because when h = 2*6 it 
was found that the minimum M was equal to *85, and could not be made 
distinguishable from a point on the asymptote A, whilst the minimum m was 
equal to about 900,000, and could not be made distinguishable from a point 
on the asymptote 0. 



The area intercepted between this curve, the axis of a?, and any pair of 
ordinates corresponding to two values of x, will be proportional to the time 
required to pass from the one configuration to the other. 

When dt/dx is negative, that is to say, when the satellite is falling into 
the planet, the areas fall below the axis of x. This is clearly necessary in 
order to have geometrical continuity in the curve. 

The figure shows that the rate of alteration in the system becomes very 
slow when the satellite is far from the planet ; this must indeed obviously be 
the case, because the tidal effects vary as the inverse sixth power of the 
satellite’s mean distance. 
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Introduction, 

In previous papers on the subject of tidal friction* I have confined my 
attention principally to the case of a planet attended by a single satellite. 
But in order to make the investigation applicable to the history of the earth 
and moon it was necessary to take notice of the perturbation of the sun. In 


[The previous papers in the present volume.] 
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consequence of the largeness of the sun’s mass it was not there requisite to 
make a complete investigation of the theory of a planet attended by a pair of 
satellites. 

In the first part of this paper the theory of the tidal Motion of a central 
body attended by any number of satellites is considered. 

In the second part I discuss the degree of importance to be attached to 
tidal Motion as an element in the evolution of the solar system and of the 
several planetary sub-systems. 

The last paragraph contains a discussion of the evidence adduced in this 
part of the paper, and a short recapitulation of the observed facts in the solar 
system which bear on the subject. This is probably the only portion which 
will have any interest for others than mathematicians. 

1 

The Theory of the Tidal Friction of a Planet attended by any 

NUMBER OF SATELLITES. 

§ 1. BtctAement and UmitaMon of the problem. 

Suppose there bo a planet attended by any number of satellites, all 
moving in circuhur orbits, the pianos of which coincide with the equator of 
the planet;- and suppose that all the satellites raise tides in the planet. Then 
the problem proposed for solution is to investigate the gradual changes in 
the configurathin of the system under the influence of tidal Motion. 

This problem is only hero treated under certain restrictions as to the 
nature of the tidal Motion and in other respects. These limitations however 
will afford sufficient insight into the more general problem. The planet is 
supposed to bo a homogeneous spheroid formed of viscous fluid, and the only 
case considered in detail is that where the viscosity is small; moreover, in 
the tidal theory adopted the effects of inertia are neglected. I have however 
shown elsewhere that this neglect is not such as to vitiate the theory mate- 
rially*. Tho satellites ivre treated as attractive particles ’ which have the 
power of attracting and being attracted by the planet, but have no influence 
upon one another. A consequence of this is that each satellite only raMes a 
single tide in the planet, and that it is not necessary to take into ^nsidera- 
tion the actual distribution of the satellites at any instant of time. 'We 
are thus only concerned in determining the changes in the distances of the 
satellites and in the rotation of the planet. 

If the mutual perturbation of the satelUtes were taken into account the 
problem would become one of the extremest compUcation. We should have 


* [Paper 4.] 
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all the diBaculties of the planetary theory in determining the various in- 
equalities, and, besides this, it would he necessary to investigate an 
finitely long series of tidal disturbances induced by these inequalities of 
motion, and afterwards to find the secular disturbances due to the Motion of 
these tides. 

It is however tolerably certain that in general these inequality-tides will 
exercise a very small influence compared with that of the primary tide. 
Supposing a relationship between the mean motions of two, three, or more 
satellites, like that which holds good in the Jovian system, to exist at any 
epoch, it is nob credible but that such relationship should be broken 
down in time by tidal Motion. General considerations would lead one to 
believe that the first effect of tidal Motion would be to set up amongst the 
satellites in question an oscillation of mean motions about the average values 
which satisfy the supposed definite relationship; afterwards this oscillation 
would go on increasing indefinitely until a critical state was reached in which 
the average mean motions would break loose from the relationship, and the 
oscillation would subsequently die away. It seems probable therefore that 
in the history of such a system there would be a series of periods during 
which the mutual perturbations of the satellites would exercise a considerable 
but temporary effect, but that on the whole the system would change nearly 
as though the satellites exercised no mutually perturbing power. 

There is however one case in which mutual perturbation would probably 
exercise a lasting effect on the system. Suppose that in the course of the 
changes two satellites came to have nearly the same mean distance, then 
these two bodies might either come ultimately into collision or might coalesce 
so as to form a double system like that of the earth and moon, which revolve 
round the sun in the same period. In this paper I do not make any attempt 
to trace such a case, and it is supposed that any satellite may pass freely 
through a configuration in which its distance is equal to that of any other 
satellite. 


§ 2. Formation and i/ramformaticm of the differential equations. 

In this paper I shall have occasion to make frequent use of the idea of 
moment of momentum. This phrase is so cumbrous that I shall abridge it 
and speak generally of angular momentum, and in particular of rotational 
momentum and orbital momentum when meaning moment of momentum of 
a planet’s rotation and moment of momentum of the orbital motion of a 
satellite. I shall also refer to the principle of conservation of moment of 
momentum as that of conservation of momentum. 

The notation here adopted is almost identical with that of previous papers 
on the case of the single satellite and planet ; it is as follows : — 
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For the planet let : 

M = mass ; a = mean radius ; g = mean pure gravity ; w = mass per unit 
volume; v = viscosity; ^ — w = angular velocity of rotation; 0= moment 

of inertia about the axis of rotation, and therefore, neglecting the ellipticity 
of figure, equal to ^Ma\ 

For any particular one of the system of satellites, let : 

m = mass ; c = distance from planet’s centre ; fit — orbital angular velocity. 

Also fi being the attraction between unit masses at unit distance, let 
let v — Mlm, 

These same symbols will be used with suffixes 1, 2, 3, &c., when it is 
desired to refer to the 1st, 2nd, 3rd, &c., satellite, but when (as will be usually 
th.e case) it is desired simply to refer to any satellite, no suffixes will be used. 

Where it is necessary to express a summation of similar terms, each cor- 
responding to one satellite, the sjrmbol % will be used; e.g., 2/cc^ will mean 

«iCi^ + «)Cs^+&C. 

No-w consider the single satellite m, c, Cl, &c. 

If this satellite alone were to raise a tide in the planet, the planet would 
be distorted into an ellipsoid with three unequal axes, and in consequence of 
the postulated internal Motion, the major axis of the equatorial section of the 
planet would be directed to a point somewhat in advance of the satellite in 
its orbit. 

Let f be the angle made by this major axis with the satellite’s radius 
vector; f is then a symbol subject to suffixes 1, 2, 3, &c., because it will be 
different for each satellite of the system. 

It is proved in (22) of my paper on the “Precession of a Viscous 
Spheroid*,” that the tidal Motional couple due to this satellite’s attraction 

is 0i^sin4f. 

Now it appears from Sec. 14 of the same paper that the tidal reaction, 
-which affects the motion of each satellite, is independent of the tides raised 
by all the other satellites. 

Hence the principle of conservation of momentum enables us to state, 
that the rate of increase of the orbital momentum of any satellite is equal to 
the rate of the loss of rotational momentum of the planet which is caused by 
that satellite alone. The rate of loss of this latter momentum is of course 
equal to the above tidal Motional couple. 

When the pknet is reduced to rest the orbital momentum of the satellite 


[Paper 8, p. 49.] 
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in the circular orbit is + m). Hence the equation of tidal reaction, 

which gives the rate of change in the satellite’s distance, is 

® 

A similar equation will hold true for each satellite of the system. 

This equation will now be transformed. 

By Kepler’s law ii*c*= /* (Jf + m) and therefore 

i Mm i 

ij- — lur^u? rC® 

if + jn ^ (M+m)i 

By the theory of the tides of a viscous spheroid (Paper 1) 


Hence sin 4 f^ 2(a-Q)/y 

l + (n— 0)>/p“’ 

Hence (1) becomes 


also 


.I^^Mm dc^^^^.G (,imy (n-G,)/v 

(M+m)^ dt ^ g c“ l + (7i,-fi)Vp» ^ 

Now let Oh be the angular momentum of the whole system, namely that 
due to the planet’s rotation and to the orbital motion of all the satelUtes. 

let 0® be the whole energy, both kinetic and potential, of the system. 
Ihen A IS the angular velocity with which the planet would have to rotate in 
order that the rotational momentum might be equal to that of the whole 
s^tem; and is twice the square of the angular velocity with which the 
^ rotate in order that the kinetic energy of planetary 

rotation imght be equal to the whole energy of the system. By the principle 
0 consolation of momentum A is constant, and since the system is non- 
conservative of energy E is variable, and must diminish with the time. 

orbital inotion of the satellite m is ^fiMmfc, 
and^e ^tential energy of position of the planet and satellite is - fiMm o; 
the kinetic energy of the planet’s rotation is iOn^ Thus we have, 

Oh=On+:Z-f^.i . (8) 

(ir + m)i 


2CE=iGn’‘-2‘ 


neg£ttheTi^“f eUiSy oTthT^^^ “ ^ constant, provided we 

g einpticity of the planet s figure as its rotation slackens. 
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^ 81 ] 


Let the symbol 3 indicate partial differentiation ; then from (8) and (4) 


But 


^tid therefore 


m 


dn 

d(J)‘ 

dE _ 1 _ 1 fiMm 


G(M+m)^ 
1 f^Mm 


1 fiMm _ 

C 0^ ~ GlM+m)i 


m 


n 


G(M+m)^ dE ^ 

L. . =n-JCi. 

fi^Mm 9 (c^ 


.( 5 ) 


From equations (2) and ( 5 ) we may express the rate of increase of the 
0quare root of any satellite’s distance in terms of the energy of the whole 
system, in the general case where the planet has any degree of viscosity. A 
good many transformations, analogous to those below, may be made in this 
general case, but as I shall only examine in detail the special case in which 
the viscosity is small, it will be convenient to make the transition thereto at 
once. 


When the viscosity is small, p, which varies inversely as the viscosity, is 
large. Then, unless n — Sl bo very largo, (« — fl)/p is small compared with 
unity. Thus in (2) we may neglect (n — fl)Vp’ iii ^he denominator compared 
with unity. 


Substituting from (6) in (2), and making this approximation, we have 

fJ^Mm dc^ , G (mfiy G{M + m)^ dE 

{M + m)^ dt g e“ d (c^) 

Now let 


( 6 ) 


r' 7 ^ 


where a is any constant length, which it may be convenient to take either as 
equal to the mean radius of the planet, or as the distance of some one of the 
satellites ait some fixed epoch, f is different for each satellite and is subject 
to the suffixes 1, 2, 3, &c. 


The equation (6) may be written 

W + m/ dt -Wgp \ M } 7 o» 9 (c*) 


Now let (8) 

And we have ^ = - A ( 9 ) 
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further. 
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In order to calculate A it may he convenient to develop its expression 
f.Viftr 

= Jfa' = fMC7»gy. so that [f) 

and ^terep = |^ (lO) 

Since p is an angular velocity ^ is a period of time, and A is the same 
for all the satellites. 

lu (9) ? is the variable, but it Trill be convenient to introduce an auxiliary 
variable a?, such that 


or 





(11) 

Then 



Let 

C{M+mf 

(12) 


-f m;* 

fc is different for each satellite and is subject to suffixes 1, 2, 3, &c. 

Thus (8) may be written 

A = n + ]2/ci» (13) 


Again 

Let 


fiMm fiM^m 
0 {M + m)^cLix^ 


C{M + m)^a 

X is different for each satellite and is subject to suffixes 1, 2, 3, &c. 
On comparing (12) and (14) we see that 


(14). 


K 


(15) 


K 

This is of course merely a form of writing the equation 

[I {M + Tn) = 

Then (4) may be written 

2^ = n*-2^ (16) 

In order to compute k and X we may pursue two different methods. 
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First, suppose a = a, the planet’s mean radius. 

Then ^ = = = 

C 2pa^ {M + my \1 + 

K = § [v* (1 + 1 /)*] ~ i , of same dimensions as an angular velocity. 


\ = I [v« (1 + j;)] “ ^ ^2^ , of same dimensions as the square of an angular 
velocity. 

If V be large compared with unity, as is generally the case, the expressions 
become 


/g aT") 

*“2JfV a’ ^ 2M\a) ^ 


Secondly, suppose M large compared with all the m’s, and supi»se for 
example that the solar system as a whole is the subject of investigation. 
Then take a as the earth’s present radius vector, and a as its present mean 
motion, and 

w mr \ 

fjbMoL^ and X — 




C is here the sun’s moment of inertia. 

Collecting results from (9), (13), (16), the equations which determine the 
changes in the system are 

dt~ 0? 

and a similar equation for each satellite I 

n = h —'%KX f ■ , 


22?-n»-2^j 

where fl!^ = f ^ is a certain time to be computed as above shoTO m (10); 
K an angular velocity to bo computed as above shown m (17) and (18); 
and \ the square of an angular velocity to be computed as above m (1 ) 

and (18). 

If V be large compared with unity, f is very approximately proportional 
to the seventh power of the square root of the satelUte’s distance. 
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The solution of this system of simultaneous differential equations would 
give each of the ^’s in terms of the time; afterwards we might obtain n and 
E in terms of the time from the last two of (19). 


These differential equations possess a remarkable analogy with those which 
represent Hamilton’s principle pf varying action (Thomson and Tait’s Nat 
Phil, 1879, § 330 (14)). 


The rate of loss of energy of the system may be put into a very simple 
form. This function has been called by Lord Rayleigh {Theory of Sound, 
Vol. I. § 81) the Dissipation Function, and the name is useful, because this 
function plays an important part in non-conservative systems. 

In the present problem the Dissipation Function or Dissipativity, as 

it is called by Sir William Thomson, is — (7^ . 

at 

Now — =S — ^ 

dt ^ af dt 

From (19) the dissipativity is therefore either 


This quantity is of course essentially positive. 

It is easy to show that ^ ^ (n _ fl) 

disfflWi!* expression for the 

dissipati^ty their yaJnes m terms of the original notation, we have 

" It 

Or if iV be the tidal frictional couple corresponding to the satellite m, 

reselt has been a® ptaetoqr .pberoii This 

-Bte in . •>“ - « titgU 
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§ 3. Sketch of viethod for solution of the eqtmtimis by series. 

It do^ not seem easy to obtain a rigorous analytical solution of the system 
(19) of dififcrential equations. I have however solved the equations by series, 
so as to obtain analytical expressions for the ^’s, as far as the fourth power of 
the time. This solution is not well adapted for the purposes of the present 
paper, because the series are not rapidly convergent, and therefore cannot 
express those largo changes in the configuration of the system which it is the 
object of the present paper to trace. 

As no subsequent use is made of this solution, and as the analysis is 
rather long, I will only sketch the method pursued. 


If ^ A bo tiiken as the unit of time ^ 


Differentiating again and again with regard to the time, and maViTig con- 
tinued use of this equation, we find ePE/dt^, d^E/df, &c., in terms of dE/d^. 

It is then necessary to develop these expressions by performing the 
differentiations with rogaid to f. 


An abridged notation was used in which 



represented 


/aXar*— bJiAC 



k 


With this notation the whole operation may be shown to depend on the per- 
formance of 0 / 0 f on expressions of the form 


S'/ 


ai, bi fta? ba'j*^* &r> br l^^*' 

. Pi J L P» J ‘'’L Pr J 


whore 7 is indopondont of but inay be a function of the mass of each 
satellite. 


Having evaluated the successive differentials of E we have 


E = E^ + 1 


'dE\ (d?E\ 1? (d^E\ 

/(Tt A i . 2 y 0 1 . 2 . 3 A 


+• &C. 


where the suffix 0 indicates that the value, corresponding to t = 0 , is to be 
taken. 


It is also necessary to evaluate the successive differentials of dEfd^ with 
regard to the time, and then wo have 



f /0 d^Ex 

1 . 2 . 3 \. 0 | dp), 


Sue. 


The coefficient of was found to be very long even with the abridged 
notation, and involved squares and products of S’s. 
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§ 4. Graphical solvMon in tiie case where there a/re not more tkm 

three satellites. 

Although a general analytical solution does not seem attainable, yet the 
equations have a geometrical or quasi-geometrical meaning, which ma es a 
complete graphical solution possible, at least in the case where there are not 
more than three satellites. 

To explain this I tate the case of two satellites only, and to keep the 
geometrical method in view I change the notation, and write z for E, x for fi, 
and y for also I write for O,, and £!„ for fl,. The unit of time is chosen 
SO that .4=1. 

Then the equations (19) become 

^ — ( 20 ) 

dx* dt^ dy 

and S= (A ^ ^ (21) 

Suppose a surface constructed to illustrate (21), x, y, z being the co 
ordinates of any point on it. Let the axes of x and y be drawn horizontally, 
and that of z vertically upwards. The z ordinate of course gives the energy 
of the system corresponding to any values of x and y which are consistent 
with the given angular momentum A. 


We have for the dissipativity of the system 


dt \3x) 


Whence 




( 22 ) 


Let (J-aj)/X = (F— y)/^ = ^ — 2 ; be the equations to a straight line 
through a point x, y, z on the surface. If this line lies in the tangent plane 
at that point 




-1 = 0 


The inclination of this line to the axis of z will be a maximum or minimum 
when V + is a maximum or minimum. In other words if this straight line 
is a tangent line to the steepest path through x, y, z on the surface, + p? 
must be a maximum or minimum. 



1881.J QP qkEATEST slope on the surface of energy. 

Hoiace for this condition to bo fulfilled wo must have 

XSX 4 * fiSfi = 0 


41*7 


S\ + ~ S/A = 0 
dy ^ 


dx 


Atid. 


therefore these are both equal to 

V{©‘Hl)l 


Therefore the equation to the tangent to the steepest path is 

dz/dx dz'Idy {dz/dxy + {dzidyy ^ 

If this steepest path on the energy surface is the path actually pursued 
by the point which represents the configumtion of the system, equation (23) 
must he satisfied by 




Ami therefore wo must have 


da) 

dz 


dz 

dx 


y=j,+*&. 


dy 
dz 


Z^z + Sz 


dz 


fdzy fdzV^' dz fdzV idz\^ 
[dxj ^ [dyj \dx) \dy) 


But these are the values already found in (22) for dx/dz and dyjdz. 

''t'herefore wo conclude that the representative point always slides down a 
stccsi>osb path on the energy surface. Hence it only remains to draw the 
aurfttoo, and to mark out the lines of steepest slope in order to obtsiin a 
coin j>lote graphiwil solution of the problem. Since the lines of greatest slope 
cub the contours at right angles, if we project the contours orthogonally on to 
the plsune of xy, and draw the system of orthogonal trajectories of the contours, 
wc olbbstin a solution in two dimensions. This solution will be exhibited below, 
bub f<jx- the present I pass on to more general considerations. 

precisely similar argument might bo applied to the cjise where there 
arci nny number of satellites, but as space hjis only throe dimensions, a 
gcoiriobx'ical solution is not possible. If there be r satellites, the problem to 
be fciolvod may be stated in geometrical language thus: — 

It is required to find the path which is inclined at the least angle to the 
axi« of on the locus 

This locus is described in space of r + 1 dimensions. One axis is that of 
jE?, sPLiid the remaining r axes arc the axes of the r different The solution 

27 


30 . 


II. 
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may be depressed so as to merely require space of r dimensions, for we may, 
in space of r dimensions, construct the orthogonal trajectories of the contour 
loci found by attributing various values to E. 

Thus we might actually solve geometrically the case of three satellites. 
The energy locus here involves space of four dimensions, but the contour loci 
are a family of surfeces in three dimensions. If such a system of surfaces 
were actually constructed, it would be possible to pass through them a 
number of wires or threads which should be a good approximation to tho 
orthogonal trajectories. The trouble of execution would however be hardly 
repaid by the results, because most of the interesting general conclusions 
may be drawn from the case of two satellites, where we have only to deal 
with curves. 

If the case of a single satellite be considered, we see that the energy 
locus is a curve, and the transit along the steepest path degenerates merely 
into travelling down hilL Now as the slopes of the energy curve are not 
altered in direction, but merely in steepness, by. taking the abscissm of points 
on the curve as any power of the solution may still be obtained if we take 

abscissa instead of f. This reduces the solution to exactly 
that which was given in a previous paper, where the graphical method was 
applied to the case of a single satellite*. 


§ 6. The graphical method in the case of two satellites. 


I now return to the special 
The equation to the surface of 
mimma values of ^ (if any) are 
This gives 


case in which there are only two satellites, 
energy is given in (21). The maxima and 
given by equating dzjdx and dzjdy to zero. 


h - 



By (15) and (19) we see that these equations may be written 


n = 

They also lead to the equations 

J (26) 

[Paper 6 , p. 195 j 
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Now «a equation of the form T* — aP + )S = 0 may be written 
(7/3~iy - aj8~i + 1 = 0 

And I have proved in a previous paper* that an equation + 1 = 0 has 

two roal roots, if h be greater than 4/3^, but has no real roots if h be less than 
4/3^‘. Hence it follows that this equation in F has two real roots, if a be 
greater than 4/8^y3^, bub no roal roots if it be less. 

If we consider the two equations (26) as biquadratics for and 
respectively, wo sec that the first has, or has not, a pair of real roots, 
accoixiing as 

A - is greater or less than 

and the second hjis, or has not, a pair of real roots, according as 
h — fCiX^ is greater or less than 
If we substitute for the Vs and Vs their values, we find that 

xK^=‘ 

‘ ' GhM+nh)i 
\.ji = the sjvmo with ?na in place of Ui 
Now lot 7 j and 7 b bo two lengths determined by the equations 
Mtih „ Mmt ,a_ri 

Or in words — k*.t 71 be such a distance that the moment of inertia of the 
phinct (concent rattid at its centre) and the first satellite about their common 
centre of inertia may be e(iual to the planet’s moment of inertia about its 
axis of rotation ; and let 7a be a similar distance involving the second satellite 
instead of the first. 

And let eou be two anguhu* velocities determined by the equations 
coi'yi" = ya (ilf + 1th), (M + m^) 

Or in words— let m, bti the angular velocity of the first satellite when 
revolving in a circular orbit at distance 71, and 0)2 a similar angular velocity 
for the second satellite when revolving at distance 72. 


Now ^ J =a)i7x*‘ and "0(Jlf+m,) 


7i“ 


so that 


= 




Mrrh 


G{M + rrh) 


<Wi7i 


[Paper 6, pp. 890-1.] 


27—2 
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and similarly = the same with the suffix 2 in placo of 1. Hcncc the 
first of the two equations (26) has, or has not, a pair of real roots, accoi*diii{.j 
as 

Cih — Kzy^) is neater or less than -4 

3 * M + 9)1-1 

and the second has, or has not, a pair of real roots, according as 

C(h~- KiOD^) is greater or less than - 4 - — 

3^ if + '//iy 


It is obvious that is the orbital momentum of the first 

satellite when revolving at distance 71, and similarly + 99L;) is 

the orbital momentum of the second satellite when revolving at distance 72. 

If the second or y-satellite be larger than the first or ic-satellito the latfcoi* 
of these momenta is larger than the first. 


Now Gh is the whole angular momentum of the system, and in order that 
there may be maxima and minima determined by the equations d^ldoo =» 0, 
d^ldy = 0, the equations (26) must have real roots. Then on putting y ©(jual 
to zero in the first of the above conditions, and x equal to zero in the second 
we get the following results : — 

First, there are no maxima and minima points for sections of the energy 
surface either parallel to x or y, if the whole momentum of the system bo loss 

than 4f/3® times the orbital momentum of the smaller or d?-satcllitc when 
moving at distance 71. 


Second, there are maxima and minima points for sections parallel to x, 
but not for sections parallel to y, if the whole momentum be greater than 

4/32 times the orbital momentum of the smaller or «-satellitc when moving 

at distance 7,, but less than 4/32 times the orbital momentum of the larger 
or y-satellite when moving at distance 73, 


Third, there are maxima and minima for both sections, if the whole 

momentum be greater than 4/3* times the orbital momentum of the larger 
or y-satellite when moving at distance 73. 


This third case now requires further subdivision, according as whether 
here are not or are absolute maximum or minimum points on the surfece. 


} be deemed to be ngidly connected together, and also rigidly connected 
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with the pUmet, Hence the configurations of maximum or minimum energy 
are such that all throe bodies move as though rigidly connected together. 

The siniultaneoua satisfaction of (24) necessitates that 

\i/Ca Ji 3 Xa/^i 5 

K\ A<a ^2 

Hence the equations (24) become 


L ^Xi/Ca' J KiOr 

L J /c,v^ 


These equations may be written 


fCi + K» 


- (cc^y + . 


tCi + /Ca (Xa^i/Xi/^a)'* 


. .(y?y + 0 

ACi (Xi«a/^a*i)^ + «! (XiKa/Xj/ti')* + /Cj 

Treating these bi(|iuidratics in the same way as before, we find that they 
have, or* have not, two nsal roots, according as h is greater or less than 

+(».«.•)*]* 

Now (x,«,7' + (X...')* - r vii 

^ ^ a l{M + nh)^ (ilf + ma)*J 

Th(M’eforii thei*<^ is, or* tliere is not, a pair of real solutions of the equations 
n = fla; ns flj,, ac^ciording as tin*, total momentum of the system is, or is not, 
greater than 

ahfi t] ^ 

1{M + (M + TWa)'^ J 

And this is also th(‘. criUu’ion whether or not there is a maximum, or 
minimum, or maximum-mininnim point on the energy surface. 

In the cast^ wlujn^. thci masses of the satellites are small compared with 
the mass of the plam^t, we may express the critical value of the momentum 
of the system in th(j form 

3-^^ (JW + Tni + ma)i 

A comparison of tliis critical value with the two previous ones shows that 
if the two satellites be fused together, and if y be such that 

M (I'Hi + ^ ^(J 

M + + W'ia 
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and if © be the orbital angular velocity of the compound eatollite when 
moving at distance 7, then the above critical value of the inoinentum of the 
whole system is 

4 + . 

“3 ©7* 

and this is 4/3^ times the orbital momentum of the compound satellite when 
revolving at distance 7. 

Hence if the masses of the satellites are small compared with that of the 
planet, there are, or are not, maximum or minimum or maximum-minimum 
points on the surface of energy, according as the total momentum of the 

system is greater or less than 4/3^ times the orbital momentum of the com- 
pound satellite when moving at distance 7. 

In the case where the masses of the satellites are not small compared 
with that of the planet, I leave the criterion in its analytical form. 

There are thus three critical values of the momentum of the whole syBtem, 
and the actual value of the momentum determines the character of the sui*face 
of energy according to its position with reference to these critical values. 

In proceeding to consider the graphical method of solution by means of 
the contour lines of the energy surface, I shall choose the total momentum of 
the system to be greater than this third critical value, and the surface will 
have a maximum point. From the nature of the surface in this case we shall 
be able to see how it would differ if the total momentum bore any other 
position with reference to the three critical values. It will be sufficient if 
we only consider the case where the masses of the two satellites are small 
compared with that of the planet. 

By (17) we have, with an easily intelligible alternative notation, 



mi 

1 - 4 ^ /3 



«i = l, = ^ 
also \ 2 A o 

*1 = 1 , ic^=7rh, = 

of th^pl^t. radiiis 
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Substituting in (21) we have as the equation to the energy surface 
2^ = (A - ~ 

Since we suppose and to be small compared with M, we have 



On account of the abruptness of the curvatures, this surface is extremely 
<ii'fiS.cult to illustrate unless the figure be of very large size, and it is therefore 
difficult to choose appropriate values of A, ilf, iWg, so iis to bring the figure 
‘witliin a moderate compass. 

In order to exhibit the influence of unequal masses in the satellites, 
I ctoose mg =2, the mass of the first satellite being unity. I take M = 60, 
so that §Jlf=20. 

With these values for ilf and m, the first critical value for h is S*71I, the 
second is 6‘241, and the third is 8*459. 

I accordingly take h = 9, which is greater than the third critical value. 
Tlie surface to bo illustmted then has the equation 

20 = (9 - - 22/b* - 20 f-„ + ~ ) 

y7/ 

There is also another surface to be considered, namely 

«,= 9 - 0!^ -2y^’ 

which gives the rotation of the planet corresponding to any values of m 

Oiiid y. 

The equations n = fl«., n = Sly 

have also to be exhibited. 

The computations requisite for the illustration were laborious, as I had to 
calculate values of z and n corresponding to a large number of values of on 
and y, and then by graphical interpolation to find the values of on and y, 
corresponding to exact values of z and n. 

The surface of energy will be considered first. 

Fig. 1 shows the contour-lines (that is to say, lines of equal energy) in 
•the positive quadrant, z being either positive or negative. 

I speak below as though the paper were held horizontally, and as though 
positive z were drawn vertically upwards. 

The numbers written along the axes give the numerical values of on 
axid y. 

The numbers written along the curves are the corresponding values of 
— %z. Since all the numbers happen to be negative, smaller numbers indicate 
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greater energy than larger ones ; and, accordingly, in going down hill we p nna 
from smaller to greater numbers. 



Pia.l. Contonr8ofthesurfacea!=(9-a:^_2vha_2o^^ 4. v j 

' y ) j ® and y are both positive. 


s, &‘’r ^ 

gentle in the central naH- r ^ slopes of the surface are very 

Ld 7i. l^xies (. . . .) are drawn for the contours 7f 


theSolCLp::d1o'the'<Se wSre'Ih - -d S', -d 

distance from the planet or whieh t sS'teJlites have the same 

Panet, or, which amounts to the same thing, are fused 
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together. The former is a maximum point on the surface, the latter a 
maximum-minimum. 

The dashed line ( ) through 7*442 is the contour corresponding to 

that value of — 2z. 

The chain-dot lines ( ) through the same point will be explained 

below. 

An inspection of these contours shows that along the axes of cc and y the 
surface has infinitely deep ravines ; but the steepness of the clifiEs diminishes 
as we recede from the origin. 

The maximum point 5*529 is at the top of a hill bounded towards the 
ravines by very stoiip cliffs, but sloping more gradually in the other 
directions. 

The maximum-minimum point 7*442 is on a saddle-shaped part of the 
surface, for we go up hill, whether proceeding towards 0 or away from 0, and 
we go down hill in either direction perpendiculai* to the line towards 0. 

If the total angular momentum of the system had been less than the 
smallest critiwil value, the contour lines would all have been something like 
rectangular hyperbolas with the axes of x and y as asymptotes, like the outer 
curves markcid (5, (5^, 7 in fig. 1. In this case the whole surface would have 
sloped towards the axes. 

If the momentum had been greater than the smallest, and less than the 
second critical valuci, the outer contours would have still been like rectangular 
hyporboliiH, and the branches which run upwards, more or less parallel to y, 
would still have prescu’ved that character nearer to the axes, whilst the 
branches more or loss parallel to a? would have had a curve of contrary 
refloxurc, somewhat like that exhibited by the curve 7^ in fig. 1, but less 
pronounced. In this cjxse all the lines of steepest slope would approach the 
axis of «?, but some of them in some part of their course would recede from 
the axis of y. 

If the moiucntuin had boon greater than the second, but less than the 
third critical value, the contouin would still all have been continuous curves, 
but for some of thi^ inner ones there would have been contrary renexure 
in both bninchcw, somewhat like the curve marked 7^ in fig. 1. There 
would still have bc^en no closed curves amongst the contours. Here son^ of 
the lines of greatest slope would in part of their course have receded 
the axis of a,', and some from the axis of y, but the same line of greatest slope 
would never have receded from both axes. 

Finally, if the momentum be greater than the third critical value, we 
have the case exhibited in fig. 1. 
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Kg 2 exhibits the lines of greatest slope on the surfixce. It was con- 
structed by making a tracing of fig. 1, and then drawing by eye the 



orthogonal trajectories of the contours of equal energy. The dcished line 

( ) is the contour corresponding to the maximum-minimum point 7‘442 

of fig. 1. The chain-dot line ( ) will be explained later. 

One set of lines all radiate ifrom the maximum point 6*529 of fig. 1. 
The arrows on the curves indicate the downward direction. It is easy to see 
how these lines would have differed, had the momentum of the system had 
various smaller values. 
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Fig, 3 exhibits the contour lines of the surface 

It is drawn on nearly the same scale as fig. 1, but on a smaller scale than 
fig. 2. 



The axis of n is perpendicular to the paper, and the numbers written on 
the curves indicate the various values of n. 


These curves are not asymptotic to the axes, for they all cut both axes. 
The angles, however, at which they cut the axes are so acute that it is 
impossible to exhibit the intersections. 

None of the curves meet the axis of sc within the limits of the figure. 
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The curve w = 3 meets the axis of y when ^=^2150, and that for 
when y = 1200, but for values of n smaller than 3 the intersections with the 
axis of y do not fall within the figure. The thickness, which it is nocc^ssary 
to give to the lines in drawing, obviously prevents the possibility of showing 
these facts, except in a figure of very laige size. 

On the side remote from the origin of the curve marked 0, n is negative, 
on the nearer side positive. 

Since Jf = 60, 

fla. = 20/£»^ and Xly = 20/y^ 

Hence the lines on the figure, for which £1^, is constant, are parallel to 
the axis of y, and those for which Hy is constant are paiallel to the axis of m. 

The points are marked off along each axis for which fla; or Lly are ecpial 
to 3^, 3, 2^, 2, IJ, 1. The points for which they are ccpial to J fall outside 
the figure. 

Now, if we draw parallels to y through these points on the axis of x, and 
parallels to x through the points on the axis of y, these parallels will intersect 
the n curves of the same magnitude in a series of points. For example, 
when X is about 420, and the parallel to y through this point 
intersects the curve n = l^, where y is about 740. Hence the fii’st or 
fl7-satellite moves as a rigid body attached to the planet, when the fimt 
satellite has a distance (420)^, and the second a distance (740)^. In this 

manner we obtain a curve shown as chain-dot (~ ) and marked == 

for every point on which the first satellite moves as though rigidly connected 

with the planet; and similarly there is a second curve ( ) marked 

fly = n for every point on which the second satellite moves as though rigidly 
connected with the planet. This pair of curves divides space into four regions, 
which are marked out on the figure. 

The space comprised between the two, for which fla? and i\y are both It^sa 
than n, is the part which has most interest for actual planets and satellites, 
because the satellites of the solar system in general revolve slower tlian their 
planets rotate. 

If the sun be left out of consideration, the Martian system is exiniiplified 
by the space fly<?«, because the smaller and inner satellite revolves 

quicker than the planet rotates, and the larger and outer one revolves slower. 

The little quadrilateral space near O is of the same charaettu’ as the 
external space flfl,>n, fly>n, but there is not room to write this on the 
figure. 

These chain-dob curves are marked also on figs. 1 and 2. In fig. I the 
line fla, = 71 passes through all those points on the contours of energy whoso 
tangents are parallel tow, and the lino VLy^n passes through points whose 
tangents are parallel to y. 
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'Pho l,iuijf((nl« to the linos of greatest slope are perpendicular to the 
tiaugontK to th(' contoui’S of energy; hence in fig. 2 11* = n passes through 
poinliS whoHo taiigoutH arc parallel to y, and flj, = w through points whose 
tangtudiH are panvllol to m. 

Within oiu'.h of tho four regions into which space is thus divided the lines 
of shtpo preaervo the same character ; so that if, for example, at any part of 
th(( n^gion tiny are recoding from x and y, they do so throughout. 

'Phis is correct, becjvuse daj/di changes sign with n- II* and Ayjdt with 
w - £i„ ; also either n. - II* or n - H,; changes sign in passing from one region 
to auotilu'i'. In these figures a lino drawn at 46° to the axes through the 
origin divides the space into two parts; in the upper region y is greater 
than aiul in the lower x is greater than y. Hence configurations, for which 
the greater or jy-satellitc is exterior to tho lesser or as-satellite, are represented 
by points in the upper space and those in which the lesser satellite is extenor 
by th(' lower spivco. 



Im hi^r power, and it is not very easy to understand the 
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physical meaning of the result. T! have therefore prepared another figure in 
which the abscissse and ordinates are the actual distances. In fig. 4 the 
curves are no longer lines of steepest slope. 

The reduction from fig. 2 to fig. 4 involved the raising of all the ordinates 
and abscissae of the former one to the ^ power. This process was rather 
troublesome, and fig. 4 cannot claim to be drawn with rigorous accuracy i it 
is, however, sufficiently exact for the hypothetical case under consideration. 
If we had to treat any actual case, it would only be necessary to travel along 
a single line of change, and for that purpose special methods of approxi- 
mation might be found for giving more accurate results. 

In this figure the numbers written along the axes denote the distances of 
the satellites in mean radii of the planet — ^the radius of the planet having 
been chosen as the unit of length. 

The chain-dot curves, as before, enclose the region for which the orbital 
angular velocities of the satellites are less than that of the planet’s rotation. 
The line at 45® to the axes marks out the regions for which the larger 
satellite is exterior or interior to the smaller one. 

Let us consider the closed space, within which Six Sly are loss than n. 

The comer of this space is the point of maximum energy, from which all 
the curves radiate. 

Those curves which have tangents inclined at more than 45® to the axis 
of a? denote that, during part of the changes, the larger satellite recedes more 
rapidly from the planet than the smaller one. 

If the curve cuts the 45® line, it means that the larger satellite catches up 
the smaller one. Since these curves all pass from the lower to the upper 
part of the space, it follows that this will only take place when the lai*goi* 
satellite is initially interior. According to the figure, after catching up the 
smaller satellite, the larger satellite becomes exterior. In reality there would 
probably either be a collision or the pair of satellites would form a double 
system like the earth and moon. After this the smaller satellite becomes 
almost stationary, revolves for an instant as though rigidly connected with 
the planet, and then slower than the planet revolves (when the curve passes 
out of the closed space); the smaller satellite then falls into the planet, whilst 
the larger satellite maintains a sensibly constant distance from the planet. 

If we take one of the other curves corresponding to the case of the larger 
satellite being interior, we see that the smaller satellite may at first recede 
more rapidly than the larger, and then the larger more rapidly than the 
smaUer, but not so as to catch it up. The larger one then becomes nearly 
stationap, whilst the smaller one still recedes. The larger one then falls in, 
whilst the smaller one is nearly stationary. 
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If WO now consider those curves which are from the beginning in the 
■upper h<alf of the closed space, we see that if the larger satellite is initially 
exterior, it rccedt‘.s at -first rapidly, whilst the smaller one recedes slowly. 
The smaller and inner satellite then comes to revolve as though rigidly 
connected with the planet, and afterwards falls into the planet, whilst the 
distance of the larger one I'ciuains nearly unaltered. 

Either satellite comes into collision with the planet when its distance 
therefrom is unit.y. When this takes place the colliding satellite becomes 
fused with the planet, and the system becomes one where there is only a 
single satellite ; this c<‘iso might then be treated as in previous papers. 

The divergence of the curves from the point of maximum energy shows 
that a very small differ(.‘.nce of initial configuration in a pair of satellites may 
in time lead to very wide differences of configuration. Accordingly tidal 
friction alone will not tend to arrange satellites in any determinate order. 
It cannot, thoredbre, be definitely assorted that tidal friction has not operated 
to arrange satellites in any order which may bo observed. 

I have hitherto only considered the positive quadrant of the energy 
surface, in which both satellites revolve positively about the planet. There 
are, however, three other cases, viz. : where both revolve negatively (in which 
case the planet necessarily revolves positively, so as to make up the positive 
angular momentum), or whore one I’cvolves negatively and the other positively. 

Those cases will not be discussed at length, since they do not possess 
much interest. 


Fig. 5 exhibits the conbours of energy for that quadrant in which 
the smaller or .'//-satellite revolves positively and the larger or y-satellite 
negatively. This figure may be conceived as joined on to fig. 1, so that the 
«-axcs coincide*. The numbei*s written on the contours are the values of 
2^; they are positive and pretty large. Whence it follows that these contours 
arc cnonnously higher than those shown in fig. 1, where all the numbers on 
the contoui*H were negative. 

The contours explain the nature of the surface. It may, however, be well 
to remark that, although the contours appear to recede from the a-axis tor 
ever, this is not tho ciiac; for, after receding from the axis for a long way, 
they ultimately appimch it agmin, and the axis is asymptotic to e^h of them. 
The point, at which the tangent to etich contour is parallel to the axis of a:, 
becomes more and more remote tho higher the contour. 

The lines of steepest slope on this surface give, as before, the solution of 


the problem. 

• [The reduction of the figures from the original for the ^ iu^eL 

tunately not boon made on exaotly the same scale. Fig. S would have 
scale by the fraction -JJths in order to fit exactly on to Fig. 1.] 
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If we hold this figure upside down, and read as for y and y for as, we get a 
figure which represents the general nature of the surface for the case where 
the aj-satellite revolves negatively and the y-satellite positively. But of 
course the figure would not be drawn correctly to scale. 



Fio. 5. Oontoui; lines of tho nurfaoo -22/^)^-20 f \ + j when ,c is imsitivo 

Vi;7 //7/ 

and t/ negative. 


The contours for the remaining (lUiidmnt, in which both satellitcH revolve 
negatively, would somewhat roHomble a family of rccfauigular hyperholtis with 
the axes tis sisyinptotcs. I have not thought it worth while to construct 
them, but the physical interpretation is obviously that both satidlites always 
must approiwjh the planet. 
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n. 

A Discussion of the Effects of Tidal Friction with reference to 
THE Evolution of the Solar System. 


§ (). General considerution of tlie problem presented by the solar system. 

Ill a Horics of previous papers I have traced out the changes in the maimer 
of motion of the earth and moon which must have been caused by tidal 
friction. By adopting the hypothesis that tidal fnction has been the most 
important clcuiont in the history of those bodies, we are led to coordinate 
together all the elements in their motions in a manner so remarkable, that 
the conclusion can hardly be avoided that the hypothesis contains a great 
amount of truth. 

Under these circumstances it is natural to inquire whether the same 
agency may not have been equally important in the evolution of the other 
planotiiry sub-systems, and of the solar system as a whole. 

This in(juiry necessarily leads on to wide speculations, but I shall 
ondoiivour to derive tis much guidance as possible from numerical data. 

In the first part of the pi^Dsent paper the theory of the tidal friction of a 
planet, attended by several satellites, has been treated. 

It would, at first sight, seem natural to replace this planet by the sun, 
and the satellites by the planets, and to obtain an approximate nuinerical 
solution. Wo might suppose that such a solution would afford indications ^ 
to whether tidal friction has or has not been a largely efficient cause in 


modifying the solar iiystcm. 

The probk*nx hero suggested for solution differs, however, in certain points 
from that actually presented by the solar system, and it will now be shown 
that these differences iu*c such as would render the solution of no avail. 

Th<^ planets Jiro not particles, as the suggested problem would suppose 
thorn to be, but they arc rotating spheroids in which tides are being raised 
both by their own satellites and by the sun. They are, therefore subject to 
a complicated tidal friction; the reaction of the tides raised by the^^telhtes 
goes to expand the orbits of the satellites, but the reaction o t e ti e i^se 
in the planet by the sun, and that raised in the sun by 
towards expanding tho orbit of the planet. It is this latter e ec wi w c 

wo arc at present concerned. 

I propose then to consider the probable relative importance of these two 
causes of change in the planetary orbits. 

But before doing so it will be well as a preliminary to consider another 

point. 


D. II. 


28 
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In considering the effects of tidal friction the theory has been throughout 
adopted that the tidally-disturbed body is homogeneous and viscous. Now 
we ^ow that the planets are not homogeneous, and it seems not improbable 
that the tidally-disturbed parts will be principally more or less supcrficml — 
as indeed we know that they are in the case of terrestrial oceans. The 
question then arises as to the extent of error introduced by the hypothesis of 
homogeneity. 

For a homogeneous viscous planet we have shown that the tidal frictional 
couple is approximately equal* to 

8 p ^ 19v 

Now how will this expression be modified, if the tidally-disturbed parts 
are more or less superficial, and of less than the mean density of the planet ? 

To answer this query we must refer back to the manner in which the 
expression was built up. 

By reference to my paper “On the Tides of a Viscous Spheroid*' (Paper 1, 
p. 13), it will be seen that p is really {^gaw — ^gaw)llQv, and that in both 
of these terms w represents the density of the tidally-disturbed matter, but 
that in the former g represents the gravitation of the planet and in the 
second it is equal to ^irfiaw, where w is the density of the tidally-distxirbcd 
matter. Now let / be the ratio of the mean density of the spheroid to the 
density of the tidally-disturbed matter. 

Then in the former term 

And in the latter 

Hence if the planet be heterogeneous and the tidally-disturbed matter 
superficial, p must be a coefficient of the form 


4i7r(i xl9 vf 




If / be unity this reduces to the form g<mllQv, as it ought; but if tho 
tidally-disturbed matter be superficial and of less than the mean density, 

then p must be a coefficient which varies as ^ (1 -^//). The exact form 

of the coefficient will of course depend upon the nature of the tides. If 


fv t* ^ account the case of “ large ” viecoaity, heoauee as shown in a previous paper 

that could only be trae of a planet which in ordinary parlance would he called a solid of grwt 
ngidity.— See Paper 3, p. 126. “ 
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/b(! largo Lho torm 3/5/ will be negligeable compared with unity. Again, if 
W(*. to Paper 3, p. 46, it appears that the C in the expression for the 
tidal frictional couple represents where w is the density of the 

tidally-disturbed matter; hence 0 should be replaced by Gjf. 

If !*econstruct the expression for the tidal frictional couple, we see 
that it is to be divided by /, because of the true meaning to be assigned 
to f', but it is to be multiplied by f on account of the true meaning to be 
juisignod to p. 

From this it follows that for a given viscosity it is, roughly speaking, 
probabUi that the tidal frictional couple will be nearly the same as though 
th(\ plancit wore homogeneous. The above has been stated in an analytical 
form, but in physictil language the reason is because the lagging of the tide 
will bo augineutod by the deficiency of density of the tidally-disturbed matter 
in about the. saino proportion iis the frictional couple is diminished by the 
<leficiency of density of the tide- wave upon which the disturbing satellite has 
to act 

This discussion appeared necessary in order to show that the tidal 
frictional couple is of the same order of magnitude whether the planet be 
homogeneouH or heterogeneous, and that we shall not be led into grave errors 
by discuHsing the theory of tidal friction on the hypothesis of the homogeneity 
of th(% tidally-disturbed bodies. 

We may now proceed to consider the double tidal action of a planet and 
the sun. 

Lot us consider tho particular homogeneous planet whose mass, distance 
from sun, and orbital angular velocity are m, c, fl. For this planet, let 
f/=:iuotnout ofiiiertia; a' -mean radius; w'— density; /^gravity; 
u'-tho viscosity; p'«/aV/19i;' and = angular velocity of 
diurnal rotation. 

'^Pho same symbols when unaccented are to represent the parallel quantities 
for the sun. 

Suppose tho sun to be cither perfectly rigid, perfectly elastic, or per- 
fectly fluid. Then iwukiUs mutandis, equation (2) gives the rate of increase 
of the planet’s distance from the sun under the influence of the tidal friction 
in tho planet. It becomes 
I Mm 

^ + dt ^ 0' p' 

If the planet have no satellite the right-hand side is equal to 
because tho equation was formed itom the expression for the tidal frictional 

couple. 


28—2 
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Hence, if none of the planets had satellites we should have a series of 
equations of the form 

, i Mm 1 , 

On + u* T == A 


with different corresponding to each planet. 


We may here remark that the secular effects of tidal friction in the case 
of a rigid sun attended by tidally-disturbed planets, with no satellites, may 
easily be determined. For if we put = a?, and note that fl varies as 
and that n! has the form Qi — hx)IG\ we see that it would only be necessary 

to evaluate a series of integrals of the form j . This integral is 

in fact merely the time which elapses whilst x changes from Xq to x, and the 
time scale is the same for all the planets. It is not at present worth while 
to pursue this h 3 q)othetical case further. 

Now if we suppose the planet to raise frictional tides in the sun, as well 
as the sun to raise tides in the planets, we easily see by a double applicatiem 
of (2) that 


1 

(M + my dt o« 


{pmY ^ (n - fl) + ■ in' - ft)! . . .(2«) 

SP SY -I 


The tides raised in the planet by its satellites do not occur explicitly in 
this equation, but they do occur implicitly, because n\ the planet’s rotation, 
is affected by these tides. 


The question which we now have to ask is whether in the equation (28) 
the solar term (without accents) or the planetary term (with accents) is the 
more important. 

In the solar system the rotations of the sun and planets are rapid com- 
pared with the orbital motions, so that fl may be neglected compared with 
both n and n\ 


ratio 


Hence the planetary term bears to the solar term approximately the 

\mj G g m\aj g a \g') a p' \g^) v 


Therefore the ratio is 


/£ Y Y - 

Kg') a n V 


Solar gravity is about 26-4( times that of the earth and about 10-4 
times that of Jupiter. The solar radius is about 109 times that of the earth 
and about 10 times that of Jupiter. The earth’s rotation is about 25-4 times 
that of the sun, and Jupiter’s rotation is about 61 times that of the sun. 
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I these data I find that the effect of solar tides in the earth is about 

I ^>000 v'jv times as great as the effect of terrestrial tides in the sun, and 




effect of solar tides in Jupiter is about 70,000 vjv times as great as the 
of Jovian tides in the sun. It is not worth while to make a similar 
^^paiison for any of the other planets. 


It seems reasonable to suppose that the coefficient of tidal fi*iotion in the 
i is of the same order of magnitude as in the sun, so that it is im- 

I ^*"<^lDable that v'/v should be either a large number or a small fi’action. 


■We may conclude then from this comparison that the effects of tides 
* *^iQed in the sun by the planets are quite insignificant in comparison with 
of tides raised in the planets by the sun. 


It appears therefore that we may fairly leave out of account the tides 
“^'s^xsed in the sun in studying the possible changes in the planetary orbits as 
i'OQiilting from tidal firiction. 


But the difference of physical condition in the several planets is probably 
< considerable, and this would lead to differences in the coefficients of tidal 
i I'iotion to which there is no apparent means of approximating. It therefore 
Hooins inexpedient at present to devote time to the numerical solution of the 
I >x'oblem of the rigid sun and the tidally-disturbed planets. 


§ 7. Numerical data and deducUom therefrom. 

Although we are thus brought to admit that it is difficult to construct 
ixny problem which shall adequately represent the actual /^ase, yet a discussion 
of certain numerical values involved in the solar system and in the planetary 
HiaB-systems will, I think, lead to some interesting results. 

The fundamental fact with regard to the theory of tidal friction is the 
tTra^nsformation of the rotational momentum of tho planet as it is destroyed 
Txy tidal fiiction into orbital momentum of the tide-raising body. 

Hence we may derive information concerning the effects of tidal friction 
T 3 y the evaluation of the various momenta of the several parts of the solar 
system. 

Professor J. 0. Adams has kindly given me a table of values of the 
planetary masses, each with its attendant satellites. The authorities were as 
follows: for Mercury, Encke; for Venus, Le Verrier; for the Earth, Hansen; 
for Mars, Hall; for Jupiter, Bessel; for Saturn, Bessel; for Uranus, 
‘Von Asten; for Neptune, Newcomb. 

The masses were expressed as jfractions of the sun. The results, when 
oa^rth plus moon is taken as unity, are given in the table below. The mean 
distances, taken from Herschers Astronomy, are given in a second column. 
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The unit of mass is earth plus moon, the unit of length is the earth’s 
mean distance from the sun, and the unit of time will be taken as the mean 
solar day. 



Masses (m) 

Mean Distances (c) 

Sun , . . 
Mercury . . 
Venus . . 
Earth . . . 
Mars . . . 
Jupiter . . 
Saturn . . 
Uranus . . 
Neptune . , 

316,511- 

•06484 

•78829 

1*00000 

•10199 

301-0971 

90-1048 

14-3414 

16-0168 

•387098 

•723332 

1-000000 

1-623692 

5-202776 

9-638786 

19-18239 

30-06660 


Then /a being the attraction between unit masses at unit distance, M 
being sun’s mass, and 365’25 being the earth’s periodic time, we have 


tsJfiM = 


27r 

365-26 " 


The momentum of orbital motion of any one of the planets round the sun 
is given by m. Js/fiM. a/c. 

With the above data I find the following results*. 


Table I. 


Planet 

Orbital momentum 

Mercury .... 

•00079 

Venus 

•01309 

Earth 

•01720 

Mars . . . . . 

•00253 

Jupiter 

13-469 

Saturn 

6-466 

Uranus 

1-323 

Neptune .... 

1-806 

Total .... 

22-088 


We must now make an estimate of the rotational momentum of the sun, 
so as to compare it with the total orbital momentum of the planets. 

It seems probable that the sun is much more dense in the central portion, 
than near the surfecet- Now if the Laplacian law of internal density wore 

* These values aje of course not rigorously accurate, because the attraction of Jupiter and 
Saturn on ^ internal planets is equivalent to a diminution of the sun’s mass for them, and 
the attraction of the internal planets on the external ones is equivalent to an increase of the 
sun’s mass. 

t I have elsewhere shown that there is a strong probabUity that this is the case with Jupiter, 
and that planet probably resembles the sun more nearly than does the earth.-— See Ast Soc 
JfontTt. Not., Dec., 1876. [SeeVoLm.] 
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to hold with the sun, but with the surface density infinitely small compared 
with tho moan density, wo should have 

If on tho other hand the sun were of uniform density we should 
have 


* Tlioflo oonflideratiotiR load me to remark that in previons papers, where the tidal theory 
waH applied numerioally to the case of the earth and moon, 1 might have chosen more satisfactory 
uumorioal values with which to begin the computations. 

It was desirable to use a consistent theory of frictional tides, and that founded on the 
hypothesis of a homogeneous viscous planet was adopted. 

The earth had therefore to be treated as homogeneous, and since tidal friction depends on 
relative motion, tho rotation of the homogeneous planet had to be made identical with that of 
tho r(»al earth. A consequence of this is that the rotational momentum of the earth in my 
problem boro a larger ratio to tho orbital momentum of the moon than is the case in reahty. 
Hince tho consociuonoo of tidal friction is to transfer momentum from one part of the system to 
the other, this treatment somewhat vitiated subsequent results, although not to such an extent 
as could make any important difference in a speculative investigation of that Mnd. 

If it had occurred to me, however, it would have been just as easy to replace the actual 
hotcnogcncous earth by a homogeneous planet mechanically equivalent thereto. The mechanical 
oquivalonoe roferrod to lies in the identity of mass, moment of inertia, and rotation between the 
homogcuoouH substitute and tho real earth. These identities of course involve identity of 
tionul momentum and of rotational energy, and, as will be seen presently, other identities 
are approximately satisfied at the same time. 

Bnpposo that roman letters apply to the real earth and itaUc letters to the homogeneous 
substitute. 

By Laplaco’fl theory of the earth’s figure, with Thomson and Tait’s notation {Natural Phtlo- 
Htyphy, § H2*l) 


Ma^ 


o-.l-VI 

whore is tho ratio of mean to surface density, and 5 is a certain angle. 

Also 

whewi 0 is tho (dliptioity of tho homogeneous planet’s figure. 

By tho above conditions of moohanioal identity 

M:=iWr and 0=C 

whonoo (s) (1- 

Now pnt m=n»a/g, M=n%/r. where g, j wo mean pore gravity in the two oases. Then the 
remaining condition gives n^n. 

Thoroforo m //a 


But 



Henoo 




This is an equation which gives i 
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The former of these two suppositions seems more likely to he near the 
truth than the latter. 

Now I (1-60 ==*26138, so that G may lie between (-26138) JkTa^ and 
(•4)ifa* 

The sun's apparent radius is 961"-82, therefore the unit of distance being 
the present distance of the earth from the sun, »= 961 - 827 r/ 648 , 000 ; also 
if =315,611. 

Lastly the sun’s period of rotation is about 25*38 m.s. days, so that 
7i = 27r/25*38. 

Combining these numerical values I find that Cn (the solar rotational 
momentum) may lie between ‘444 and *679. The former of these values 
seems however likely to be far nearer the truth than the latter. 

It follows therefore that the total orbital momentum of the planetary 
system, found above to be 22, is about 60 times that of the solar rotation. 

In discussing the various planetary sub-systems I take most of the 
numerical values from the excellent tables of astronomical constants in 
Professor Ball's Astronomy^ ^ and from the table of masses given above. 


that of the earth. It may he solyed approximately by first neglecting (a/a)^, and afterwards 
asing the approximate value of a/a for determining that quantify. 

The density of the homogeneons planet is found from 

w=w 

where w is the earth’s mean density. 

To apply these considerations to the earth, we take d=142° 30', /=2*067, which give as 
the elliptioify of the earth’s surface. 

With these values (Thomson and Tait’s Natwral FUlosophy, § 824, table, ool. vii., they give 
however *836) 

The first approximation gives -= *9143, and the second -= *9133. 

a a 

Hence the radius of the actual earth 6,370,000 metres becomes, in the homogeneous sub- 
stitute, 3,817,000 metres. 

Taking 5*67 as the earth’s mean specific gratify, that of the homogeneous planet is 7*44, 

The ellipticify of the homogeneous planet is -00329 or which differs but little from that 
of the real earth, viz.: 

The precession^ constant of the homogeneous planet is equal to the elliptioify, and is there- 
fore -00329. If this be compared with the preeessional constant -00327 of the earth, we see that 
the homogeneous substitute has sensibly the same precession as has the earth. 

If a similar treatment be applied to Jupiter, then (with the numerical values given in a pre- 
vious paper. Ait. Soc. Month. Not., Dec. 1876 [see Vol. m.]) the homogeneous planet has a radius 
equal to -8 of the actual one; its density is about half that of the earth, and its elliptioify is jV- 

* Text Booh of Science : Elements of Astronomy. Longmans. 1880. 
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Mercury. 

The (liainotcr at distance unity is atout 6"'5; the diurnal period is 
24** 0“ 50" (?). The value of the mass seems very uncertain, hut I take 
Bucko’s value given above. Assuming that the law of internal density is 
the sanio as in the earth (see below), we have G = ’33438?wa", and n. = 27r 
very nearly. Whence I find for the rotational momentum 

10 “ ■ 


V'amis. 

The (liauuster at distance unity is about 16”'9 ; the diurnal period is 
23** 21'“ 22" (■/). Assuming the same law of internal density as for the earth, 
I find 

- IQio • 

Hei'schol remarks (Outlines of Astronomy, § 509) that “ both Mercury and 
Venus have been concluded to revolve on their axes in about the same time 
as the Earth, though in the case of Venus, Bianchini and other more recent 
observer's have contended for a period of twenty-four times that length. 
He evidently places little reliance on the observations [and now, in 1908, it 
s<iums porhajis luoro probable that the periods of rotation of both planets are 
the same as their periods about the sun]. 


The EaHh. 

I adopt Liiplaco’s theory of internal density (with Thomson and Tait’s 
notation), and take, according to Colonel Clarke, the elUpticity of sur&ce to 
b(' Th'iH valuo correaponds with the value 2-067 for the ratio of mem to 
Hurfoce density (the /of Thomson and Tait), and to 142» 30' for the auxiliary 

angle 6, 

"^rhe moment of inertia is given by the formula 
Those values of 6 and / give § j^l J “ 83595 


Whence 0 = -33438mo» 

The numerical coeflioient is the same as that already used in the case 
the two previous planets. 

The ma» bofag And of tto tke oarth's o, « the 

chosen unit of mass. 

With sun's parallax 8"'8, and unitof length equal to earth s mean distan 

8'8w 

“ " 648000 
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The angular velocity of diurnal rotation, with unit of time equal to the 
mean solar day, 

_ 27 r 

Combining these values I find for the earth’s rotational momentum 

^ 37-88 

“■ = - 10 =- 

Writing mf for the moon’s mass, and neglecting the eccentricity of the 
lunar orbit, the moon’s orbital momentum* is 


m-hm 

Taking the moon’s parallax as 3422"*3 (which gives a distance of 60’27 
earth’s radii), and the sun’s parallax as 8"*8, we have 

8-8 

3422-3 

Taking the lunar period as 27-3217 m.s. days we have 

Q, = 

27-3217 

As above stated, m is and m' is ^ ; whence it will be found that the 
181 

moon’s orbital momentum is . 

This is 4*78 times the earth’s rotational momentum. 

The resultant angular momentum of the system, with obliquity of ecliptic 
23® 28', is 5*71 times the earth’s rotational momentum, and is • 


The polar diameter at distance unity is 9"*352 (Hartwig, Nature, June 3, 
1880). With an ellipticity ^ this gives 4"*686 as the mean radius. The 
diurnal period is 24*^ 37“ 23“. Assuming the law of internal density to be 
the same as in the earth I find 

^ 1-08 


The masses of the satellites are very small, and their orbital momentum 
must also be very small. 

* If we determine fi. from the formula 


^ V27-3217A345i2-i 


and observe that /Aflf=(27r/866'25)®, we obtain 829,000 as the sun’s mass. This disagrees with 
the value 315,611 used elsewhere. The discrepancy arises from the neglect of solar perturbation 
of the moon, and of planetaoy perturbation of the earth. 
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ujpiter. 

The polar and equatorial diameters at the planet's mean distance from 
the sun are 35"*170 and 37"’563 (Kaiser and Bessel, Ast Nack vol. 48, p. 111). 
These values give a mean mdius 6*2028 x 18"*383 at distance unity. 

The period of rotation is 9^' or '4136 m.s. day. 

I have clsowhore shown reason to believo that the surface density of 
J upiter is very small compared with the mean density. It appears that we 
have approximately 

0 = = •263'7 ma»* 

The numerical coefficient differs but little from that which we should 
have, if the Laplacian law of internal density were true, with infinitely small 
surfece density (/ infinite, 6 = 180°) ; for, as appeared in considering the 
sun’s moment of inertiix, the factor would be in that case •26138. 


With those values I find 


2,694,000 
■ 10 '“' ■ 


•0002594 


The distances of the satellites referred to the mean distance of Jupiter 
from the sun are 


I. 

llT'-74 


II. 

l77"-80 


ni. 

283"61 


IV. 

498"-87 


Taking Jupiter’s mean distance to be .^•20278, the logarithms of the 
distances in terms of the earth’s distance from the sun are 

I. II. m. IV. 

7-46002-10 7-65174-10 7-8545S-10 8-09980-10 

The periodic times arc in m.s. days (Horschel’s Astronomy, Appendix) 

I. n. in. rv. 

1-76914 3-65181 7-16465 16-6888 

The masses given mo by Professor Adams-f- from a revision of Damoiseau’s 
work are in terms of Jupiter’s mass 


1 . 

II. 

III. IV. 

2-8311 

2-3236 

8-1245 2-1488 

10» 

iO" 

10“ 10" 

Combining these 

data according to the formula where m is the 


* Alt. Soe. Month. Not., Dee. 1876, p. 83. [Soo Vol. m.] 

t He kindly gave me these data for another purpose. — See Att. Soe. Month. Not., Dee., 1876, 

p. 81. 
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mass of the satellite, I find for the orbital momenta of the satellites expressed 


in termB of the 

chosen units — 


I 

n. 

ni. 

2406 

2489 

10993 

10“ 

10“ 

10^® 


IV. 

3867 

10 “ 


The sum of these is 19745/10“ and is the total orbital momentum of the 
sat ell it es . It is -j-J^th of the rotational momentum of the planet as found 
above. 


The whole angular momentum of the J o vian system is 


^614,000 


Saturn, 

There seems to be much doubt as to the diameter of the planet. 

The values of the mean radius at distance unity given by Bessel, 
De La Rue, and Main (with ellipticities 1/10'2, 1/11 (?), 1/9*227 respect- 
ively) are 79"', 82", and 94" respectively^. 


The period of rotation is 10^ 29^“ or *437 m,s. day. 

Assuming (as with the sun) that the surfeoe density is infinitely small 
compared with the mean density, we have 0 = •2614mal I find then that 
these three values give respectively. 


On == 


497,000 

10 ^» 


and 


536,000 

10 ^° 


and 


703,000 

10 '® 


The masses of the satellites are unknown, but Herschel thinks that Titan 
is nearly as large as Mercury. 

If we take its mass as *06 in terms of the earth’s mass, its distance as 
176"*755 at the planet’s mean distance from the sun, and its periodic time as 
16*96 m.s. days, we find the orbital momentum to be 16,000/10'®. The whole 
orbital momentum of the satellites and the ring is likely to be gi*eater than 
this, for the ring has been variously estimated to have a mass equal to yj^th 
to ^th of the planet. 

It is probable therefore that orbital momentum of the system is -g^^-th, or 
thereabouts, of the rotational momentum of the planet. 

Nothing is known concerning the rotation of Uranus and Neptune, and 
but little of their satellites. 


The results of this numerical survey of the planets are collected in the 
following table. 


* Deduced from values of the equatorial diameter found by these observers, referred to the 
planet’s mean distance from the sun, as given by BaU. 
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Table II. 


Planet 

i 

Rotation al 
momentum of 
planet 

ii 

Orbital 

momentum of 
satellltos 

iii 

Ratio of ii to i 

iv 

Total momentum 
of oaoh planet's 
syetem xlO^^ 

Mercury . . 
Venus . . . 
Earth . . . 
Mars . . . 
J upitor , . 

Saturn . . 

•341 
28'6 'i 
37-88 
1-08 

2,694,000 
( 600,000 
\ to 

( 700,000 J 

181 

very small 
20,000 

( 16,000 
( or more 

4*78 

very small 
ilo' 

tjV 1 

or more J 

•34? 
28-6 ? 
216 

1-08 

2,614,000 

520.000 
to 

720.000 J 


The numbers marked with queries are open to much doubt. 

If the numbers given in column iv. of this table be compared with those 
given in Table I., it will be seen that the total internal momentum of each of 
lilie planetary sub-systems is very small compared with the orbital momentum 
of the planet in its motion round the sun. This ratio is largest in the case 
of Jupiter, and here the internal momentum is *00026 whilst the orbital 
txiomentum is 13 ; hence in the case of Jupiter the orbital momentum is 
GOOOO times the sum of the rotational momentum of the planet and the orbital 
momentum of its satellites. From this it follows that if the whole of the 
i-nomentum of Jupiter and his satellites were^destroyed by solar tidal friction, 
tjho mean distance of Jupiter from the sun would only be increased by -griniTnyth 
X>art. The effect of the destruction of the internal momentum of any of the 
other planets would be very much less. 

If therefore the orbits of the planets round the sun have been considerably 
enlarged, during the evolution of the system, by the friction of the tides 
raised in the planets by the sun, the primitive rotational momentum of the 
j)lanetary bodies must have been thousands of times greater than at present. 
If this were the case then the enlargement of the orbits must simultaneously 
have been increased, to some extent, by the reaction of the tides raised in 
the sun by the planets. 

But it does not scorn probable that the planetary masses ever possessed 
auch an enormous amount of rotational momentum, and therefore it is not 
probable that tidal friction has affected the dimensions of the planetary 
orbits considerably. 

It is difficult to estimate the degree of attention which should be paid to 
Bode’s empirical law concerning the mean distances of the planets, but it 
may perhaps be supposed that that law (although violated in the case of 
Neptune, and only partially satisfied by the asteroids) is the outcome of the 
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laws governing the successive epochs of instability in tho history of a 
rotating and contracting nebula. Now if, after the genesis of tho plaruM 
tidal friction had affected the planetary distances considerably, all appear- 
ance of such primitive law in the distances would bo thereby oblitei’at(ul. 

If therefore there be now observable a sort of law of moan distances, it to 
some extent fells in with the conclusion arrived at by the preceding numerical 
comparisons. 

The extreme relative smallness of the masses of the Martian and Jovian 
satellites tends to show the improbability of very largo changes in the 
dimensions of the orbits of those satellites 5 although the argument In us not 
nearly equal force in these cases, because the distances of the satcllitos lioiu 
these planets are small. 

The numbers given in column hi. of Table II. show in a striking manner 
the great difference between the present physical conditions of the terrestrial 
system and those of Mars, Jupiter, and Saturn. These numbers may perhaps 
be taken as representing the amount of effect which the tidal friction due to 
the satellites has had in their evolution, and confirms the conclusion that, 
whilst tidal friction may have been (and according to previous investigationn 
certainly appears to have been) the great factor in the evolution ol tho earth 
and moon, yet with the satellites of the other planets it has not had such 
important effects. 

In previous papers the expansion of the lunar orbit under tho influence 
of terrestrial tidal friction was examined, and the moon was traced back to an 
origin close to the present surfece of the earth. The preceding numcricjil 
comparisons suggest that the contraction of the planetary masses htxH boon 
the more important factor elsewhere, and that the genesis of satellites 
occurred elsewhere earlier in the evolution. 

It has been shown that the case of the earth and moon docs actually 
differ widely from that of the other planets, and we may therefore reasonably 
suppose that the history has also differed considerably. 

Although we might perhaps leave the subject at this point, yet, after 
arriving at the above conclusions, it seems natural to inquire in what manner 
the simultaneous action of the contraction of a planetary mass and of tidal 
friction is likely to have operated. 

The subject is necessarily speculative, but the conclusions at which I 
arrive are, I think, worthy of notice, for although they involve much of more 
conjectural assumption in respect to the quantities and amounts assumed, 
yet they are deduced from the rigorous dynamical principles of angular 
momentum and of energy. 
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§ «. On the paH played by tidal friotim in the eooliiHon of 
plmeta/ry masses. 

To e<tnsi(l(‘.r tlio subject of this section, we require— 

(a) Homo meiwuro of the relative efficiency of solar tidal friction in 
reducing thi‘. rotational momentum and the rotation of the several planets. 

(6) We Imvo to consider the maimer in which the simultaneous action 
of tho contraction of the planetary mass and of solar tidal friction co-operates. 

( 7 ) We have to discuss how the separation of a satellite from the 
contracting mass i.s likely to affect the course of evolution. 

It is iKtt possible to treat those questions rigorously, but without some 
guidance on those points further discussion would be fruitlesa 

Thii probable influence of the heterogeneity of the planetary mass on 
tidal friction has beam alroiidy discussed, and it has been shown that the case 
of liomogoneity will probably give good indications of the result in the tme 
eivse. I therefori*. lulhcro horo also to the hypothesis of homogeneity. 

I will begin with («) and consider — 

The rektUve ejffioienoy of solar tidal friotion. 

'Pho tivte. at which tho rotation of any one of the planets is being reduced 
is — fiygp, whore u, g, p refer to the planet, and are the quantities which 
were previously indicated by tho same symbols accented. 

T is and thoroforo varies as O*. With all the planets (excepting, 

porluqw, Mewjury and Venus, fujcording to Herschel) X2 is small compared 
with «■, and wo umy write » for « - 12 . 

3 ( 7 ^ (f 

It hius boon already shown that p = ■.nirr' ” < S ~ J • 

i<7 X vTT fliV w 

- _ 2 x 3 ^ 2x3 /aW 

(.net "" 5 X 19 X ^ /iav 5 x 19 x 4 i 7 r a^v 

l^htjrofbre tho rate of reduebion of planetary rotation is proportional to 
iWnnr'^u. 

’[rh<i ooc'^fficiont of friotion v is quite unknown, hut we shall obtain 
indicsibioiia of tho relative importance of tidal retardation in the several 
planets hy supposing v to he the same in all. If we multiply this expression 
by wo ohti^iii an expression to which the rate of reduction of rotatio^ 
inonKmtum is proportional. By means of the data used in the preceding 
section I find the following results. 
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Table III. 


Planet 

Number to which 
tidal retardation 
is proportional 

Number to which 
rate of destruction 
of rotational 
momentum is 
proportional 

Meromy . . . 
Venus . . . 
Earth . . . 
Mars .... 
Jupiter . - . 

Saturn . - . 

1000- (?) 

11- (?) 

1* 

•80 

•00006 

•000020 

to 

•000066 

9-1 (?) 

8-1 (?) 

1-0 
•026 

2-3 

•11 

to 

■64 


This table only refers to solar tidal jfriction, and the numbers arc computed 
on the hypothesis of the identity of the viscosity for all the planets. 

The figures attached to Mercury and Venus are open to much doubt. 
Perhaps the most interesting point in this table is that the rate of solar tidal 
retardation of Mars is nearly equal to that of the earth, notwithsbxnding the 
comparative closeness of the latter to the sun. The significance of those 
figures -will be commented on below. 

I shall now consider — 


(/3) The manner m which solar tidal friction cmd the contraction of the 
planetary nebula work together. 

It will he supposed that the contraction is the more important feature, 
so that the acceleration of rotation due to contraction is greater than the 
retardation due to tidal friction. 


Let h be the rotational momentum of the planet at any time ; then 


Gn^h or n = 4 — •« 


.(29) 


In accordance with the above supposition h is b, quantity which diminishes 
slowly in consequence of tidal friction, and a diminishes in consequence of 
contraction, at such a rate that dnjdt is positive. 


We also have 


” 19 X 6 X 47r fjkva 


The rate of change in the dimensions of the planet’s orbit about the sun 
remains insensible, so that t and fl may be treated as constant. 

Then the rate of loss of rotational momentum of the planetary mass 









IMSTJ RKIATIVE EFFICIENCY OP OONTBACTION AND TIDAL FRICTION. 449 


IK (111. 


. gp By the above transformations we see that this expression 

Bub III, = and therefore a = w~K Also g = /MJi/a*. 

On substituting this expression for g, and then replacing a throughout 
by its oxproHsion in terms of vi, we see that, on omitting constant &ctoi8, the 

JhV lev ( ^ 

rate of loss of rotational momentum varies as — b , where ^ = f 1 “) • 

vfi to* '4or' 

a constant. 

From (29) wo see that if K varies as a*, or as iv~^, n the angular velocity 
of rotation remains constant. 

If theroforo we suppose h to vary as some power of a less thm 2 (which 
power may vary from time to time) we represent the hypoth^ that the 
contrsMJtion ojiusos more jvcceleration of rotation than tidal friction causes 

rotanlation. Lot us suppose then that h = ’Em where ^ is less than 
and varies from time to time. 

Thou tho rate of loss of momentum varies as 

var*(Hti/^-fc) 

In order to dotormino the rate of loss of rotation we must divide this 
expreasion by 0, which varies as to 

Thoreforo the rate of loss of angular velocity of rotation varies as 

vto”^ (Hto^ ” 

In to dntominn h«w tidnl tndiion oont^n " 

nocn»»«y to adopt some hypotlesis ooncennng the ooeffiaent oj tak«. .. 

So long » tho tide, oomist of a bodily distortion, the cootot of 

,„,.»t ^Imo tootion of the denity, a»i toll oeHtonI, mototo. es the 
density increases. 

Now ii; «e rogtods the loss of momentum, » tmes ton 
tho 0^ of tho density, the dtst Smtor oT- dinnnmhes as the de^ 

S of the density, the drat ftotor a«-‘ diminidte. as the denmty nmmasea 

' Anthoeuho»adl,owerthoth,^.v^/«P<^““^^^ 

oooffleient of friotion with moieaae of dmiaity. i P 

Smtoi in both enptessions diminishes as th. oontmotion of the plandaup mass 

proceeds. 29 

D. n. 
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Now consider the second factor — k, which corresponds to the factor 
n — fl in the expression for the rate of loss of rotational momentnm ; is 
large compared with k so long as the rotation of the planet is fast compared 
with the orbital motion of the planet about the sun-, and since this factor is 
always positive, it always increases as the contraction increases. 

For planets remote from the sun, where contraction has played by far the 
more important part, j8 will be very nearly equal to f , and for those nearer to 
the sun ^ will be small (or it might be negative if the tidal retardation 
exceeds the contractional acceleration). 

We thus have one factor always increasing and the other always 
diminishing, and the importance of the increasing factor is greater for 
planets remote from than for those near to the sun. 

If j3 be small it is difficult to say how the two rates will vary as the 
contraction proceeds. But if does not differ very much from I both rattjs 
are probably initially small, rise to a maximum and then diminish. 

Hence it may be concluded as probable that in the history of a contracting 
planetary mass, which is sufficiently far from the sun to allow contraction 
to be a more important factor than tidal friction, both the rate of loss of 
rotational momentum and of loss of rotation, due to solar tidal friction, wore 
initially small, rose to a maximum and then diminished. 

These considerations are important as showing that the efficiency of solar 
tidal friction was probably greater in the past than at present. 

We now come to (y) — 

The effect of the genesis of a satellite on the evolution. 

This subject is necessarily in part obscure, and the conclusions must be, 
in so far, open to doubt. 

When a satellite separates from a planetary mass, it seems probable that 
that part of the planetary mass, which before the change had the greatest 
angular momentum, is lost by the planet. Henee the rotational momentum 
of the planet suffers a diminution, and the mass is also diminished. An 
mspection of the expressions in the last paragraphs shows that it is probable 
that the loss of a sateUite diminishes the rate of loss of planetary rotational 

momentum, but shghtly increases the rate of loss of rotation due to solar 
tidal friction. 

Now if the satellite be large the effect of the tides raised by the satellite 
m the planet is to cause a much more powerful reduction of planetary rotation 
than was effected by the sun. The rotational momentum thus removed from 
the plmet reapp^ in the orbital momentum of its satellite. And the 
r^uction of rotation of the planet causes a reduction of rate of solar tidal 

effects, by diminishing the angular velocity of the planet’s rotation relativelv 
to the sun. ^ 
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The. first and iiumediato effect of the separation of a satellite is no doubt 
highly speculative, but the second effect seems to follow undoubtedly, what- 
ever bo the mode of separation of the satellite. 

From those considerations we may conclude that the effect of the separa- 
tion of a satellite is to destroy planetary rotation, but to preserve angular 
muincntuin within the planetary sub-system. 

Henco we ought to find that those planets which have large satellites 
have a slow rotation, but have a relatively large amount of angular momentum 
within their systems. 

A proper method of comparison between the several planets is difidoult of 
atteinment, but those idesis seem to agree with the ^t that the earth, wMA 
is largo compared with Mars, rotates in the same time, but that the woe 
angular momentum of earth and moon is large*. 


* A motliod of comparing tho various members of the solar system has ooouired to me, but 
it is not founded on rigorous argument. 

It soeim. probable that the smaU density of the larger planete ia due to their no t W so to 
advanced in their evolution as the smaller ones, and it is hkely that they ate oontmmng to 
contract and will some day bo as dense as the earth. 

Tho proposed method of comparison is to estimate how fast each of 
if, with thoir aotixal rotational momenta, they were as condensed as the .earth, 
law of internal density. * . , 

Tho poi'iod of this rotation may be called the “efteotive period.” . , 

With tho data uaed above, taking the earth’s mean 
Mars ia -(W,. that of Jupiter -236, that of Saturn -m or -111 or -074, a^rdmg to t^ datoj^^ 

To oondoneo thoso planets we must reduce their radii in the propo on o 
those numbers. . , , 

Thoir actual momenta of inertia must be reduced 

nuinliors, and as wo suppose the law of mtento y ^ proportion -SadSa to 

moments of inertia of Jupiter and Saturn must be also moreased m the prop 

■““L ,.*4.. - U 

boon given for roduoing tlie moments of inertia. day by 2 s and the 

In tliis way I find that the Martian day is to e ^ jgy of oourse remains 

Saturnian day by 8-14 to 4-44 aeoording to the data adopted. The earths oay 

unchanged. 

Tho following table gives tho results. 


Table IV. 



Actual period of 

Effective period of 
rotation 

X^lonet 

rotation 

Earth 

Mars 

Jupiter 

Saturn 


23*^ 66® 

gh 20® to 2*^ 20® 

— — 

29 
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§ 9. General discussion and sv/mmary. 

According to the nebular hypothesis the planets and the satellites are 
portions detached from contracting nebulous masses. In the following 
discussion I shall accept that hypothesis in its main outline, and shall 
examine what modifications are necessitated by the influence of tidal friction*. 

In § 7 it is shown that the reaction of the tides raised in the sun by the 
planets must have had a very small influence in changing the dimensions of 
the planetary orbits round the sun, compared with the influence of the tides 
raised in the planets by the sun. 

From a consideration of numerical data with regard to the solar system 
and the planetary sub-systems, it appears improbable that the planetary orbits 
have been much enlarged by tidal friction, since the origin of the several 
planets. But it is possible that part of the eccentricities of the planetary 
orbits is due to this cause. 

We must therefore examine the several planetary sub-systems for the 
effects of tidal friction. 

From arguments similar to those advanced with regard to the solar system 
as a whole, it appears unlikely that the satellites of Mars, Jupiter, and Saturn 
originated veiy much nearer the present surfaces of the planets than we now 
observe them. But the data being insufficient, we cannot feel sure that tho 
alteration in the dimensions of the orbits of these satellites has not been 
considerable. It remains, however, nearly certain that they cannot have first 


This seems to me to illustrate the arguments used above. For there should in general bo a 
diminution of effective period as we recede from the sun. 

It will be noted that the earth, although ten times larger than Mars, has a longer effective 
penod. The larger masses should proceed in their evolution slower than the smaller ones, and 
th^ore the greater pro^ty of the earth to the sun does not seem sufficient to account for 
this, more especially as it is shown above that the efficiency of solar tidal friction is of about the 
same magnitude for the two planets. It is expUoable however by the considerations in the text, 
for it was there shown that a large satellite was destructive of plwietary rotation. 

If we estimate how fast the earth must rotate in order that the whole internal momentum of 
moon ^d earth should exist in the form of rotational momentum, then we find an effective 
Pernod for the earth of 12»._ This again illustrates what was stated above, viz. : that a large 
satelhte is preservative of the internal momentum of the planet’s system. 

Tto ortatal momentum of the eatellitee of the other planets is so small, that an effective 

for the ofttt planets, analogous to the 4^ 12“ of the earth, Tvonld soatoely differ sensibly 
from the periods given in the table. 


If Jupxter and Saturn vrill ultimately be as condensed as the earth, then it must be admitted 
as ^ssible OT evsm pmbable that Saturn (and perhaps Jupiter) will at some future time shed 
anotW satelhte; for the effiaenoy of solar tidal friction at the distance of Saturn is smaU, and 
a penod of two or three hours gives a very rapid rotation. 


• [Since the date of this paper the nebular hypothesis has been much oritioised, 
hardly possible to accept it in the form which was formerly held to he satisfactory, 
however, been thought ei^edient to modify this discussion.] 


and it is now 
It has not. 
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originated almost in contact with the present sor&ces of the planets, in the 
same way sxs, in previous papers, has been shown to be probable with regard 
to the moon and ejirth. 

The numerical data in Table IL, § 7, exhibit so striiing a difference 
between the terrestrial system and those of the other planets, that, even 
ai»irt from the considerations adduced in this and previous papers, we should 
have groiinds for believing that the modes of evolution have been considerably 
(lifferent. 

This series of investigations shows that the difference lies in the genesis 
of the moon close to the present surfece of the planet, and we shall see bdow 
that solar tidal friction may be assigned as a reason to explain how it 
happened that the terrostiial planet had contracted to nearly its present 
dimensions before the genesis of a satellite, but that this was not the case 
with the extoi’ior planets. 

The numbers gjiven in Table IIL, § 8, show that the efficiency of solar 
tidal friction is very much greater in its action on the nearer planets than on 
the further ones. But the total amount of rotation of the various plmetary 
masses destroyed from the beginning cannot be at all nearly proportional to 
the numbors given in that table, for the more remote planets must be mu^ 
older than the nearer ones, and the time occupied by the contraction of the 
solar nebula from the dimensions of the orbit of Saturn down to those of the 
orbit of Mercury must bo very long. Hence the time during which solar 
tidal friction has been operating on the external planets must be very much 
longer than the period of its efficiency for the interior ones, and a senes ot 
numbor.s proportional to the total amount of rotation destroy^ m the several 
planets would present a for less rapid decrease, as we rec e om ® 

th.m do tho nimbor. given m TeWe HI 

between those numbers is so great that it mnst be atotted that 

produced by solar tidal friction on Jupiter and Saturn has not been nearly so 

great as on the interior planets. 

In 5 8 it has been shown to be probable that, as a planetary mass con^te, 
tho rate of tidal retardation of rotation, f 

momentum increases, rises to a maximum, an ^ceeds the 

least is so, when the acceleration of rotation ne 

retardation due to tidal friction; and retard 

Thus wo may suppose that the rate at whic so r piesait rate of 

the planetary rototions in past ages 

retardation, and indeed there seems no i^on why * 

rotational momenta of the planets shon u amount of 

tidal fidetion. But it remains very ® “S oTthe planets 

momentum should have been destroyed as to affect the orbits P 

round tho sun materially. 
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I will ROW proceed to examine how the dififerences of distance from the 
sun would be likely to affect the histories of the several planetary inixssos. 

According to the nebular hypothesis a planetary nebula contracts, and 
rotates quicker as it contracts. The rapidity of the revolution causes its fonn 
to become unstable, or, perhaps a portion gradually detaches itself; it is 
immaterial which of these two really takes place. In either case the sopamtion 
of that part of the mass, which before the change had the greatest angular 
momentum, permits the central portion to resume a planetary shape. The 
contraction and increase of rotation proceed continually until another portion 
is detached, and so on* There thus recur at intervals a seiies of epochs of 
instabihty or of abnormal change. 

Now tidal jfriction must diminish the rate of increase of rotation due to 
contraction, and therefore if tidal friction and contraction are at work 
together, the epochs of instability must recur more rarely than if contraction 
acted alone. 

If the tidal retardation is sufficiently great, the increase of rotation duo to 
contraction will he so far counteracted as never to permit an epoch of instability 
to occur. 

Now the rate of solar tidal frictional retardation decreases rapidly as wo 
recede from the sun, and therefore these considerations accord with what wo 
observe in the solar system. 

For Mercuiy and Venus have no satellites, and there is a progressive 
increase in the number of satellites as we recede from the sun. Moreover, 
the number of satellites is not directly connected with the mass of the planet, 
for V enus has nearly the same mass as the earth and has no satellite, and the 
earth has relatively by far the largest satellite of the whole system. Whether 
this be the true cause of the observed distribution of satellites amongst the 
planets or not, it is remarkable that the same cause also affords an explanation, 
as I shall now show, of that difference between the earth with the moon, and 
the other planets with their satellites, which has caused tidal friction to be 
the principal agent of change with the former but not with the latter. 

In the case of the contracting terrestrial mass we may suppose that there 
was for a long time nearly a balance between the retardation due to solar 
tidal friction and the acceleration due to contraction, and that it was not 
until the planetary mass had contracted to nearly its present dimensions that 
an epoch of instability could occur. 

It may also be noted that if there be two equal planetary masses which 
generate ^tellites, but under very different conditions as to the degree of 
condensation of the masses, then the two satellites so generated would be 
likely to differ m mass ; we cannot of course tell which of the two planets 
would generate the larger satellite. Thus if the .genesis of the moon was 
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deferred until a late epoch in the history of the terrestrial mass, the mass of 
tht% moon rolativoly to the earth, "would be lihely to differ from the mass of 
other satellites relatively to their planets. 

If the contraction of the planetary mass be almost completed before the 
genesis of the vsatellite, tidal friction, due jointly to the satellite and to the 
sun, will thereafter be the great cause of change in the system, and thus the 
hypothesis that it is the sole cause of change will give an approximately 
jMscximtci explanation of the motion of the planet and satellite at any subse- 
quent time. 

That this condition is fulfilled in the case of the earth and moon, I have 
endeavoured to show in the previous papers of this series. 

At the end of the last of those papers the systems of the several planets 
were reviewed from the point of view of the present theory. It will he well 
to recapitulate shortly what was there stated and to add a few remarks on 
the modifications and additions introduced by tbe present investigation. 


The previous papers were principally directed to the case of the earth and 
moon, and it w^is there found that the primitive condition of those bodies was 
JUS follows : — the earth was rotating, with a period of from two to four hours, 
jibout an axis inclined at 11" or 12" to the normal to the echptic, and the 
uioou was revolving, nearly in contact with the earth, in a circular orbit 
coincident with the earth’s equator, and with a periodic time only sUghtly 
exciKiding that of the earth’s rotation. 

Thou it was proved that lunar and solar tidal friction would reduce the 
Hystom from this primitive condition down to the state which now existe by 
cjuiHing a retardation of terrestrial rotation, an increwe of lunar pen^, an 
incroaso of obliquity of ecliptic, an increase of eccentriorty of W orbi^ md 
a modification in the plane of the lunar orbit too complex to admit of bemg 

stated shortly. 

It WM *0 Io«.d th.t the frietion «f tidee 
moen would oxpto the preeent moliou ot to n,o<m tout “ 

regurdu to identity of to ntol »nd oAW revotatonn, mi m »g«dB to 

direction of her polar axis. . , 

Thus the theory that tidal friction has been the ru^g power m the 

evolution of the earth and moon completely coor<^t^ t e 

of the two bodies, and leads us back to an initial state when the moon first 

had a separate existence as a satellite. 

This initial configuration of the ^h 

corapellod to believe that the moon is a po lo P 

detached by rapid rotation or other causes. 

a-hum mny to tome re».n to nnppm tot 
moon tod n sopamto ototoneo wn. in to .tope of • tm«, "n. 
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condition precedes the condition to which the dynamical investigixtion leads 
back 

The present investigation shows, in confirmation of preceding ones^, that 
at this origin of the moon the earth had a period of revolution about the sun 
shorter than at present by perhaps only a minute or two, and it also shows 
that since the terrestrial planet itself first had a separate existence the length 
of the year can have increased hut very little — almost certainly hy not so much 
as an hour, and probably by not more than five minutes f. 

With regard to the 11® or 12® of obliquity which still remains when the 
moon and earth are in their primitive condition, it may undoubtedly be 
partly explained by the friction of the solar tides before the origin of the 
moon, and perhaps partly also by the simultaneous action of the ordinaiy 
precession and the contraction and change of ellipticity of the nebulous* 
mass^ 

In the review referred to I examined the eccentricities and inclinations of 
the orbits of the several other satellites, and found them to present indications 
favourable to the theory. In the present paper I have given reasons for 
supposing that the tidal friction arising from the action of the other satellites 
on their planets cannot have had so much effect as in the case of the earth. 
That those indications were not more marked, and yet seemed to exist, agrees 
well with this last conclusion. 

^e various obliquities of the planets’ equators to their orbits were also 
considered, and I was led to conclude that the axes of the planets from 
Jupiter inwards were primitively much more nearly perpendicular to their 
orbits than at present. But the case of Saturn and still more that of Uranus 
(as inferred from its satellites) seem to indicate that there was a primitive 
obliquity at the time of the genesis of the planets, arising from causes other 
than those here considered. 

The Mtellitea of the larger planets revolve with short periodic times; 
this ^mits of a simple explanation, for the smallness of the masses of these 
satelhtes would have prevented tidal friction from being a very efiBcient cause 
of change m the dimensions of their orbits, and the largeness of the planets’ 
masses would have caused them to proceed slowly in their evolution. 


* “PreoMsion," § 19 [p. lOSJ 

hv ^ rotational momentom of the earth destroyed 

S ^ momentum of a planet yaries as the cube root of its periodic time 

^®“**^‘* log«mtlimioaUy we obtain the inorement of periodic time in terms of the 
STZ ««»»»*»«. Taking the numerical data from Tables I. and U wTIee that 

nearly ^ [216-.01720.10iO]xS6{!-26x24 is very 

PAiiSg* K'isvV ?L*fvS^ of the Oblianityol Planets to their Orbits,- 

, maren, 1877. [See Vol. m.] See howeyer § 21 “ Precession *’ [p. HO], 
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If the plaucts be formed from chains of meteorites or of nebulous matter 
the rotiition of the planets has arisen from the excess of orbital momentum 
of the tixterior over that of the interior matter. As we have no means of 
knowing how broad the chain may have been in any case, nor how much it 
may have closed in on the sun in course of concentration, we have no means 
of computing the primitive angular momentum of a planet. A rigorous 
method of comparison of the primitive rotations of the several planets is thus 
wanting. 

If however the planets were formed under similar conditions, then, 
according to the present theory, we should expect to find the exterior planets 
now rotating more rapidly than the interior ones. It has heen shown above 
(sec Table IV., note to § 8) that, on making allowance for the different degrees 
of concentration of the planets, this is the case. 


That the interior satellite of Mars revolves with a period of less than a 
third of its planct*s rotation is perhaps the most remarkable fact in the solar 
system. The theory of tidal friction explains this perfectly* and we fed 
that this will be the ultimate fate of all satellites, because the solar tidal 
friction retards the planetary rotation without directly affecting the satellites 
orbital motion. 


The mimorical comparison in Table III. shows that the efficiency of solar 
tidal friction in retarding the terrestrial and Martian rotations is of about the 
Hiime degree of importance, notwithstanding the much greater distance of the 

planet Max's. 

From tho diHCussion in this paper it will have been apparent that the 
earth uud moon do .w^tually differ from the other planets in such a way an to 
permit tidal friction to have been the most important factor m their history. 

By an examination of the probable effects of solar tidal friction on a 
contnmtiiig planetary imiss, we have been led to aesi^ a 
observed distribution of satellites in the solar system, and this a^hiaitedf 
afforded an explanation of how it happened that the moon so 
the tidal friction of the lunar tides in the earth should have heen able to 

exercise so large an influence. 


to another Cftuac, although the explanation appears very inadequate. matter 

It has been pointed out above iMt the 
muBt bo aooompamod by a diminution of penodio tm of distance. 

ate formation have a shorter poriodio time " ^ ^ dsewhsre. 

If this, however, were the explanation, we sho^ p 
but the case of the Martian seems to indicate that the 

[Since the date of tins . The papers which will be reproducedin VoL iii. 

earlioHt form of a satellito may not be annular. P P 

tend also in this direction.] 
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In this summary I have endeavoured not only to set forth the influence 
which tidal friction may, and probably has had in the history of the system, 
but also to point out what effects it cannot have produced. 

The present investigations afford no grounds for the rejection of the 
nebular hypothesis, but while they present evidence in favour of the main 
outlines of that theory, they introduce modifications of considerable im- 
portance. 

Tidal friction is a cause of change of which Laplace's theory took no 
account*, and although the activity of that cause is to be regarded as mainly 
belonging to a later period than the events described in the nebular hypothesis, 
yet its influence has been of great, and in one instance of even paramount 
importance in determining the present condition of the planets and their 
satellites. 

* Nate added on Jialy 28, 1881. 

Dr T. B. Mayer appears to have been amongst tbe first to draw attention, to the effects of tidal 
friction. I haTe recently had my attention oaUed to his paper on “Celestial Dynamics [Transla- 
tion, jPhil, Mag.f 1863, Vol. xxv., pp. 241, S87, 417], in whioh he has preoeded me in some 
of the remarks made above. He points out that, as the joint result of contraction and tidal 
Motion, “the whole life of the earth therefore maybe divided into three periods— youth with 
increasing, middle age with uniform, and old age vnth decreasing velocity of rotation.” 
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ON THE STRESSES CAUSED IN THE INTERIOR OP THE 
EARTH BY THE WEIGHT OF CONTINENTS AND 
MOUNTAINS. 

[Philosophioai Transactimis of the Royal Society, Vol. 173 (1882), pp. 187 — 
230, with which is incorporated “Note on a previous paper,” Proo. 
Roy. Soc. Vol. 38 (1885), pp. 322—328.] 

[AiJOin’ u year after the publication of this paper in the Transactions, an 
<(8Hay wiiH Hubmittod to me at Cambridge by Mr Charles Chree, now Director 
of tlu^ Kcw Obsijrvatory, in which an error in my procedure was pointed out. 
Ah Mr Chrco’s troatuiont of the problem was quite different from mine I 
wrote a “Note” for tho Proceedings to correct my mistake in accordance 
with his criticimn. Tho investigation and the correction are now fused 
together. This has nocoHsitated the re-writing of certain portions of the 
paper, and thes new matter is indicated by square parentheses. Parts of the 
" Note ” are alHo iiiHertod in their proper places so as to make good the 
(lefucts in tho original investigation.] 
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THE PEOBLEM OF A STRAIIJED ELASTIC SPHERE. 


[9 

In this paper I have considered the subject of the solidity and strength of 
the materials of which the earth is formed, from a point of view ft*om which 
it does not seem to have been hitherto discussed. 

The first part of the paper is entirely devoted to a mathematical investi- 
gation, based upon a well-known paper of Sir William Thomson's, The 
second part consists of a summary and discussion of the preceding work. In 
this I have tried, as far as possible, to avoid mathematics, and I hope that 
a considerable part of it may prove intelligible to the non-mathematical 
reader. 


I. 


Mathematical Investigation. 


[§ 1. On the state of internal stress of a strained elastic sphere. 


In this section it is proposed to find the solutions of two closely analogous 
problems. 

(i) Consider a homogeneous elastic sphere of density w and radius a, for 
which 0 ) — is the modulus of incompressibility and v the modulus of 
rigidity*. Let the system be referred to rectangular axes ic, j/, z with origin 
at centre, and let r be radius vector. It is required to find the state of strain 
of the sphere when it is subject to superficial normal traction defined by 

where Wi is a solid harmonic of degree i. 

(ii) Consider the same sphere, and let it be free from any supei*ficial 
forces but subject to forces acting throughout the whole mass such that the 
force acting on unit volume is that due to a gravitation potential Wi. It is 
required to determine the state of strain. 


I begin with the first problem. 


Lord Kelvin (Sir William Thomson) has sho^vn that the component 
strains cl, y of such a sphere, when subject to superficial tractions whose 
three components are Ai, Bi, Gi (being surface harmonics of order i), are 
given by 


a= ■ 


vw 




2Z'' ^ dx (i-l)(2«+l)Z ^ ) 


dx" 


d<I>, 


i+l 


2i(i-l){2i + l) dx 


Air^ 


It 


•( 1 ) 


* The phraseology adopted by Thomson and Tait (Natural Fhilosophy, drst edition) and 
others seems a little unfortunate. One might be inclined to suppose that oompressibility and 
rigidity were things of the same nature; hut rigidity and the reciprocal of oompressibility are of 
the same kind. If one may give exact meanings to old words of somewhat general meanings, 
then one may pair together compressibility and “plianoy,” and call the moduli for the two sorts 
of elasticity the “ inoompressibility ’* and rigidity. 

1' Thomson and Tait*B Natural PhiloBophy, § 737 (52). 
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whont for bravity wo write K for (2i® + 1) w — (2i — 1) v, and where 'S', 4> are 
auxiliary functions defined by 

Th(s components y are found fi:om a by cyclical changes of letteia 
In the owe of problem (i) the three components of superficial force are 


Since 


.'bFi. 


i_ 

'2i+i 




and since thitsc two terns are surface harmonics of orders i - 1 and i+ 1, and 
since aj, y, z is a point on the sur&ce of the sphere, we have 


aiW i — j- — -^i-i + -^i+i 
T 


whore r j t 

with niniibir <^xprcHHi(>ns for Bi^n Ci-i, Cj+i. 

The cerrosponding auxiliary fouctious are easily found to be 

ThoK. must bo mbstitatod in 0 ) 1 "^^ *“ ^ 
found whon i of the tenraln booomeo • -1 »nd +1. 
the funotu.n K wiU only o^r in the to m wkob the . of (1) to 

i + 1 ; thus henceforth I write 

^=[2 (i + ly + 1] ® “ 

and iiH a further abbreviation write 

J = 2(i + iy* + l 

On ooMploting .be »ub»titn«.n. indicted, we dnd fte .»«». 1» be 


.( 2 ) 





li+2) <mHa+3) 

1) (2( + l) <fc (2i+l)/»' > 
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Throughout the greater part of the present paper the elastic solid will bo 
treated as incompressible, and it will he convenient to proceed at once to 
arrange this solution in such a form that the portion of the whole in which 
compressibility plays a part shall be separated from the rest. This may be 
effected as follows: — 

By means of (2) we have 

®=j[ir+(2i+l)»;] 

Thus <0 may be eliminated, except in so far as it is involved in K, 

On substitution in (3) we find 

1 Yi(i + 2) 

2Iv L(i-’' 

TO 

Another and more useful form may be obtained from (4) by completing 
the differentiations in the second terms of each line j thus we find 

j ) S '* + 2 ( 5 ) 

When the solid is incompressible ® becomes infinite compared with u, 
and K also becomes infinite. Thus the second line, which represents the 
effect of compressibility, will disappear. 

liet P, Q, R, S, T, U be the six stresses, across three planes mutually at 
right angles to one another at the point a, y, estimated as is usual in works 
on the theory of elasticity i and let P, Q, E be tractions and not pressures. 


Then if we write 


8= — ^4.^ 

dcs dy dz 


.(6) 


so that S is the dilatation, we have by the usual formula* 

P = (®-u)8 + 2vg 


^'”(S+c) 


■ 0 ) 


and tie other four stresses are expressed from these by the proper cyclic 
changes of letters. ^ 


ThomBon and Tait’s NatwraZ Philoiopl^f, § 693, 



KLASTIC SPHERE TINDER SUPERFICIAL STRESS. 


463 


1882] 

In order to dotennino tho stresses it is necessary to find the differenldal 
eocflficicntH of tho displacements ■with respect to as, y, z, and thence to 
dotormino 8. 

By moans of the properties of harmonic and of homogeneous functions 
wo find 


Wo also have 


dy^ dz 

(^ + l)(2^ + 3) 

~ K * 

H 2(i*+i+l) 

(0 — V=-F — 5 -v 


.( 8 ) 


I I 

Tho final results of the processes indicated are as follows : — 

-Ml*' i -? “■ - ’"‘1 


1 ’ 


.(9) 


The othor four stresses are determinable by cyclic changes of letters. 
Whom tho solid is incompressible the second lines m these formulas dis- 


appear. 


This is tho required solution when the sphere is subject only to superficial 
normal HtresHes defined by 

W« ttov, tni-ri totte .^.Kl problem 

but whei-o there i. u fcree »tmg throughout the uhole sphere (Mued by the 
potential W<. 

This iiroblom has boon solved by Lord Kelvin*, and the result is 


whore 


• Thoiason and Tait’s Natural PMlotophy, § 8S4, (8) and (9). 
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If this solution be transformed in the same way os the last, and if wc 
form S and P, T as before, we find 

B = ^Wf, l = 2(i+iy+l; £•=/(» -(2i+l)i; 

+ r (i) ^ ^ - 1) 

+ J d ) {(«- - 3.*) ^+2 (i - 1) (« "< + ,^)} 

As before when the solid is incompressible the second lines in the 
expressions for a, P and T vanish. 


On comparison between (5), (9) and (10) we see that for an incompressible 
solid a, A 7 and S, T, U are the same for both problems, and P - Tfi, Q - Ft , 
E — TFi of the first problem are the same as P, Q, R of the second. In other 
words the solution of the first problem may be derived firom that of the 
second by the addition of a hydrostatic pressure —TTi. 

Por the immediate object in view we adopt the solution of the second 
problem when the solid is incompressible, and we then have 


.( 11 ) 


The expressions for Q, R, S, U may be written down from these by moans 
of cyclic changes of the symbols. 


In order to find the magnitudes and directions of the principal stresses ab 
any pomt it would be necessary to solve a cubic equation. The solution of 
this equation appears to be difficult, but the special case in which it reduces 
to a quadratic equation will fortunately give adequate results. It may be 
seen from considerations of symmetry that if F< be a zonal harmonic, two of 
the prmcipal stress-axes lie in a meridional plane and the third is perpendicular 
thereto. ^ 
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I, shull thoroforo take TTi to bo a zonal barmoiiic, and as the future develop- 
montis will bc‘. by means of scries (which though finite will be long for the 
hight'i' onlors of harmonics) I shall attend more especially to the equatorial 
ri‘gi(niH of the sphere.] 


§ 2. Th& deternimaMon of the stresses when tiie disturbing potential is an 

even zonal harmonio. 

[Ill this .section the stresses are found firom the solution of the second 
problem of § 1 . As pointed out, we are at the same time determining the 
stresstM arising from the solution of the first problem.] 

,I f In'! oolati tilde the expression for a zonal surfece harmonic or Legendre’s 
function of onler i is 

C08‘- 6 8in» e + oos^ «sin* 6- ... 

or if w<i bcjjjiii by the other end of tho sorios, and tak© t as an oven nunibBr, 
tho oxproHsioJi is 

<->*‘' 3 - * '5i «»»■»- ...] 

'Phis latter is the appropriate form when we wish to consider especially 
th<^ e(luat,orial regions, bocansc cos ^ is small for that part of the sphere. 

There. i.s of couise a similar formula when i is odd, but of this I shall 
make no use. 

Ijet p® = 03 ®+ y®, so that sin ^ = p/r, cos ^ = zjr. 

Then wo may put 

IT, i« .. mM tamonic of degr» <; tat If. muMptoli™. 

by I. Cuitor fttll’ in «nlor to make it a Legendre's fonetioii. 

Tbo fatore by which r. ,„.e.t be dremri to be f “ 

it may 1,., .. potontW, will bo .iropped fc. the p.^t> ^ ^ 

Or w,( may, if »o like. m.B-» thet the nmte of length et of tone »e 

chosen im to make the fiwtor equal to unity. 


Let 


t^(i~2f ff Sec. ...(13) 

l4= -4r^> 6! 


) 8 „ = 1 , ^2 = 2 !’ 

Then, dropping the suffix to W for brevity, we may write 


..( 14 ) 

30 


D. II. 
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I now P, Q, R, T at any point in the meridional plane which is 
determined hy y = 0 . 

In evaluating the first differential coefficients of Tf we must not put 5 / = 0, 
in as fer as these coefficients are a first step towards the determination of the 
second differential coefficients. But in as far as these first coefficients are 
directly involved in the expressions for P, Q, R, and T, sind in the second 
coefficients in the same expressions, we may put y = 0 , and thus write a> in 
place of p. We have farther 

1 = °' since = 


= O! - (i - 2) + (i - 4) - • • •] 

dW r . T 

— r= y [same senes J 

dW 

^ [ - 2 ‘ 

In dijBferentiating a second time we may treat p as identical with oc, 
because y is to he put equal to zero. Thus 

- (» — 2 ) + (i — 4) — . . . 

iPW 

w rf ^ e\ n «• a .a a r\ i i a j a a . 


-^^ = — 1.2/8s®*^ + 3.4)34a!*^je(* — 6.6)68®^^^+ ... 


^2 

2 (i - 2)/32a?^'-^+ 4 (i - 4) - 6 (i - 6 ) + .. . ] 


dxdy ' dydz 

Also treating p as identical with x, and putting y = 0, 



dW 


^ da; ~ 


dW 


^ dy- 


dW 


^ dz~ 

' dW 


f da; 


■ dW 

, dW\ 

y-d^ 



js 4- . . . 


dW . dW\ 
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These various results have now to he introduced into the expressions (11) 
for P, Q, R, S, T, TJ. 

In performing these operations it mil be convenient to write J for 
i(i + 2)/(i — 1). Also r® = if®, when y==0. 

From these formuloe we see that S = 0, U = 0 ; which shows that a 
meridional plane is one of the three principal planes, a result already observed 
from principles of symmetry. 

Now 


-2^ = *■ (i - 1) + [i (i - 1) A - (» - 2) (i - 3) iSJ 

- [ (i - 2) (i - 3) /8. - {{ - 4) (i - 5) /SJ + . . . 


, (i°F 


= - 1 .2/9a«‘- [1. 2A- 3. 4/8.] + [3 .4/84 - 6 . 6^,] - ... 


.(19) 


— 2^ + i F - - -h (i - 4) - (i - 8) - 

— 2y - 4- i F = — • • • 

ay 

(IW 

— 2if + iF = 4) + 0’ ““ 8) • 


y...(20) 


^ ^ = »« ( - 2 (i - 2) /S.a;*-* - [2 (i - 2) /8, - 4 (i - 4) 

+ [4 {i - 4) iff. - 6 (i - 6) iff*] - . ..} . ..(21) 

Then multiplying (19) hy — (i+ 3), (20) hy 3, and (16) by Jo?, and adding 
them each to each, we get the expressions for P, Q, R. 

Also miiltiplying (21) by — ('i + 3), (18) by —3, and (16) by Jd? and 
adding, we get the expression for T. The results are 

JP = - [(i -I- 3) i (i - 1) -1- 3i] 

+ [{(»■ + S) (i - 2) {% - 3) + 3 (t - 4)} iff. - (i + 3) i (i - 1 ) ^o] 
-[{(*+ 3) (i - 4) (i - 5) + 3 (i - 8)} /ff. - (i -1- 3) (i - 2) (i - 3) iff*] 

+ [{(i +3) (i - 6)(i -7) + 3(i - 12)] iff* 

-(t + 3) (i - 4) (i - 6) /ffja^^* - ... 
+ Jo? [i (i - 1) /ffo®*-® - (i - 2) (i - 3) + (t - 4) (i - 5) - . . .] 

/R=[(i+ 3).1.2j8*+ 3ii8.]®»’- [(i + 3).3.4iS4- {(» + 3).1.2 -3(i- 4)} yffjffi*-^^ 
+ [(i 4 3).5 .6^, - {(i 4 3).3 .4- 3 (i - 8)1/3*] 

- [(i 4 3).r . 8/9* - {(i 4- 3). 5 .6 - 3 (i - 12)} iff,] 4 .. . 

- Jd? [1 . 2iS*®^ - 3 . 4iS*®^i/“ + 5 . - • ..] 


30-2 
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iQ [(i + 3) i - 3i] /8o®‘ + [{(i + 3)(i - 2) - Bi] ^,-(i + 3) 

— [{(i + 3) (i — 4) r- 3i} ^4 ~ ('^ + 3) (» — 2) ^a] 

+ [I (i + 3) (i - 6) - Bi} /3e - (i + 3) (i - 4) - • • • 

+ Ja» - (i - 2) + (t - 4) - . . .] 

= [{(4 + 3) 2 (i - 2) + 3 . 2) )3, - 3i/3o] af*-* 

-[[(i + 3)4(i-4) + 3.4})84-{(i + 3)2(i-2) + 3(i-2)}^a]a>*-‘^ 

+ [{(i + 3)6(i-6) + 3.6} )8,-{(i + 3)4(i-4) + 3(i-4)}^4]»‘^^^ 

-[{(i + 3) 8 (i - 8) + 3 . 8} A - {(i + 3) 6 (i - 6) + 3 (i - C)1 

— Ja* [2 (i — 2) — 4 (i — 4) + 6 (i — 6) A* — • . •] 

The general law of formation of the successive coeflGicients is obvious, aaid 
it is easy to write down the general term in each of the eight series involved 
in these four expressions; the best way indeed of obtaining the formulm 
given below is to write down and transform the general term. 

The semi-polar coordinates used hitherto are not so convenient tis true 
polar coordinates; I therefore substitute r, radius vector, and I, latitude, for 
the 00 , z system, and putting « = r cos a = r sin i write 

P = r^oos^i (ilo + -d.atan°i-l-d.4tan‘Z + ...) ' 

+ cos*"* I {B„ -l- tan* I + B 4 tan* I + ...) 

R = r"* cos* I (Co + Ca tan* I + 04tan'‘ J + . . .) 

+ a*r*"*co8*"»i(A + Atan»l! + D4tan*?+ ...) 1 

T = r* sin I cos*"* I (E, + Et tan* I + E 4 , tan* ? + ...) 

+ a*»-*"* sin I cos*-* I (Ft + Ft tan* I + F^ tan* 1 +...) 

Q ® »•* cos* I (Co + tan" ^ + C'4tan* i + ...) 

+ a^t^~^(ioa*~^l{Ho + H.ita3i^l + Sitaa*l+ •■■) I 

Introducing for J and for the )8’s their values in terms of i, I find that 
the coefficients A, B, &o., are reducible to the forms given in the following 
equations : — 
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iA = -^j{i(» + 2)(i-0)-3.0.(i+l)) + 0.(i+3)(i + 2)(i + l)^ 
i«(i+2) 

1.4, = ^, {i (i - 0) (i - 2) - 3 . 2 (i - 1)} - i (i + 3) (i + 0) (i-1) 

I A, = - {i (i - 2) (i - 4 ) - 3 . 4 (i - 3)1 

+ ^j(i + 3)(t-2)(i-3) 

lA, = -jy {i(i _ 4) (i_ 6)- 3 . 6 (i - 6)1 


--"*41^^ (i + 3)(i-4)(i' 


5) 


&;c. = &;c. 

i(i + 2) 1 . . . 

i-1 

&c. = &c. 


.(23) 


IC, == {(i+ 3) - [t (1 {- 2} - 1) + 3 . 0 . 1]| = i [(i + 1) (i + 2) + 1] 

IG, I j {(i + 3) (i - 2)« - [i (3 . 0 - 1) + 3 . 2 . 3]) 

/O4 = l(i + 3) (i - 4)0 - [i (6 . 2 - 1) + 3 . 4 . 5]} 

10, il<i- -^y {(i + 3) (i - 6)« - [i (7 . 4 - 1) + 3 . 6 . 7]} 

&i0. = &c. 


jj) 

® i-1 0! 

J.J. i(i + 2)i®(i — 2)* 

in,- ^ - 

rn _ i(i + 2)i»(i-2)»(i-4)» 
• i-i' ' 4! 

&c. = &c. 


.( 24 ) 
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IE, = - » [1 (9» + 3) - i (i - 0) (i + 1)] = i (i + 1) “ 3) 

^ {i - 2) [3 (5i + 3) - i (i - 2) (i - 1)] 

jjS;, = - — (i - 4) [5 (7i + 3) - i (i - 4) (i - 3)] 

0 1 

&C. = &C; 

■^^0- ~i-i 

(^‘‘-4)(t-2 )(i- 4) 

■‘^*='111 3! 

(i - 2) (i - 4)“ (i - 6) 

- -.^T 51 

„ 4) (i - 2)^ 4ni - 6)» (i - 8) 

/ii,-— r— j--- ■ “Yi 

&;c. = &c. 


..(25) 


/(?.= _i{i(i-0)-3.0l+0.(i + 3)(i + 2) i® 

/<?= = ^ {»’ (i - 2) - 3 . 2] - i (i + 3) i 
m, {i (i _ 4) - 3 . 4} + I’, (i + 3) (t - 2) 


&c. = &c. 

i-l 01 




i-1 


4! 


(i-4) 


^ ( 20 ) 


&c. = &c. ; 

Those sots of coefficionts are all ■written down in such a form that tho 
laws of their formation are obvious, and the general tenns may easily be 
found. I have computed their values from these formulse for the even zonal 
harmonics of orders 2, 4, 6, 8, 10, 12 ; the results are given in the following 
tables both in the form of fractions and of decimals approximately equal to 
those fractions. 

The O’ a and H’a were not computed because their values were not required 
for subsequent operations. 
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Ta.bie I. The coefficients for expressing the stress P. 


A 2 

Aa 

Aq 


Jit 

Ih 

Jio 

-n 

— 1-1079 



-t-l!! 

+ -8131 




+‘ii 

r .|H 
+ 17 

+2*8^35 


+ 1-H82-1 

-w 

- 3-l)0!)8 



+ 18 

-h l«-(X)(K) 

+\Y 

+ Ui-7a73 

- a 7 is 

+ ?if 

+ 3-»0!)l 

-nr-* 

-ao-o-i.oo 

+.1-00.15 


•+■ ().S-3fa() 

-w.-? 

-ia-!)571 

-74-(iOia 

+ ?ilR 

+ 3-!»3lil 

-07-30!).) 

-L \>Jii •)(> 

+ m 1 
+ 80*771:5 

- H 1 a 
nil 

-7*17S)7 

-f- 

-28.1*7737 

-SJio-.ina? 

+ W 

+ I-03H3 

-103-0303 

4.:jii,oooo 

+ 4:)8‘()r)(5i 

-aio-oowt 

-t- aH0-!)Ha3 

- l'2ai-23Hi) 

+aia-3H!).i 

+m 

+ 5-9-KI!) 

~3!)l-i)38!) 

-t-’W** 

+ 1013-7070 

- l73(KH)fiO 

*"rAHLK II. The c*.i)(^fli<'.iont.H for i^xpiHssHiog ilio 

.stress It. 


<'s 

(-4 



i)jj 

Jk 

/>o 

+ ?H 

•+i-f;Kia 



•v? 

- 1 -oHi-a 




- 1 1 a 
•1 1 

-!2-lJKM 

- w 

o 1 

-TrOliH) 


1 HH 

A 1 

* 2*5()i»H 

+w 

+ 0-()l!)(! 



— 2'1*()()(K) 

■v." 

- 1H-!)()!)I 

* «i ir 

+!)-:)0!tl 

A. 7 

-+'rr 

+ a7-i)273 

-W 

-0-3001 


- ‘‘fif!!'- 

— 70-77!) 1 

4-20-!ll.tl 

J. 7<I'JHK 
^ M 1 .1 

+',);)*«( Mi) 

•Jiiv 

-1-1M73 

+‘'AW 

+ 80-7713 

-n?5r' 

- lOT-oono 

+M-:tri03 

— l<i!)-r»473 

+ 3m-!)7I2 

•1- 

•1- 2 17*5720 

-5*4870 

+ rO-OKW) 

-030-7.100 

+-j'Vl««®® 

+3«()-0328 

— 3I7-3()!)7 

+ MO 1-7700 

• ■■'7111'' 

-33!) -Kano 

HOII 1 

1 Vi 4:1 

-(5*4875 

+ 33‘l-37(irj 

■■“VsW* 
- 1730-0080 

+**'*i'aV-!*® 

+ 3U7(I-(K)!)7 





, _ 



....... .... 

. . .. 
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Table III. The coefficients for expressing the stress T. 


i 


^2 


-Efl 

J’o 

Fa 


J’o 

2 

+ •3168 








4 

+w 

+ 6-0980 

+ 4-7069 



-w 

- 5-0196 




6 

+14 

+ 14-0000 

-a 

- 6-0909 

- 18-3273 


~w 

- 13-9636 

+ 18-6182 



8 

-l-W;? 

+ 20-9448 

- 81-2761 

- 63-6074 

+Hm^ 

+ 42-8088 

- 26-9238 

+ 107-6960 

-m® 

- 43-0780 


10 

+ 43-9096 

- 307-8189 

+ 72-4280 

+ 339-3769 

- 43-8958 

+ 361-1660 

- 421-3992 

+ 80-2664 

12 

+ 04-8860 

- 800-7089 

+ 18j^tt0 

+ 1214-8673 

+ 883-5398 

- 64-8763 

+ 866-0040 

- 2076-0097 

+ 1186-2912 


If TT be a 2nd, 4th, or 6th harmonic these tables give the complete 
expressions for P, R, and T ; if TF bo an 8th harmonic the only further 
coefficients required arc As and Og. 

For the cases of the 10th and 12th harmonics the values in the tables arc 
sufficient to give the stresses approximately over a wide eq^iatorial belt, 
because the series for P, R, T proceed by powers of the tangent of the 
latitude, and the omitted terms involve high powers of that tangent. It 
would hardly be safe however to apply the formula — at least as regards the 
12th hannonic — for latitudes greater than 15°, because the coefficients are 
large. 

§ 3. On the direction and magnitvde of the principal stresses in 
a stramed elastic solid. 

Let P, Q, R, S, T, U specify the stresses in a homogeneously stressed and 
strained elastic solid. Let I, m, n be the direction cosines of a principal 
stress axis. 

The consideration, that at the extremity of a principal axis the normal to 
the stress quadric is coincident with the radius vector, gives the equations 

(P — X) Z + JJm + Tn = 0 
UZ + (Q — A) m + Sn = 0 
TZ + + (R — A) w = 0 
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IhcHO c(juatioiis lead to the discriminating cubic for the determination of 
X, and the solution for I, m, ii is then 

(Q - X) ( li - \) " (P~X)(Q-X)-U2 

In the ctise coiiHidorcd in the preceding sections S and U vanish, and the 
cubic reduces to the qumlratic 

(P^\)(B-X)-T*=0 

of which the solution is 

2\ = P + R i V(P-R)“ + 4T^ 

m is obviously zero and I, n are determimiblo from 
Z«(P-X) = ?i2(R-.\) 

Let Z = cos ^ , n = sin S* 

Then it is easily proved that 

cot2^ = ^2T^ 

ThiH ociuiition gives llio dinsetiona of the principal atress-axes. 

Th(t two jjriiKupul strosses N,, Nj aro tho two vahios of X, so that 

N. = i(l' + lt) + iV(P-R)»T4T»\ 

N, = HP + H)-iV(P-R)« + 4T»J ^ ’ 

and liluj third priiunpal sln^Hs is of course Q. 

Wlu‘n an <dastie. solid is in a state of stress it is supposed, in all probability 
with justicts that tln^ U^ruhsiuy of the solid to rupture at any point is to be 
estiinaUul by t.h<^ form of tlu» strt^ss qumlric. At any Kite tho hypothesis is 
liere a(lopt(«I that th(^ tc.ndimey to break is to be estimated by the difference 
betwtHUi tlu^ gri^atiCist and h^iust principal stresses. For the sake of brevity 
I shall nder to tiho. dithM’OTKM^ Ix^tweeii the grcxitest and least principal stresses 
JUS “ tlui Htnvss-diilonuKx*.” ^fhis (jujintity I shall find it convenient to indicate 
by A. 

W(^ nniy also look at the subjijct from another point of view: — It is a 
well-known thoonun in tlui theory of elastic solids that the greatest shearing 
stress jit jiuy point is iMjual to a luilf of the stress-difference. It is difficult to 
conceive any mode, in which an (‘histic solid cjin rupture except by shearing, 
and hence it Jippcuirs thal; th(^ grcxitcst shearing stress is a proper mejisure of 
the tendency to bn^jik. This mc‘.aHure of tendency to break is exactly one- 
half of tlui stresH-diftenuKKu Jind it is therefore a matter of indifference 
whether W(j Uike gro-ati^st sliojiring stress or stress-difference. For the sake 
of compjirison with (txj)erim(uitjil results as to tho stresses under which wires 
and rods of vjirious nuiterials will break and crush, I hjivo found it more con- 
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venieut to use Btress-difference throughout ; but the results may all be reduced 
to shearing stresses by merely halving the numbers given. 

[In the case where Nj is the mean of the principal stresses we have 


from (28)] 

A = V(P^B)> + 4T» (29) 

[If however N, is the least of the stresses we have 

A=Ni-Na (30)] 


§ 4. The a^ieation of previous analysis to tlie determination of die 
stresses produoed, hy die weight of superficM ineqvvlities. 

[In this section I shall in the first instance consider the formulae for the 
stresses when the solid is supposed to be compressihle, and shall afterwards 
proceed to the limi t when the solid is treated as incompressible. This is the 
plan already followed above in § 1. 

Suppose that r = a + hsi is the equation to an harmonic spheroid of the 
ith order, forming inequalities on the surface of the sphere, whose density 
is w. 


There are two causes of stress in the interior of the sphere ; the first of 
these is the weight of the inequalities, acting only on the surfiice ; the second 
is the attraction of the inequalities acting throughout the whole sphere. 
These two causes correspond to the two problems solved in § 1. 


The weight of the inequalities gives rise to a superficial normal traction 
equal to — gwJiSi. Hence in using the solutions (5) and (9) of the first 
problem we must put —guifur^sila^ for Wi. 

As regards the second cause (the attraction of the inequalities), the 
potential of the layer of matter hst in the interior of the sphere is 
3ptw/w*9(/(2i + l)a*; this is the value which nnust be attributed to when 
we use the solution (10) of the second problem. 


We see then that the potential to be used in the solution of the second 
problem is — 3/(2i + 1) times the potential to be used in the solution of the 
first problem. 


The solution of the first problem for a, P, T is the same as that for the 
second with certain additional terms. In so far as the two solutions arc the 
same the two problems may be fused together, when the two causes cooperate, 
by using the solution of the second problem with 


Wi^ 



2i + lJ 


2 (^- 1 ) 

2i+l 


7 

gwh 
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In as far as concenis the additional terms arising &om the solution of the 
problem in its first form, if we adopt the definition that 

w 

the value of W,- to bo used in these additional terms is 

, 2i + l ^ 

In this way we see that the complete solution of the problem is 


1 

““2/v 

[‘t*?’-- 

- (i H- 3) 



+ 1. 

B-V: 




-HI 


(i + 3) 1*“ 


2iH-l ^ 
2(i-l) * 


r 2i + 1 i 


■2i(i — 1) Wi- 

T=‘{ 


(i + 3)r« 

dcediZ \ dx die ) 

• 




[ 2i +• 1 i 


fc'’ - ^ ^ K' T + ‘ 


.(82) 


whore has the value defined above in (31), and where the other corn- 
porionts of <lisj)laceiTient and the other strcsBes arc to be found by <yclic 
chungOH of lottcra. 

If now wt 5 proccsod to the limit when the solid is incompressible, JT becomes 
infinite and (512) becoineH 

/T = [’-f tt-’ '•■ - (* + S) •'] » - K* ^ ‘ 

(83) 

These are the (luantities which are tabulated in § 2 under the headings 

P, Q. R, T. 

If wc write 9 ,: = sin* d - - sin*^ 0 oos“ d + &c. 

where e is the colatitude, h is the height above the mean sphere of the 
elevation at the equator. 

Now w(us put equal to »■'*?< in § 2.] 
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Thus in order to apply the preceding results to finding the stresses caused 
in a sphere, possessing the power of gravitation, by the weight and attraction 
of surface inequalities expressed by 


r = a + (34) 

wo must multiply the preceding results for P, R, T, Q by 



§ 6*. 27ie state of stress due to elKptioity of figure or to 
tide-generating forces. 

When the potential Wf is a solid harmonic of the second degree, the 
solution found will give the stresses caused by ohlateness or prolateness of 
the spheroid. It will also serve for the case of a rotating spheroid with more 
or less ohlateness than is appropriate for the equilibrium figure. When an 
elastic sphere is under the action of tide-generating forces, the disturbing 
potential is a solid harmonic of the second degree, and therefore the present 
solution will apply to this cjise also. 

If we extract tho cose i = 2 from Tables 1, 11, III, and put i = 2 in (83), 
and substitute colatitudo 0 for latitude I, we have after some simple 
reductions 

19(P — fTrii)= 16a* — (19 4- 3 cos 20) 

19 (R - §• Fa) = - 32a“ -l- (29 -J- 3 cos 20) 

19(Q — J^Fs)= 16o“ — (13 + 9 cos 20)r“ 

1 9T = 3 sin 20r* 

Let Ni, N.J, N„ bo tho thi-oc principal sti'esses, each diminished by f-Fa, 
HO that 

Na+fFa =Q 

Then 

19n' 1 “ “ (a* - r*)* + r- - 16r* (a* - r») cos 20} ' 

191^3 = 16^1® — cos 

Now let us find the surfaces, if any, over which Ng = Ni or Ng. They are 
obviously given by 

24a“ — 18r® — 9r® cos 2^ = ± 3 V{64 (a® - r®)® + . . . &c.} 

* This section in its present form is extracted from “Note on a previous paper,’* Proc. Hoy, 
1885. 
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This uasily n«hK3(.'8 to 

(1 - cos 2^) [32ci« - 20r» - 9r* (1 + cos 2^)] = 0 
Thus the solubioiis arc 

,- = () ^ 

5 = 0 and TT I (36) 

and 32f — 20 («“ + y*) - 38^“ = 0 J 

By trial it is isasy to seo that at the centre and all along the polar axis 
N|,= N,, and that inside the ellipsoid 10 (a? + 2 /“) + = 16a®, N, is greater 
than Ni, and outside it is less. 

Houeo inside the ellipsoid Nj - N, and outside it Nj — N| is the stress- 
diftoronce. Nj— N, vanishes nowhere so long as Ng is not equal to Ni, 
and N, — N;, vanishes where }”=^V2 .a = •9428a and 0 = 0, which is inside 
the region for which N, — N., is the stress-difference. This is the only point 
in thci whole aph<(r(*. for which the strcss-differonco vanishes. 

The ellipsoul of siiparation cuts the sphere in colatitude sin"®^ or 35° 16'. 
If wo put A for stresH-diffcrence, between the centre and the ellipsoid 


1 9 A = 24a® - 1 - !)j-® cos 20 

-f- 3 ^{<>4 (a" - r®)® + r* - 16 (a® - r®) r® cos 25} (37) 

and betw(‘.en the jK)lar surfiuie regions and the ellipsoid 

l!)A = 6 V(d4 (a® - r®)® + r* - 16 (o® - r-®) r® cos 20} (38) 

This last also holds for the*, whole*, polar axis, along which 
1 i)A = (i (8a® - 9r*) or 6 (9?-® - 8o®) 


In <ird(ir to fiiul the ludiual value of A in any special csiso, we have to 
multiply tho expression for A by appropriate factors, to be determined here- 
after. Kor tho i)niH(!nt it will be convenient to omit those factors. 

Wo may now from (37) and (38) determine tho distribution of stress- 
diffc'.rono.(i throiighout the Hi>horc. 

By computation and graphicsil intorjralation I have drawn the figure (1), 
showing tho curv<'H of o(jual stress-difference throughout a meridional section 
of the splu'.nt. 'rh(i numbors written on the curves give the values of 19A, 
when the radiiis of tho sphere is unity. The point marked 0 is that where A 
vanish<!H. 

The dotted curve is tho (dlipse of separation cutting the circle in colatitude 
35° 16'. 

Over tho polar cap and at the surfiuso 19A is constant and equal to 6 ; at 
the surfiice fnim colatitude 35" 16' to the equator 19A increases from 6 to 18, 
varying as tho scpiaro of tho sine of the colatitudo. 
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At the centre 19A is 48, being eight times the polar superficial value. 



Fia. 1. Diagram showing surfaces of e<iual stress-diflerenoe due to tho weight 
of second harmonio inequalities or to tide-generating force. 

If this figure he made to rotate about the polar axis, the several curves 
will of course generate the surfaces of equal stress-difference throughout tho 
sphere. 

Writing S* for the inclination of one of the principal axes to the equator, 
we have by means of the formula (27) 

■p TJ (n^ 

cot 2Sr= Arts™ = 8 • — — 1 >• cosec 20 - cot 26 
2T (r® j 

It would be easy to trace out the changes of direction of the principal 
stress-axes throughout the sphere, but I will only now make tlic observation 
that all over the surface they are parallel to and pcrpoiulicular fco tho surfiicc, 
and that at the centre they are polar and equatorial, tho stress-cpiadric being 
of course an ellipsoid of revolution. 

We have next to find the actual amount of stresH-difforcnc<5 which arises 
from given ellipticity of form of the spheroid. Putting i = 2 wo have 

9 i = sin® 6 — 2 cos® ^ = 3 [J — cos® 6] 

The equation to the spheroid is 
r = a+hi 

= a 1^1 + 3 ^ (i - cos“ = a [1 + e (| - eos‘ 6)] 

Thus Zhja is the ellipticity of the spheroid, which wc may put equal to e. 
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[It wixs shown in (31) § 4 that the results for P — fTTg, Q - ^ Wa, R - f Wa> 

T are to be multiplied by — § , and this will of course also be the factor 

0 / 

for the stress-difference A. 

Substituting e for 3/t/a, smd introducing the factor which has been 
omitted in considering the distribution of stress-difference throughout the 
sphere, wo see that ellipticity e gives a stress-difference represented by the 
greater of the two expressions 

^ == - 1 ?!? [« - 6 - 8 J cos 2d 

Throughout the polar csips the latter is greater, and throughout the rest 
of the ellipsoid the former is greater. 

If wo estimate the forces in gravitation units the factor ff must be 
omitted. 


Over the polar aip at the surface, the stress-differenco 

. 4ewa ^ . 

^ = — 77 b~ > a constant 

yo 

Over the rest of the surface it increases as the square of the sine of the 
colatitudc. and is given by the formula 

The strcHH-difforoiUKj at the centre is 


In those', fomiulio tht* negative sign has clearly no significance and may be 
omitted.] 


To apply this to the ciiso of the earth, take a = 637 x 10* cm., and w = 6'66, 
and m\ find th(^ polar and equatorial strcss-differencos at the surface to be 
respectively 1 !)2e and 456e metric toimcs per square centimetre ; the central 
stress-differenco is 1214e metric tonnes per square centimetre. 


If these numbers bo multiplied by 6'34, we get the same results expressed 
in tons per H<iuare inch. Thus in British units these three stress-differences 
are 962e, 2887e and 7698e. 


If then the ellipticity e be equator on the surface 

and at the centre, the stress-differences will be nearly 1 ton, 8 tons, and 
nearly 8 tons to the square inch respectively. 
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From the Table VII. in § 9 it will appear that cast brass ruptures with a 
stress-difference of about 8 tons to the square inch. 

Thus a spheroid, made of material as strong as brass, and of the same 
dimensions and density as the earth, would only just support an excess or 
deficiency of ellipticity equal to j^th, above or below the equilibrium 
ellipticity adapted for its rotation. 

The following is a second example: — If the homogeneous earth (with 
ellipticity were to stop rotating, the stress-difference at the centre would 
be 33 tons per square mch. 

Now suppose the cause of internal stress to be the moon’s tidc-gonemting 
infiuence, and let m = moon’s mass, and c = moon’s distance. 

Then the potential under which the ejirth is stressed is 

cr 

or according to the notation of § 4 

If we took into account the elastic yielding of the earth and the weight 
and attraction of the tidal protuberance, this potential would have to be 
diminished. To estimate the diminution wo must of course know the amount 
of elastic yielding, but as there is no means of approximating thciveto, it will 
be left out of account. 

Then it is obvious that the factor by which A, jis giv(in in (39), must bo 
multiplied in order to give the stress-difference is ^vLwla\ Thus the surface 
stress-difference at the polar cap is in abvsolute force units. 

Putting M for the earth’s mass, and dividing by gravity, w(3 have 
^{ma^lMc^)wa Jis the polar surface value of A in gravitation units. The 
central value of A is of course eight times as great. 

With the numerical data used above, ‘M;a = 3()05 mc^tric tonne', s per 
square cm., and m/Jlf = a/c= whence the polar surface strc'-ss-difference 
is 32 grammes, and the central stress-difference 257 grainnu*,s piir s<juaro 
centimetre. 

But this conclusion is erroneous for the following reason. If wo su])poKC 
the moon to revolve in the terrestrial equator, and imagine that thi'. meridian 
from which longitudes are measured is the meriditm in which the moon 
stands at the instant under consideration, the tide-generating potential is 

nyt 

This expression may be written 
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The former of those terms produces a permanent increase of the earth’s 
ellipticity, and is confused and lost in the ellipticity due to terrestrial 
rotation, and can produce no stress in the earth. The second term is the true 
tide-generating potential, but it is a seetoriixl harmonic, and I have failed to 
treat such oases. Now the first of those terms wiuhos ellipticity in a homo- 
geneous earth equal to according to the equilibrium-tide theory. 

This ellipticity is equal to lOSO x 10“*, an excoasivoly small quantity. If 
however this permanent ellipticity docs not exist (and the above investigation 
in reality presumes it not to exist), then there will be a superficial stross- 
differcnco at the poles equal to 152 x ’lOSO x 10“* motric tornioa por square 
centimetre, and a central stress-differonco of eight times as much. 

Since a motric tonne is a million gnxmmos this polar surface stress- 
difference is 16 grammes, and the central 128 graiumos por square centimetre. 
These stress-differences are exactly the halves of those which Imvo boon com- 
puted above. Thus the remaining stress-diftbronco which is duo to tho moon’s 
tide-generating influence is 16 grammos at tho surfixoo and 128 gnxmmos at 
the centre per square contiraotre. 

A flaw in this reasoning is that stroHS-diffonmeo is a non-linear function 
of tho stresses, and therefore tho stxms-difforoneo arising from tho sum of two 
sets of bodily stresses is not tho sum of thoir sepanxto stross-difforencos. 

I conceive however that tho above conclusion is not likely to bo much 
wrong. 

Those stresses are very small compared with thorns arising from tho weights 
of mountains and continents jxh cojuputed bedow, mwertholcss thoy aro so 
considerable that wo cjxn undorstsxn<l the (uionnous rigidity which Sir William 
Thomson has shown that the earth must posHtws in order to resist considcnxblc 
tidal deformations of its mtiss. 


§ 6. On the stresses due to a series of parallel momtain chains. 


Having considci'od tho casi^ of the second harmonic, I now imish to tho 
other extreme and suppose tho onler id* harmonics i to be infinitidy groat, 
whilst the nxdius of the sphiu’c is also infiuit(',Iy gr(«xt. 

Tho equatorial belt now becomes infinitely wide, and the siirfixco inequali- 
ties consist of a number of parallel simple harmonic mountains and valleys. 

If i be infinitely largo, wo hav(‘, from (12) 




Now let f be the depth below tho surfixco of tho point indicjxtod in tho 
sphere (now infinitely largo) by x, y, z. 

As the formulae given above apply to the meridional plane for which 
y = 0, we have p = a — 


D. II. 


31 



482 


PARALLEL CHAINS OP MOUNTAINS. 


[9 


Let 6 = a/i, then when both i and a are infinite 

p* =s 

and since in the limit p/i = a/i = b, 


= (a*) cos I 

This expression for W involves the infinite factor a\ and in order to get 
rid of it we must now consider the factor by which it is to bo multiplied, in 
introducing the height of the mountains and gravity. 

This factor is computed in § 4 ; it is there shown that if r = a + /w* bo a 
harmonic spheroid, the factor is — 2 (i — 1) gwhl(2i + 1) a*. 

Now if the harmonic i be of an infinitely high order, s* becomes simply 
cos ejh, and the equation to the surface is 

f = — Acosg 

f being measured downwards. Thus the harmonic spheroid h<ti now reprosonts 
a series of parallel harmonic mountains and valleys of height and depth h, and 
wave-length ivb. 

The factor becomes - gwhja^, when i is infinite. 

Thus the effective disturbing potential W, which is comi>c.t(int to produce 
the same state of stress and strain as the weight of the mountains and valleys, 
is given by 

= — gwh€~('’' cos g (40) 


Now revert to the expressions (33) for the stresses. 

When i is infinite J = 2i®, and they become, on changing w into (<* — ?) 

P — W - (a** - '/^) H- 4- W- 




d^dz 2i* 


d^ 


dz 




As shown above a* — r® = 2af, and aji = 6 in the limit ; makin g these 
substitutions, and dropping the terms which become infinitely small when i 
is infinite, we have 


P = f6 


and by a similar process 


d<‘W 

dt 


1 > 


K = f5 


d?W 
dz^ ’ 


T=-f6 


Q = 0 


d’‘W \ 

d^dz 


.(41) 
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Then from (40) and (41) we have 


P = — gwh I cos | ^ 


R = g wk I cos | 




T = gwh I sin g J 
Sinco the stress-difforonce 

A = V^P^R)* + 4T5 

we have 


A st2gu)h^ €' 




The directions of the stress-axes are given by 

i OV!l I* — TR- , « 

COt2»= =COt 

2T b 


.(42) 


.(43) 


so that 




.(44) 


Equation (43) gives the .stress-diiforenec at ti dei)th f below the moivn 
surface, and is very remarkable as showing that the 8tri»88-diffbroncc doponds 
on depth below the moan horisiontal surfiieo and not at all on the position of 
the point considered with roforonco to the ridgem and hirrows. 

Equation (44) shows that if wo travel uniformly and horizontally through 
the solid porijondicular to the ridges, the stroBS-axus revolve with a uniform 
angulfir velocity. 

They are vortical and horizontal when we aru under a ridge, and they have 
turned through a right angle and are again vortical and horissontal by the 
time we have arrived under a funw. 


Since the function .re"* is a uia.ximuiu when I, tho HtrosH-difforenco A 
is a maximum when f=»6, — that is to say, at a depth lujual to 1/2'jr of tho 
wave-length — and is then oijual to igwlbe~^ or in gravitation unitH of forooi to 
•TSduifr. It is interesting to noticse that the value of this imixinium <lei)onds 
only on tho height and density of tho moiintaius, and does not involve tho 
distance from crest to cretst. The depth at which this tuaxiiniun is reached 
depends of course on tho wave-length. 

Fig. 2 shows tho distribution of stress-difference, tho vortical ordinates 
representing stross-difforcnco, and tho horizontal ones depth below tho surfiico. 
The numbers written on the horizontal axis »iro multiples of b ; tho distance 
OL on this scale is equal to 6'28, and is therefore equal to tho wave-length 
from crest to crest, and the distance OH is the somi-wave-length from crest 
to furrow. 


31—2 



484 


PAEA.LUBL CHAINS OF MOtTNTAINS. 


[9 

In the case of terrestrial mountains w is abont 2’8, and if we suppose h to 
he 2000 metres, or a little over 6000 feet, we have the case of a series of lofty 



moimtain chains — for it must be remembered that the valleys run down to 
2000 metres below the mean surfeco, so that the mountains are some 
13,000 feet above the vaHey-bottonos. 

Then h = 2 x 10', w = 2'8, and the maximtim stress-difference is 
•'736 X 2-8 X 2 X 10'= -412 x 10' grammes per square centimetre. 

This stress-difference is, in British measure, 2*6 tons per square incL 

If we suppose (as is not unreasonable) that it is 314 miles from crest to 
crest of the mountains, the maximum stress will be reached at 50 miles below 
the sur&ice. 

From Table YII., § 9, it will be aeon that if the materials of the earth at 
this depth of 50 miles had only as much tenacity as sheet lead, the mountain 
chains would sini down, but they would just be supported if the tenacity 
were equal to that of cast tin. 


§ 7. On ths strssscs dus to ths oven zonal luiTnionic ine^uoMties, 

Having considered the two oxtremo cases where i is 2, and infinity, I pass 
now to the intermediate ones. As the odd zonal harmonics were not required 
for the investigation in the following section I have only worked out in detail 
the even ones. 

The surface of the sphere is now corrugated by a series of undulations 
parallel to the equator, and the altitude of the corrugations increases towards 
the poles. The form of the undulation in the neighbourhood of the equator 
is exhibited in Fig. 3. 

As in the case of the second harmonic there are regions within which 
Na — Nj is the proper measure of stress-difference, and others in which 
proper measure. The complete determination of these regions 
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might be difficult, but as these harmonics are only used for the determination 
of stress-difference in the equatorial regions, it is sufficient to find the 
boundary of the regions for that part of the sphere. 


«v 



We see from (22) that V{(P - B)’ + only differs from P - R by terms 
which depend on the square of the sine of the latitude. 

as far as the first power of sin ? we have 


= N.=R-^)F. 

Therefore if we neglect terms depending on the square of the sine of the 


latitude, we have from (22), 


l=G,r^ + Fotf, S = 




/ 
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Substituting, for Ao, &o., their values from (23), (24), (26), and 
effecting some easy reductions, we find, 

TN 

i*(»+2)(e*-r») 


/Na 

^■—2 




8i» 

i-l' 


^ = - [i (i + 1 ) (i + 2) + i ] (a“ - r») - * a» 


From this we see that N, is always positive but vanishes at the surface, 
Na is always positive but does not vanish at the surfece, and hTj is always 
negative. 

Hence at the surface and for some distance beneath it, the stress-difference 
is N* — N,; but below the surface at which Nj becomes equal to Na, we have 
Ni - Ns as the stress-difference. 


This surface is determined by 


whence 


(i -t- 2) (ft* - r“) = I'a (a® - r®) •+ ^ a? 

^ 4 

a» ~ 


Solving for the successive oven values of i, we find, when 


t=2 , 

v 

- = 0, as wo already know 

i=4> , 

- = 0-8944 


Vb 

i-6 , 

- = 0-9662 


a 

i = 8 , 

-=0-9759 


a 

i = 10. 

- = 0-9847 
a 


We see that even when i = 4, the region is very thin in which Nj — N» is 
the proper measure. For the higher harmonics it soon becomes ncgligeablo*. 

[I shall then only consider the stress-difference Ni — Nj, and this] is as 
before given by 

V'(P-R)»'+'4T» 

To fonn this expression the series in (22) for R must be subtracted from 
the series for P. Since the G’b and D’& of Table 11. have always the opposite 


* Ab fer as tills point, tills section is token firom a “Note on a ptevlous paper” referred 
to above. 
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signs from the il’s and B’a of Table L, this algebraic subtraction becomes a 
numerical addition of the numbers in these two tables. 

The results are given in the following table. 


Table IV. The coefficients for expressing P — R. 


i 

^0 “ 0(> 

^2 - 0^ 


o 

I 

Bq-Dq 

B 2 — 1^2 

£ 4 - 7)4 

Bq-Dq 

St 

- 2-2105 

- 2-8421 



+ 2-6263 




4 

- 4-3137 

+ 2-7451 

+ 7*8431 


+ 4-3922 

- 7-6294 



C 

- 6-3(530 

+ 42 

+ 35-03C4 

- 14-2646 

+ 6-4 

- 48-8727 

+ 13-9636 


8 

- 8-302(5 

+ 130-1411 

- .38-8712 

-168-2061 

+ 8-4187 

-148-0806 

+188-4663 

- 21-6390 

10 

- 10-4115 

+318-2304 

-C38-7449 

I 

00 

c 

+10-4252 

-829-2182 

+ 966-7051 

-491-6324 

1:2 

-12-425 

+ (503-292 

-2628-009 

+662-212 

+ 12-4:)4 

-616-816 

+3243*766 

-3806-018 


Then wo have 


P - R = cos< I [(il. - Oo) + (A,- 0,) tan» 1 + ...] 

+■ a*r^ cos*^ I [(Ro - A) + (A - A) tan’ i + . . .] 

The materials for computing T have been already given in Table III. 

The series for P - R and for 2T should now be squared and added 
together, but the result would be so complex that it is not worth while 
to proceed algebraically. 

At the equator T = 0, and A==P-R, and P-R reduces to only two 
terms, whatever be the order of harmonic. 


By reference to (23) and (24) wo see that at the equator^ 




ir^ 

2 (i + 1)“ + 


f* (it 2) (2i- 1) _ (i + 1) (2i + 3) r* 

'+1 L 1-1 J 


or 


A _ L(* + (^1+ ^ fl - 

(?+l)(2i + 3)-i L 


(i*-l)(2i + 3)] 

This value for A requires of course multiplication by appropriate factors 
involving the height of the continents and gravity. 

Even when i is no larger than 6, (45) differs but little from fr*-® (a* -»^), 
at least for values of r not very nearly equal to a. 

A clearly reaches a maximum when 


i-2 


1 + 


3 


. ^ •(i»-l)(2i + 3)| 

For large values of i this maximum is nearly equal to 2 {(» - 2)/i} ^ 
From these formulas the following results are easily obtained. 
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Table V(a). 



2 

4 

6 

8 

10 

12 

Maximum value of A . . . . 

Value of r/a when A is max*" . 

2-526 

0 

1-118 

•714 

•959 

•819 

•894 

•867 

•869 

•896 

•836 

•913 


[If wo compare these values of r/a with the values found for the limit of 
the region in which N, - N, is the proper measure of stress-difference, we see 
that it always falls &r within that region. It appears then that in these 
cases it suffices to use only the form for A which has fiimished those 
numbers.] 



Fig. 4 shows graphically the law of diminution of the stress-diftcrence 
N^-Ns for the even zonal harmonics, the vertical ordinates representing 
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stress-difiference and the horizontal ones the distances from the surfewse or 
from the centre of the globe. 

In order to find a numerical value of these maximum stress-differences 
which shall be intelligible according to ordinary mechanical ideas, I will 
suppose the height of each of the harmonics at the equator to be 1500 metres. 
On accotint of the small density of the superficial layers in the earth, this is 
very nearly the same iis supposing that in the earth the maximum height of 
the continents above, and the maximum depth of the depressions below the 
mean level of the earth are each about 3000 metres. In the summary at the 
end I shall show that there is reason to believe that this is about the 
magnitude of terrestrial inequalities. 

Then by (35) we have to multiply the maximum stress-differences in the 
above table by 2(i— l)^(;A/(2i + l), in order to obtain the stress-differences 
for the supposed continents in grammes or tonnes per square centimetre. 

Now «; = 5‘66 and 1i = 1*5 x 10® according to the above hypothesis as to 
height of continent ; and the coefficient in i is of course different for each 
harmonic. 

By performing these multiplications I find the following results. 


Table V(6). Maximum stress-differences due to harmonic continents 

and seas. 


Order of harmonio 

2 



8 

10 

12 

Max, stroHH-differenco, hi metric tonnes 
per sq. cm. duo to continents 1600 

luotres high 

Ditto in British tons per sq. inch, for 
same contineiitH . . . . . . . 
Depth in Britinh miles at which this 
stress is attained 

•868 

6*43 

f Centro \ 
\of earth j 

•633 

4*01 

1146 

•626 

3*97 

726 

•626 

3*96 

632 

•626 

3-96 

420 

•625 

3*96 

347 


— Tha contvnefniB referred to are supposed to ho of the eartNs mean density amd are 
equivalent to mtual continents of double tliA height. 


Thus far we have only considered the stress-differences at the equator 
immediately underneath the centres of the continents, but we must now see 
how they differ as the latitude of the place of observation increases. In order 
to attain this result a good deal of computation was necessary. 

For this purpose I calculated P — R and 2T for a number of points and 
found the square root of the sum of these squares. As the computations 
were laborious, and as the results given in the following table are amply 
suflScient for the purpose in hand, I did not think it worth while to trace the 








490 


A ZONAL CONTINENT AT THE EQUATOR. 


[9 


changes to a greater depth than r = •'7. Moreover the correctness of the last 
significant figures given cannot be guaranteed, although I believe that it is 
correct in most cases. 


Table VI. Showing the stress-difference Ni — Ns due to the several 
harmonic inequalities at various depths and in vaiious latitudes. 



The numbers given in the column marked “ equator ” might be computed 
from (45), and are those exhibited graphically in fig. 4; they are here given 
as a means of comparison ^vith the numbers corresponding to latitudes C'’ 
and 12°. 

The result to be deduced from this table is that the lines of equal stress- 
difference are veiy nearly parallel with the surface, and that it is for all 
practical purposes sufficient to know the stress-difference immediately under 
the centre of the continents. 

We have already seen in § 6 that for harmonics of infinitely high orders 
the lines of equal stress-difference are rigorously parallel with the mean 
surface. 


§ 8. On the stresses dm to the weight of an equatorial continent. 

The actual continents and seas on the earth’s surface have not quite 
the regular wavy character of the elevations and depressions which have been 
treated hitherto. The subject of the present section possesses therefore a 
peculiar interest for the purpose of application to the earth. Had I however 
foreseen, at the beginning, the direction which the results of this whole 
investigation would take, it is probable that I might not have carried out the 
long computations which were required for discussing the case of an isolated 
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(jontinent. But now that that end has been reached, it seems worth while to 
place the results on record. 

The function exp. [— cos“ d/sin* a] (where 6 is colatitude) obviously repre- 
sents an equatorial belt of elevation, and I therefore chose it as the form of 
the required equatorial continent. This function has to be expanded in a 
series of zonal harmonics in order to apply the analytical solutions for the 
stresses produced by the weight of the continent. 

It is obvious by inspection that the odd zonal haraionics can take no part 
in the representation of the function, and it was on this account that I have 
above only worked out the cases of the oven zonal harmonics. 

The multiplication of this function by the successive Legendre’s functions, 
and integration over the surfoco of the sphere, are operations algebraically 
tedious, and wholly uninteresting, and I therefore simply give the resixlts. 

I find that if a = 10", and 

?i = si n** ^ ^ sin*^ 5 cos® 6* + ^ j -•- si 0 cos‘ 6 — &o. 

then 

0a^e+ + A«Vi(i + As?ia+ ••• 

where 

= /S, = '2829, ;3« = '2252, 

y3.„=-1688, A» = -ll»3 

j3a is put on the left-hand side in order that the mean value of the function 
may be zero. The ^S’s obviously decrease very slowly, and as I stop with the 
12th hannonic, the representation of the function is very imperfect. 

Fig. 5 illustrates the results of the representation, the portion of a circle 
marked *' mean level of earth ” represents a meridional section of the earth ; 
the dotted curve marked “inequality to bo represented” shows the true value 
of the function 2 exp. [- cos* 0/sin' a] — /8o ; the curve marked “ representation” 
shows the right-hand side of (46) stopping with the 12th harmonic; the 
second curve is the same without the 2nd harmonic constituent ySaVa, and it 
is introdviccd for the re>isons explained in the discussion and summary at 
the end. 

The equatorial value of the exponential function is 1'792, that of the 
“representotion” is 1'49'7, and that of “the representation without the 2nd 
harmonic ” is I’lSO. 

The polar value of the exponential is — ‘3078, that of the "representation” 
is — ‘0830, and that of “the representation without 2nd harmonic” is H-’fiSlfi. 
This latter function thus gives us an equatorial continent and a pair of polar 
continents of less height. 
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The extreme difference of height in the “representation” between the 
elevation at the equator and the depression at the pole is (1*497 + *083) h or 
1*58^. I do not know exactly the extreme difference in the case where the 
2nd harmonic is omitted, because I have not traced the inequality throughout, 
but it is probably about 1*3 or l*4fe. 



Fxa. 5. Diagram showing the profile of isolated equatorial continents. 

Badins of sphere 18 inohes. 

Let Af be the numerical value, as computed for § 7, of the stress- 
difference Ni — Nfl due to the harmonic spheroid Then it has been shown 
above that the stress-difference due to the spheroid whoso equation is 
r = a + is — 2 (i - 1) gwhLil{Zi + 1). 

Now stress-difference is a non-linear function of the component stresses 
P, E, T, and therefore the stress-difference due to a compound harmonic 
spheroid is not in general the sum of the stress-differences due to the con- 
stituent harmonic spheroids. At any point, however, where the principal 
stress-axes are all coincident in direction and where all the greater stress-axes 
coincide, and not a greater with a less, and where T = 0, the stress-difference 
is linear and is the sum of the constituent stress-differences. This is the 
case at the equator for the present equatorial continent. 
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Hence, if A bo the stress-difference Ni — N, at the equator due to the 
spheroid, 

T ^ h (^392 "I" ^<94 H“ ^12 

We have 

A= — gwh [^^3 A 3 -|- + •^^jA, -t- 'ff/SsAg-)- ^f-^ioAi^-f- '|^^i 2 Ax 2 ]...( 47 ) 

In this formula the Aj’s are the numbers which were computed for 
drawing fig. 4, from the formula (45), namely 

A - _i^i±2H?i±§) (!1\^ Fl - --I- ——i— __1 
2(i-)-1)>h-1 W L a® (i“-l)(2i-l-3)J 

By using those computations I have drawn Fig. 6 . The vertical ordinates 
are — A -i-gwh, and the horizontal are the distances from surface or centre of 
the sphere. 



Fia. 0. Diagram Khowing the diffuronoo of principal stroBBOR at the oexuator due to isolated 

O(iuatorial oontinonts. 

The maxima in the two curves arc merely found graphically, and the 
distances whoni the maxima arc reached (vizs. : 660 and 690 miles from the 
surface) are written down on the supposition that the radius of the sphere is 
4000 miles. 

In the discussion in the second part of this paper, I have endeavoured to 
make an estimate of the proper elevation to attribute to these isolated con- 
tinents ; so as to make the case, as nearly as may be, analogous to the earth. 

Although it appears impossible to make an accurate estimate, I conclude 
that it will not be excessive if we assume that the greatest difference of 
height, between the highest point in the equatorial elevation and the 
approximately spherical remainder of the globe, is 2000 metres. 

Accordingly for the representation I put l* 68 /i» = 2000 , and for the second 
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curve 1*4 jA = 2000 ; these give h = 1*27 x 10® cm. and i = 1*4 x 10® cm. 
respectively. 

Taking w— 6 ’ 66 , then for the representation vre have •T2 tonnes per 
square centimetre, and for the other curve wh = ’79 of the same units. The 
maximum, stress-differences are '91wh and ^*76wh respectively. 

Therefore for the equatorial table-land (called above the representation) 
we have a maximum stress-difference of '66 metric tonne per square cm. or 
4*1 British tons per square inch ; and for the equatorial table-land balanced 
by a pair of polar continents ( 2 nd harmonic omitted) we have a maximum 
stress-difference of *60 tonne per square cm. or 3*8 tons per square inch. 

I therefore conclude that our groat continental plateaus produce a stress- 
difference of about 4 tons per square inch at a depth of 600 or 700 miles 
from the earth’s surface. 

[The whole of this calculation was made at a time when I wrongly sup- 
posed that Ni — Ns was always the correct expression for tho strcss-diffcrcnco. 
Now it has been shown above that for each harmonic term there is a region 
in which Ng — N 3 is larger than Ni — N 3 . Hence this calculation ought 
strictly to be revised with the object of attributing to each term its corre- 
sponding proper expression. Tho revision would bo voiy laborious, and it 
seems clear that it would not materially alter the general physiail conclusion. 
I do not therefore propose to attempt to make the calcuhition on this more 
logical basis.] 


§ 9. On the strength of mHous mbstances. 

In order to have a proper comprehension of tho sti*(uigth which the 
earth’s mass must possess in order to resist tho tendency to riii)ture produced 
by the unequal distribution of weights on tho surfiico, it is neccHsary to 
consider the results of experiment. 

Eankine* gives a largo number of results obtained by various experi- 
menters, and Sir William Thomson also gives similar tables in his article 
on ‘‘ Elasticity t” 

Amongst other constants Sir William gives Young’s modulus and the 
greatest elastic extension. If the materials of a wire remain perfectly clastic 
when the wire is just on the point of breaking under tension, then the 
product of Young’s modulus into the greatest elastic extension should be 
equal to what is called the tenacity, which is defined as the breaking tension 

* Useful NuUs and Tables : Griflftn, London, 1878, p. 191, et seq, 

t “Elasticity Black, Edinburgh, 1878. This is the article from the Encyclopedia Britan- 
nicat but it is also published as a separate work. 
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per square centimetre of the area of the wire. If however a permanent set 
begins to take place before the wire breaks, this product should be less than 
the tcnticity. I do not see how it can ever be greater, unless there be a 
marked departure from Hooke’s law ‘‘ut tensio sic vis”; or different sets of 
experiments with the same class of material might make it seem greater. In 
some of the results given by Sir William Thomson the product of modulus 
and elastic extension is however greater than tenacity. 

Ordinary experience would lead one to suppose that such materials as 
lead and copper would undergo a considerable stress beyond the limits of 
perfect elasticity, before breaking. It is surprising therefore to see how 
nearly identical this product is to the tenacity — indeed in the case of lead 
absolutely identical, as may be seen in the table below. 

With regard to the earth we require to know what is the limiting stress- 
difference under which a material takes permanent set or begins to flow, 
rather than the stress-difference under which it breaks ; for if the materials 
of the earth wore to begin to flow, the continents would sink down and the 
sea bottoms rise up. 

It will be seen from the definition of tenacity given above that it is the 
rupturing stress-difforonce for tcnsional stresses. There is no word specially 
apifliod to rupturing stress-differonco under pressure. 

I am inclined to think that for the purposes of this investigation these 
tables in most cases rate the strength of materials somewhat too highly ; for 
it seoins probabhi that a permanent set would be taken, if a material were 
subjected for a long time to a stress-difference, which is a considerable 
fmetion of the limiting value. We are likely to know more on this point in 
some years’ time when the wires hung by Sir William Thomson in the tower 
of Glasgow University have been subjected to several years of tension. 
However this may be I give the results of some of the experiments as 
collocted and quoted by Sir William Thomson and the late Professor Rankino. 
The first table of temmity, except the results denoted by the letter R, are 
taken from Sir William Thomson. The second table of crushing stress- 
difference is taken entirely from Rankine, The multiplications and reductions 
to different units I have done myself. 
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The only c<iscs in these two tables in which we have the opportunity of 
comparing the strength for resisting the stress-difference, when produced in 
the two manners, are for the materials cast brass and ash ; in both cases we 
scio that the substance is considerably weaker for crushing than for tension. 

I should bo inclined to suppose that the crushing strength is more nearly 
the datum we require for the case of the stresses in the earth. 

In the first half of the table we probably see the effect of permanent set 
in the cases of copper and pianoforte wire (compare 4*00 with 4*10, and 23-66 
with 2r3-(j2), but it is suiqirising that the contrast between the two columns is 
not more marked. 


§ 10. On the case when the elastic solid is com/pressihle. 

It appears desirable to know how far the results of the preceding investi- 
gation may differ, if the elastic solid be compressible. According to the views 
of Dr Ritter, referred to in the summary, this may be the case, perhaps to a 
largo extent. 

[In the paper <is originally presented to the Royal Society I had failed to 
notice that, as pointed out in § 1 as revised for the present volume, there 
are really two distinct problems under diHcussion. Accordingly the present 
section has been rewritten. 


The effects of compressibility will now bo considered in the two limiting 
ctises of harmonics of the second and of infinite oi-dors. Preparations for this 
have already been made in the revision of § 4. 

For the case of the second harmonic, wc have to put i = 2 in the definition 
(2) of § 1 and in ecpiation (9). The analysis will be much abbreviated if we 
write 


X = 



Then since if = 1 9 g) — 6u, we have 
* 

2i + l , i\ V 


Thus (9) becomes 

P = § + -iV [ ( « «* - - 6® + 6 TF.] 


Also T has a similar form. 


(a^-Sr®) 




daf‘ 


! + 4» 


duo 


-4F, 


s. n 
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We thus obtain 
19P - I (107 - 8\)Fa = [(8 + 


a »-(6 + 3 X ) r *]^ 


-2{S-2X)J£’^ 


19T=[(8 + X)a>-(6 + 3\)r»]^ 



These formnlffi. and others derived from them by cyclical changes of 
letters, are to be applied in the case where 


-4- y® ““ 2^® 

As in § 5 it is more convenient to substitute e, the ellipticity ot the 
ellipsoid, for h, so that h has the value Jea. 

Thus we are to take 

(h 

For the present the factor -^gweja may bo omitted, to bo i-ointroduced 
at a later stage. 

We find then 

J^P - i (107 - 8X) TV, = (8 + X) a' - (5 + 3X) r» - 2 (3 - 2X) 

■^Q-i(107-BX)Tra= (8 + X)a“- (5 + 3X) r»-2 (3 - 2X) / 

Jg'iE - J (107 - 8X) Fj = - 2 (8 + X) a“ + 2(5 + 3X) ?■“ + 4 (3 - 2X) 
j^T = (3-2X)a!«; J,fiS = (3 - 2X) ; JJtU = (3- 2X)a3y 

It will suffice to consider only the csise when y = 0, and we may use polar 
coordinates with x = r sin 6,y = r cos 6. 

Thus 

j^p _ 1(107 -8X) Fa = (8 + X)(a“-r^)+ (3 - 2X) cos 2^> 

^Q-K107-8X)F2= (8 + X)((i‘“-'H)+ (3-2X)r“ 

J^R- J (107 - 8X)F,= - 2(8 + X)(tt“ - r-) + 2 (3 - 2X) cos ^0 
-^.2T = (3-2X)r“sin20; S = U=0 
It may bo well, before proceeding further, to consider what range of values 
is legitimately attributable to X. 

Navier and Poisson maintained that the modulus of rigidity in a solid was 
I of that of incompressibility, but Stokes showed that this was very far from 
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being the case for many solids*. Although then Poisson’s contention is not 
well founded, yet it gives a value for the ratio which is more or less correct 
for some solids and perhaps for many ; and it is curious that in the case now 
under consideration Poisson’s theory gives the dividing line which sepai*ates 
solutions of one kind from those of another kind. 

According to Navier and Poisson the modulus of rigidity u is ^ of that of 
compressibility, which is (o — Ju; hence o) = 2i/. This makes X — f, and 
3 — 2X vanishes. 

Thus according to Poisson’s theory, with \ = |, we obtain the following 
curious result : — 

K--fF8 = -2(a®-.r®) 

T = 0 

Our coordinate axes are therefore principal stress-axes ; one being parallel 
to the polar axis of the globe, and the other two (being equal inter se) any- 
where mutually at right angles in a small circle of latitude. 

The stress-difference is 3 (a® — r®). 

Thus on introducing the omitted factors and changing the sign (as is 
clearly permissible) the stress-difference is given throughout the sphere by 

A = f(7«;ea(l-Q 

For a homogeneous sphere of tho sizo and mean density of the earth this 
gives 

A = 1442e ^1 — metric tonnes per square cm. 

It vanishes at the surfixce and at the centre is 14420. In tho case of 
incompressibility we found in § 6 tho central stress-difference to be 12140 in 
the same units. Thus this degree of compressibility entirely relieves tho 
superficial sti*ess-difference and only augments the central stress-difference 
by a sixth part. 

Returning to the consideration of tho range of values of \ : — 

We know that \ = 0 corresponds to complete incompressibility. Tho 
modulus of incompressibility w — Ju vanishes when o) = Jv, and this furnishes 
the other limit. In this case X = 37^. It would not be very interesting to 
obtain numerical results for these large values of X, but it is well to determine 
the limit of values permissible. 

In the general case the procedure to be followed is exactly parallel to 
that of § 5. It will be found that, if for brevity we write 

W = 64 (IH- ^X)* (a* - -H (1 - |X)» r* - 16 (1 -h ^X) (1 - §X) (a* - r®) r® cos 20 

* Ihomeon and Tait’s NatiertU Philotophy, § 684. 
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The stress-ditference A is equal to the greater of the two following 
expressions : 

(i) A = A3II 

(ii) A = -iV [8 (1 + i\) (a? - r») + 2 (1 - 1\) r» - 3 (1 - ^X,) r“ cos 26 + m] 

When X = 0, these of course reduce to the results of § 6. 

When X = f the forms (i) and (ii) become identical, and we come back on 
the simple case corresponding to Poisson’s hypothesis. 

The equation to the ellipsoid, which separates the regions in which the 
forms (i) and (ii) are respectively applicable, is 

(10 - 2X) (^ + 2/") -h 1 9^^' = (16 + 2X) a® 

When X is greater than f this ellipsoid entirely encloses the sphere, and 
the separation becomes nugatory. It appears then that — 

When X is less than f , the form (ii) holds inside the ellipsoid, and the 
form (i) outside. 

When X is greater than |, the form (i) is applicable everywhere. 

I have not reduced these results to numbers in any specific cases, because 
it suffices to learn that compressibility affects the result largely in the case of 
the second harmonic, although for moderate values of X the maximum value 
of A is not changed very much in amount. 

It will now be shown that whatever may be the compressibility of the 
solid, we get the same solution in the case when the harmonic is of an 
infinitely high order. If SP, ST denote the additional terms introduced by 
compressibility, when i is very largo we have from (32) 




.. dWi 


dx 


- 2i*F£| 



In a similar manner wo find ST = 0. 

It is clear then that 8P = SQ = SR = — -- TTa. It follows that the difiference 

0) 

of stresses is unaffected, and our former result is unaffected. 

It may be concluded that except for the lower harmonic inequalities 
compressibility introduces but little change in our results.] 
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IL 

Summary and Discussion. 

The existence of dry land proves that the earth’s surfece is not a figure of 
C(iuilibrium appropriate for the diurnal rotation. 

Hence the interior of the earth must be in a state of stress, and as the 
land does not sink in, nor the sea-bed rise up, the materials of which the earth 
is mode must bo strong enough to bear this stress. 

Wo are thus led to inquire how the stresses are distributed in the earth’s 
mass, and what are their magnitudes. These points cannot be discussed 
without an hypothesis as to the interior constitution of the earth. 

In this paper I have solved a problem of the kind indicated for the case 
of a homogeneous incompressible elastic sphere, and have applied the results 
to the case of the eiurth. 

It may of course be urged that the earth is not such as this treatment 
postulates. 

The view which was formerly generally held was that the earth consists 
of a solid crust floating on a molten nucleus. It has also been lately main- 
t»unod by Dr August Ritter in a series of interesting papers that the interior 
of the earth is giuseous*. A third opinion, contended for by Sir William 
Thomson, and of which I am myuelf an adherent, is that the earth is through- 
out a solid of groat rigidity; he explains the flow of lava from volcanoes 
either by the existence of liquid vesicles in the interior, or by the melting of 
solid matter, existing at high temperature and pressure, at points whore 
diminution of pressme occurs. 

There is another consideration, which is consistent with Sir William 
Thomson’s view, and which was pointed out to me by Professor Stokes. It 
may bo that undomoath each continent there is a region of deficient density; 
then underneath this region there would be no excess of pressure 

For the present investigation it is to some extent a matter of indifference 
iuii to which of these views is correct, for if it is only the crust of the earth 
which possesses rigidity, or if Professor Stokes’s suggestion of the regions of 

* ■ ‘ Anwondnng der meobauisohen lYiirmetheorie auf koBmologisobe Ftobleme.’ ’ Carl Ribnpler, 
Hiinnovor, 1879. Tbia is a reprint of nix papera in Wiedemann’s AmutUn. 

Dr Bitter contends that tbe temperature in the interior of the planet is above the oritioal 
temperature and that of diasooiation for all the conatituenta, ao that they can only exiat as gas. 
Data are wanting with regard to the medha ni oal properties of matter at, say 10,000° Fahr. , and 
a pressure of many tons to the square inch. Is it nofpoesible that such “gas” may have the 
density of meroury and the rigidity and tenacity of granite f Although such a conjeotural 
“gaseous” solid might possess high rigidity, it would [presumably] have great compressibility. 

t [Wo may regard this view as now (1906) established by the modern results of geodesy.] 
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<l(sfitnont bi'. correct, thou the strossoH in the crust or in the parts near 

th(5 Hurfiw',0 must be greater than those hero compxitod — enormously greater 
if the crust be thin*, or if the I'ugion of deficient density be of no groat 
thickness. 

With regjird to the property of incompressibility which is hero attributed 
to the ehistic spheni, it appears from § 10 thjxt oven if wo suppose the elastic 
solid tr> be compnjssible, yot [for inequalities of moderate extension on the 
Hurfivet! of th(! glob(!] the results with regard to the internal stresses are 
almost the siune though it wore incompressible ; [but this is not so for 
such an iiu>(piality as is represented by a hjxrmonic of the second order]. 
1 think the hypothesis of great inceinprossibility is likely to bo much nejirer 
to the truth than is that (»f gi’tsat coiuprossibility ; I shall therefore adhere to 
tlu) supposition of infinite iuoompnfssibility. 

I take tlmn a homogoiusous incompnmsiblc ehistic sphere, jind suppose it 
to hav(t the [suver of gnivitation and to be Hui)ei’ficially corrugated. In con- 
HiMpmnce of inathomatiejil diflitadticss the. problem is here only solved for the 
particular chiss of surliwje ino(pialitioH called ssoual harmonics, the nature of 
which will he explained below. 

Hel’on) (liscusHing tlui stahf of stress produced by those inequalities, it will 
b(( convcuiient to explain the proper ukkIo of estimating the strength of an 
elastic solid under stress. 

At any point in the, interior of a streased ehistic solid there arc throe lines 
muttially at right anghw, which are called the principal stress-axes. Inside 
tin*. 8<ilid at the point in (juestion imagim' a simdl piano (say a square oonti- 
nietre or iuoh) drawn poriumdicnilar to one of the stress-axes; such a small 
plum*, will ht! calle<l an int(»r-fac<i'f‘. Thts matter on one side of the ideal 
iiit(*r-fm«* might be nunoveil without disturbing tho equilibrium of the elastic 
solid, ]>rovi<lod some proper fi>rce bo appli(id t{> the inter-face; in other words, 
the matter on one siihs of ati inter-fjuio oxerts a force on the matter on tho 
<)th«!r side. Now a striiss-axis has tho pi-operty thsit this force is parallel 
1,0 the stiuss-axis to which tho inU*.r-fiice is peqjondicular. Thus along a 
HtroHS-axis the int(irual foras is either luirely a traction or purely a pressure. 
'I’reating prossures as negative tractions, we may say that at siny point of a 
stressed e.lustic solid, tluTe am throe mutually i)erpondicular directions along 
which the stresses are pU7't*ly tractionnl. The tniction which must bo applied 
to au inter-fiuso of a stpiare. c(.uithm*.tre in area, in order to maintain cqui- 
lihriuni wlnui tlu^ matter on one side of tho intor-face is removed, Ls called a 
prin(!ii»il sti'ess, and is of course to bo measured by grammes weight per square 
centimetns. 

* Tho ovaluation of tho HtromR in a cruet, with fluid beneath, would be tedioue, but not 
more diftloult than tho pnisout invoHtiKatiou. I may porhape undertake thie at eome future time. 

t Thie torm is duo to I'rufeeBor Jamue Thomeon. 
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If the three stresses be equal and negative, the matter at the point in 
question is simply squeezed by hydrostatic pressure, and it is not likely that 
in a homogeneous solid any simple hydrostatic pressure, absolutely equal in 
all directions, would ever rupture the solid. The eflfect of the equality of the 
three stresses when they are positive and tractional is obscure, but at least 
physicists do not in general suppose that this is the cause of rupture when a 
solid breaks. 

If the throe principal stresses be unequal, one must of course be greatest 
and one least, and there is reason to suppose that tendency of the solid to 
rupture is to be measured by the difference between these principal stresses. 

In one very simple case wo know that this is so, for if we imagine a 
square bar, of which the section is a square centiinotro, to be submitted to 
simple longitudinal tension, then two of the principal stresses are zero 
(namely, the stresses perpendicular to the fixccs ot the rod), and the third is 
equal to the longitudinal traction. The triiction under which the rod breaks 
is a meiiHuro of its strength, and this is equal to the difference ot principal 
stresses. 

If at the same time the rod were subjected to groat hydrostatic pressure, 
the breaking load would be very little, if at all affected; now the hydrostatic 
pj’ossure subtracts the same quantity from all three principal stresses, but 
leaves the diflferonco between the greatest and least principal stresses the 
same as before. 

Difference of principal stresses may also be produced by crushing. 

In this paper I ctill the difference between the greatest and least principal 
stresses the ** stress-difference,” and I say that, if calculation shows that the 
weight of a certain inequality on the surface oi the earth will produce such 
and such stress-difference at such and such a place, then the matter at that 
place must be at least as strong m matter which will break when an equal 
stress-difference is produced by traction or crushing, 

I shall usually estimate stress-difference by metric tonnes (a million 
gi’aiumes) per square centimetre, or by British tons per square inch. 

In Table VII., § 9, are given the experimentally determined values of the 
breaking stress-difference for various substances. The table is divided into 
two parts, in the former of which the stross-diffbrence was produced by ten- 
sion, and in the latter by crushing. It is not necessary here to advert to the 
difference in meaning of the numbers given in the fii*8t column and those 
given in the two latter columns in the fimt half of the tabic. 

The cases of wood and ctist brass are the only ones where a comparison is 
possible between the two breaking stress-difforoncoa, as differently produ^d. 
It will be seen that the material is weaker for crushing than for tension. 
For the reasons given in that section, I am inclined to think that these tables 
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«itc the strength of the materials somewhat too highly for the purposes of 
this investigation. I conceive that the results derived from crushing are 
more appropriate for the present purpose than those derived from tension. ; 
and fortunately the results for various kinds of rocks seem to have been 
principally derived Irom crushing stresses. 

This table will serve as a means of comparison with the numerical results 
tlerivod below, ho that wo shall soo, for example, whether or not at 500 miles 
from the surfivse the materials of the earth are as strong as granite. 

Wo may now pass to the mathematical investigation. It appears there- 
from that the distribution of stress-difference is quite independent of the 
absoluto heights and depths of the inequalities. Although the questions of 
distribution and magnitude of the stresses are thus independent, it will in 
general ho convenient to discuss them more or less simultaneously. 

The problem has only been solved for the class of superficial inequalities 
called zonal hannonics, and their nature will now be explained. 

A zonal harmonic consists of a series of undulations corrugating ^he sur- 
face in parallels of latitude with reference to some equator on the globe; the 
nunvb(,T of l)he undulations is estimated by the order of the harmonic. The 
harmonic of the soconcl oixler is the most fundamental kind, and consists of a 
singhi undtilation forming mi elevation round the equator, and a pair of 
deproHsioiis at the poles of that cquabor; it may also be defined as an elliptic 
spheroid of rovohition, and the absolute magnitude is measured by the 
ellij)ticity of the spheroid. 

If the i)r(lor of the harmonic bo high, say 30 or 40, wo have a regular 
HiTies of mountain chains and intervening valleys running round the sphere 
in parallels of latitude. 

Tor the sakci of convenience I shall always speak as though the equator 
wcrc5 a r<‘gioTi of elevation, but the only effect of changing elevations into 
(l( 5 presHionH, and vice versA, is to reverse diametrically the directions of all the 

Th(». harmonics of the orders 2, 6, 10, &c., have depressions at the polos of 
thti sphere; those of orders 4, 8, 12, &c., have elevations at the poles. 

The harmonic of the fourth order consists of an equatorial continent and 
a pair of circular polar continents, with an intervening depression. That of 
the sixth ordesr consists of an equatorial continent and a pair of annular 
continents in latitudes (about) 60” on one and the other side of the equator. 
The 8th harmonic brings down these new annular continents to about lati- 
tude 45”, and adds a pair of polar continents ; and so on. 

By a continuation of this process the transition to the mountain chains 
and valleys is obvious. 
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lu § 5 the ease of tho 2nd harmonic is considerod. As above explained 
the sphere is deformed into a spheroid of revolution. The investigation also 
applies to tho case of a rotating spheroid, such as the earth, with either more 
or loss obhitcnoss than is appropriate for the figure of equilibrium. 

Tho linos throughout a meridional section of the spheroid along which the 
strcss-diiforenco is constant are shown in fig. 1, and the numbers written on 
tho curves give tho relative magrdtudes of the stress-difference. 

[At tho surfiwo the stress-difference is constant over two polar caps which 
extend southward from the north pole and northward from the south pole 
as far as latitudes 64" 44' north and south. Between these latitudes and the 
equator the stress-difference increases until at the equator it is three times 
as great as over tho polar caps.] In the polar regions the stress-difference 
diminishes as we descend into the spheroid and then increases again ; in the 
cqiiatorial regions it always increases as we descend. The maximum value is 
at the centre, and there tho stress-difference is eight times as great as at the 
[poles]. 

If tho ohistic solid be compressible the stress-difference [at the surface is 
much less than] on the hypothesis of incompressibility. [For a certain value 
of tho compressibility tho superficial stress-difference vanishes all over the 
surfiice. In this case tho stress-difference at the centre of the globe is only 
greater than that found on the hypothesis of complete incomjpressibihty by 
one-sixth part of itself. It would thus seem as if compressibility would not 
make a very great difference in the actual strength of tho globe.] 

On evaluating tho stross-diffbronce, on the hypothesis of incompressibility, 
arising from given ollipticity in a spheroid of the size and density of the earth, 
it api)oars that if the excess or defect of ollipticity above or below the equi- 
librium value (namely ^ for tho homogeneous earth) were then the 
stress-difforonoo at tho centre would bo 8 tons per square inch, and accordingly, 
if tho sphere wore rnivdo of material as strong as brass (see Table VIL), it 
would bo just on the point of rupture. Again if the homogeneous earth, with 
ollipticity wore to stop rotating, the central stress-difference would 
bo 83 tons per s<iuare inch, and it would rupture if made of any material 
excepting the finest stool. 

A rough calculation* will show that if the planet Mars has ellipticity ^ 
(about twice the ollipticity on the hypothesis of homogeneity) the central 
stress-difference must bo 6 tons per square inch. It was formerly supposed 
that the ellipticity of the planet was even greater than and even if the 

* The data tor the ealenlation are : Ratio of terreatrial radius to Martian radius 1'878. Ratio 
of rnaa n to terrestrial mass T020. Whence ratio of Martian gravity to terrestrial gravity 

•3696. Central strees-diflerenoe, due to enipticity«,996« tone per square inch. -Homogeneous” 

eUiptioity of Mars yi*; and equal to 6. 
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latest telescopic evidence had not been adverse to such a conclusion, we should 
feel bound to regard such supposed ollipticity with the greatest suspicion, in 
the fi\co of the result just stated. 

The state of intcnid stress of an elastic sphere under tide-generating forces 
in id<jntical with that caused by ellipticity of figure*. Hence the investiga- 
tion of § 5 gives the distribution of stress-difference caused in the earth by 
the moon’s attraction. In fig. 1, the point called “the pole” is the point 
whore the moon is in the zenith. 

Computation shows that the strcss-difforonce at the [polar] surfaces, duo 
to the lunar bide-gonornting forces, is 16 granames per square centimetre, and 
at the centre eight times as uiiich. These stresses are considerable, although 
very small coiupiirod with those due to terrestrial inequalities, as will appear 
below. 

In § 6 the. stressos produced by harmonic inequalities of high orders arc 
considered. Thin ia in effect the ctuao of a series of parallel mountains and 
vall('.ys, corrugating a tnoan level surface with iin infinite series of parallel 
ridges and furrows. [In this case compressibility makes absolutely no differ- 
emee in the result, as shown in § 10.] 

It is foTind that th<^ Htnws-diffijroncc depends only on the depth below the 
moKUi surface, and is iiKUq)eiidont of the position of the point considered with 
regard to ridge and furrow; the direction of the stresses does however depend 
on this latter consideration. 

In fig. 2 is shown the law by which the stress-difference increases and 
then diiuinishcH as wo go boslow the suifixoc. The vertical ordinates of the 
curve indic*it (5 the relative magnitude of the stress-difference, and the hori- 
zontal ones the depth below the surface. The depth OL on the figure ia 
eijual to the distance between adjacent ridges, and the figure shows that 

the streas-difference is greatest at a depth equal to of OL. 

The guiutest atrcas-difforence depends inoroly on the height ixnd density 
of thcj mountains, and the depth at which it is reached merely on the distance 
from ridge to ridge. 

Numerical calculation shows that if wo suppose a series of inountaina, 
whose crests arc 4000 metres or about 13,000 feet above the intermediate 
valley-bottoma, formed of rock of specific gravity 2*8, then the maximum 
striiSH-difference is 2 ’6 tons per square inch (about the tenacity of cast tin); 
also if the mountain chaiua arc 314 miles apart the maximum stross-differ- 
onco is reached at 60 miles below the mean surface. 

It may be necessary to warn the geologist that this investigation is 
approximate in a certain sense, for the results do not give the state of stress 

^ Thib is siibjoot to certaiu qaalitiuatloDs noticed in § 5. 
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nctually within the mountain prominences or near the snrfece in the valley- 
bobtonia. The solution will however be very nearly accniate at some five or 
SIX miles below the valley-bottoms. The solution shows that the stress- 
(litteronco is ml at the mean surfece, but it is obvious that both the mountain 
masses and tho valley-bottoms are in some state of stress. 

The mathematician will easily see that this imperfection arises, because 
tho problem really treated is that of an infinite elastic plane, subjected to 
hsinnonic tractions and pressures. 

To find the state of stress actually within the mountain masses would 
probably bo difficult. 

Ihti maximum stress-difference just found for the mountains and valleys 
obviously cannot bo so great as that at the base of a vertical column of this 
rock, which bis a section of a square inch and is 4000 metres high. The 
woight of such a column is tons, and therefore the stress-difference at the 
base would bo 7*1 tons per square inch. The maximum stress-difference 
computed above is 2*6, which is about three-eighths of n tons per square 
inch. Thus tho support of the contiguous masses of rock, in the case just 
considered, serves as a relief to the rock to the extent of about five-eighths of 
tho greatest possible stress-difference. This computation also gives a rough 
ostimato of tho stress-differences which must exist if the crust of the earth 
be thin. It is shown below that there is reason to suppose that the height 
from tho crest to the bottom of the depression in such large undulations as 
those formed by Africa and America is about 6000 metres. The weight of a 
similar column 6000 metres high is nearly 11 tons. 

In § 7 I take tho oases of the even zonal harmonics from the 2nd to the 
12th, bit for all except the 2nd harmonic only the equatorial region of the 
8i)hore is considered. 

Fig. 3 shows an exaggerated outline of the equatorial portion of the 
ine(j[imlibics; it only extends far enough to show half of the most southerly 
dopreasiou, oven for the 12th harmonic. It did not seem worth while to trace 
tho surfaces of equal stress-difference throughout the spheroid, but the 
laborious computations are carried for enough to show that these surfaces 
must bo approximately parallel to the surface of the mean sphere. It is 
accordingly sufficient to find the law for the variation of stress-difference 
immediately underneath the equatorial belt of elevation. It requires com- 
paratively little computation to obtain the results numerically, and the results 
of the computation are exhibited graphically in fig. 4. 

Table V. (6), § 7, gives the maximum stress-differences, resulting from 
these several inequalities, computed under conditions adequately noted in the 
table itself. It will be convenient to postpone the discussion of the results. 

In § 8 I build up out of these six harmorucs an isolated equatorial conti- 
nent. The nature of the elevation is exhibited in fig. 6, in the curve marked 
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“ representation ” ; no notice need be now taken of the dotted curve. This 
curve exhibits a belt of elevation of about 16® of latitude in semi-breadth, 
and the rest of the spheroid is approximately spherical. This kind of eleva- 
tion requires the 2nd as one of its harmonic constituents, and this harmonic 
means ellipticity of the whole globe. Now it may perhaps be fairly contended 
that on the earth we have no such continent as would require a perceptible 
2nd harmonic constituent. I therefore give in fig. 6, a second curve which 
represents an equatorial belt of elevation counterbalanced by a pair of polar 
continents in such a manner that there is no second harmonic constituent. 

I have not attempted to trace the curves of equal stress-difference arising 
from these two kinds of elevation, but I believe that they will consist of a 
series of much elongated ovals, whose longer sides are approximately parallel 
with the surface of the globe, drawn about the maximum point in the interior 
of the sphere at the equator. The surfe,ces of equal stress-difference in the 
solid figure will thus be a number of flattened tubular surfaces one within 
the other. 

At the equator however the law of variation of stress-difference is easy to 
evaluate, and fig. 6 shows the results graphically, the verticil ordinates 
representing stress-difference and the horizontal the depths below the surface. 
The upper curve in fig. 6 corresponds with the “ representixtion curve” of 
fig. 5, and the lower curve with the case whore there is no 2ud harmonic 
constituent. 

The central stress-difference, which may be observed in the upper curve, 
results entirely from the presence of the 2nd harmonic constituent in the 
corresponding equatorial belt of elevation. 

The maximum stress-differences in these two cases occur at about CGO 
and 590 miles from the surface respectively. 

We now come to perhaps the most difficult question with rtjgard to the 
whole subject — namely, how to apply these results most justly to the wvsc of 
the earth. 

The question to a great extent turns on the magnitude and extent of the 
superficial inequalities in the earth. As the investigation deals with the 
larger inequalities, it will be proper to suppose the more accentuated features 
of ridges, peaks and holes to be smoothed out. 

The stresses caused in the earth by deficiency of matter over the sea-beds 
are the same as though the seas wore replaced by a layer of rock, having 

everywhere a thickness of about or nearly of the actual depths 
of sea. 

The sur&ce being partially smoothed and dried in this manner, wo require 
to find an ellipsoid of revolution which shall intersect the corrugations in 
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«uch a manner that the total volume above it shall be equal to the total 
volume below it. 

Such a sphei-oid may be assumed to be the figure of equilibrium 
appropriate to the earth’s diurnal rotation; if it departs firom the equilibrium 
form by even a little, then we shall much underestimate the stress in the 
Garths interior by supposing it to be a form of equilibrium. 

Professor Bruns has introduced the term “ geoid ” to express any one of 
the “ level ” surfaces in the neighbourhood of the earth’s surface, and he 
(indeavoura to form an estimate of the departure of the continental masses 
and Hoa-bottoms from some mean geoid* From the geodesic point of view 
the conception is valuable, but such an estimate is scarcely what we require 
in the present case. The mean geoid itself will necessarily partake of the 
contortions of the solid earth’s surface, even apart firom disturbances caused 
by local inequalities of density, and thus it cannot be a figure of equilibrium. 

Thus, oven if wo were to suppose that the solid earth were everywhere 
coincidtuit with a geoid — which is far from being the case — a state of stress 
would still be produced in the interior of the earth. , 

An example of this sort of consideration is aflfbrded by the geodesic results 
arrived at by Colonel Clarke, R.E.t, who finds that the ellipsoid which best 
satisfies geodoHic measurement, has three unequal axes, and that one equatorial 
semi-axis is 1624 feet longer than the other. Now such an ellipsoid as this, 
altliough not oxmtly one of Bruns’ geoids, must be more nearly so than any 
spheroid of revolution ; and yet this inequality (if really existent, and Colonel 
Clarkcj’s own words do not express any very great confidence) must produce 
stress in the earth. Colonel Clarke’s results show an ellipticity of the equator 
c<pial to -nrfirrj homogeneous elastic earth vrill be about 

e<iui valent to ellipticity ellipticity would produce a central stress- 

difference of or nearly one-third of a British ton per square inch. 

hVom this discussion it may, I think, be fairly concluded that if we assume 
the sea-level as being the figure of equilibrium and estimate the departures 
therefrom, wo shall be well within the mark. 

The average height of the continents is about 350 metres (1150 feet), 
and the average depth of the great oceans is in round numbers 6000 metres 
(16,000 feet); but the latter datum is open to much uncertainty f. When 
tho sea is solidified into rock the 6000 metres of depth is reduced to 3200 
metres below the actual sea-level. Thus the average effective depression 
of sea-bed is about nine times as great as the average height of the land. 

* Die Figur der Erde. Von Dr H. Bruns. Berlin ; Stankiemoz, 1878. 
t Phil. Mag., Aug., 1878. 

In a previous paper, ** Geological Changes, Ac,” Phil. Trans,, Vol. 167, Part i., p. 296, 
I have endeavoured to dipouss this subject, and references to a fev authorities will be found 
there. [This paper will probably be included in Vol. m. of this collection.] 
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I shall take it as exactly aine times as great, and put the depth as 3160 metres ; 
but it is of course to be admitted that perhaps eight and perhaps ten might 
be more correct factors. 

In the analytical investigation of this paper the outlines of the vertical 
section of the continents and depressions are always sweeping curves of the 
harmonic type, and the magnitudes of the elevations and depressions are 
estimated by the greatest heights and depths, measured from a mean surface 
which equally divides the two. 

We have already supposed the outlines of continents and sea-beds to have 
been smoothed down into sweeping curves, which we may take as being, 
roughly speaking, of the harmonic type. The smoothing will have left the 
averages unaffected. 

The averages are not however estimated from a mean spheroidal surface, 
but from one which is far distant from the mean. 

The questions now to be determined are as follows : — What is the proper 
greatest height and depression, estimated from a mean spheroid, which will 
bring out the above averages estimated from present sea-level, and what is 
the position of the mean spheroid with reference to the sea-level. 

From the solution of the problem considered in the note below*, it 


* Oonoeiye a series of straiglit harmonio undulations coimgatizig a mean horizontal surface, 
and suppose them to be flooded mth water. This will represent fairly weU the undtdatioiis on 
the dried earth, aud the water-level will represent the sea-level. 

Suppose that the average heights and depths of the parts above and bdow water aro known, 
and that it is req.uiTed to find the position of the mean horizontal surface with reforonoo to the 
water-level, and the height of the undulations measured from that mean surface. 

Take an origin of coordinates in the water-level, the axis of x in the water- level and perpen- 
dioular to the undulations, and the axis of y nxeasured upwards. 

Let y=ih (cob a? - cos a) 

be' the equation to the undulations. 

The average height of the dry parts is clearly ^ or 5 (ain c - a cos a). Similarly the 

average depth below water is [sin (w - a) - (w - a) cos (ir - c)] ^ [sin a -}- (tt - a) oos a]. 

If the latter average be p times as great as the former 


p7»oosa^itana-lj s/ioosa tan o-f . 


This is an equation for determining a. 

Now I find that a=34°8(y gives p=8‘983, which corresponds very nearly with p=9 of the 
text above. 


This value of a corresponds with an average equal to -llCS/i for the height above water, and 
l“0469b for the depth below water. Now if w'e put 

1*0469^=3150 metres 

which gives -liesb^aeo metres very nearly, 

we have 7i=3009 metres. 
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ixppcurH that, if the continents and sea-beds have sections which are harmonic 
curves, then if we take, — 

the mean level bisecting elevations and depressions as 2480 metres 
(81»50 Kiet) below the sea-level, and the greatest elevation and depression 
from that nuuui level as 8009 metres (9840 feet), it results that the average 
height of th(i land above sea-level is 350 metres and the average depression of 
dried sea-bed is 3150 metres. 

It thus appears that 3000 metres would be a proper greatest elevation 
and depression to Jissume for the harmonic analysis of this paper, if the earth 
wcu*e honiogcmeoiiH. But as the density of supei*ficial rocks is only a half of 
the nujan density of the e4^rth, I shall take 1500 metres as the greatest 
tdevation, and depression from the mean equilibrium spheroid of revolution. 

It is proper here to note that the height of the undulations of elevation 
and d(q)r(jsHion in th(5 zonal harmonic inequalities is considerably greater towards 
tins poU^s than it is about the oejuator; it might therefore be maintained 
that by making 1500 metros the equatorial height, we are taking too high an 
t^HtimatlC^ I*)Ut the stat(i of stress caused in the sphere at any point depends 
vt'.ry much more on the height of the inequality in the neighbourhood of a 
superHc.ial point immediately over the point considered, than it does on the 
imupialitit^H in remote parts of the sphere. 

Now in all tln^ ino<iualities, except the 2nd harmonic, I have considered 
tho Mtat(i of Htrc‘.HH in the equatorial region, and it will therefore I think be 
proptu* to a<lh(\r(i to tho 1500 metres for the greatest height and depression. 

W(^ hav(^ ru‘.xt to consider, what order of harmonic inequalities is most 
nt^irly analogous to thci groat tcrrostrial continents and oceans. The most 
obvious ciusc to take is that of the two Americas and Africa with Europe. 
Tho avtirago longitude of the Amorioixs is between 60° and 80° W., and the 
avcu'ago longitude of Africa is about 26° E., hence there is a difference of 
longitude of abotit a right-angle between tho two masses. These two great 
conlimudiH would be more nearly represented by an harmonic of the sectorial 


Tho depth below wator-lovel of tho moan levol is /toos84® 30' or 2480 metres. 

Tlio greatest lioight of the dry part above the water-level is 3009 - 2480 or 429 metres, and the 
groatoHt depth of tho submerged part bolow water-level is 3009 +2480 or 5489 metres. 

After the proof-sheets of this paper had been corrected, Professor Stokes pointed out to me 
that, twsoording to Rigaud (Vavk. voL C), the area of land is about four-fifteenths of 

tho wholo area of tho oarth’s surface. Now, in the ideal undulations we are here 'considering the 
area above water is about one-ton th of the whole area ; hence in this respect the analogy is not 
satisfactory between those undulations and the terrestrial oontinents. If 1 have not oonsiderably 
over-estimated tho average depth of tihe sea (and 1 do not think that I have done so), the dis- 
oropanoy must arise from the fact that actual continents and sea-beds do not present in section 
ourvoH which conform to the harmonic type ; there must also be a difference between corrugated 
spherical and piano surfaces. 

The geological denudation of the land must, to some extent, render our continents fiat-topped. 
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class*, rather than by a zonal harmonic, nevertheless I think the solution for 
the zonal harmonic will be adequate for the present purpose. 

Now it has been explained above that the harmonic of the fourth order 
represents an equatorial continent and a pair of polar continents. In the case 
of the 4th harmonic therefore there is a right angle of a great circle between 
contiguous continents. We may conclude jfrom this that the large terrestrial 
inequalities are about equivalent to the harmonic of the fourth order. 

Table V. (6), § 7, gives the maximum stress-differences under the centre 
of the equatorial elevation of the several zonal harmonics, the height of each 
being 1600 metres. The point at which this maximum is reached is given in 
each case, and fig. 4 illustrates graphically the law of variation of stress- 
difference. 

The second harmonic cannot be said to represent a continent, and the 
table shows that in each of the other cases the maximum stress-difference is 
very nearly 4 tons per square inch. The depths of the maximum point are 
of course very different in each case. 

We have concluded above that Afiica and America are about equivalent 
to an harmonic of the fourth order, hence it may be concluded that the stress- 
difference under those continents is at a maximum at more than 1100 miles 
from the earth’s surface, and there amounts to about 4 tons per square inch. 
A comparison with Table VII. shows that marble would break under this 
stress, but that strong granite would stand. 

The case of the isolated continent investigated in § 8 appeared likely to 
prove the most interesting one, for the purpose of application to the case of 
the earth. But unfortunately I have found it difficult to arrive at a satis- 
factory conclusion as to the proper height to attribute to the continent. 

The average height of the American continent is about 1100 feet above 
the sea, and the average depth of the Pacific Ocean about 16,000 feet. If the 
water of the Pacific be congealed into rock, it will have an effective depth of 
10,000 feet. The greatest height of the American continent above the bed 
of the dried Pacific when smoothed down must be fully 12,000 foot or 3700 
metres. The height of the great central Asian plateau above the averages 
bed of the southern ocean (after drying) must be considerably more than this. 

Now in the application to the homogeneous planet the heights are to bc^ 
halved to allow for the smaller density of surfece rock. 

* The Beotoiial harmonic of the fourth order Bin^9oos40 would represent these two great 
continents weU. It would represent China and Australia fairly; but would annihilate tht< 
Him^yan plateau, and place another great continent in mid-Paoific. It is not at all diilicult to 
find the stress-diference under the centre of a sectorial inequality, but to find it generally 
inyolves the solution of a cubic equation. 
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I therefore take 2000 metres as the height of the top of the equatorial 
table-land above the remaining approximately spherical portion of the sphere. 

The investigation of § 8 then shows that the equatorial table-land will- 
give rise to a stress-dilference of 4*1 tons per square inch at a depth of 
660 miles ; and that the equatorial table-land counterbalanced by the pair of 
polar continents (the second harmonic constituent being absent) gives a stress- 
(lififercnco of about 3*8 tons per square inch at a depth of 690 miles. 

This estimate of stress-difference agrees in amount, with singular exact- 
ness, with that just found from the case of the 4th zonal harmonic, but the 
maximum is reached 400 or 600 miles nearer to the earth’s surface. 

I think there can bo no doubt but that there are terrestrial inequalities of 
much gi’eater breadth than that of my isolated continent ; thus this investi- 
gation for the isolated continent will give a position for the maximum stress- 
difference too near the surface to correspond with the largest continents. On 
the other hand, I do not feel at all sure that I have not considerably under- 
estimated the height of such a comparatively narrow plateau. 

In th('. present paper it has been impossible to take any notice of the 
stvi^sses produced by the most fundamental inequality on the earth’s surface, 
because it depends essentially on heterogeneity of density. 

It is well known that the earth may be divided into two hemispheres, one 
of which consists almost entirely of land, and the other of sea. If the south 
of England be taken as the pole of a hemisphere, it will be found that 
almost the whole of the land, excepting Australia, lies in that hemisphere, 
whilst the antipodal hemisphere consists almost entirely of sea. This proves 
that the centni of gravity of the earth’s mass is more remote from England, 
than the centre of figure of the solid globe. 

A deformation of this kind is expressed by a surface harmonic of the first 
order, for such an harmonic is equivalent to a small displacement of the 
sphere as a whole, without true deformation. Now if we consider the surface 
forces produced by such a deformation in a homogeneous sphere, we find of 
course that thoni is an unbalanced resultant force acting on the whole sphere 
in the direction diametrically opposed to that of the equivalent displacement 
of the whole sphere. 

The fact that in the homogeneous sphere such an unbalanced force exists 
shows that in this case the problem is meaningless; it is in fact merely 
equivalent to a mischoice in the origin for the coordinates. But in the case 
of the earth such an inequality does exist, and the force referred to must of 
course bo counterbalanced somehow. The balance can only be maintained by 
inequalities of density, which are necessarily unknown. The problem there- 
fore ap]:)arently eludes mathematical treatment. 
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CONCLUSION. 
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It is certain that so wide-spreading an inequality, even if not great in 
amount, must produce great stress within the globe. And just as the 2nd 
harmonic produces a more even distribution of stress than the 4th, so it is 
likely that the first would produce a more even distribution than the 2nd. 

It is difficult to avoid the conclusion that the whole of the solid portion 
of the earth is in a sensible state of stress. 

I would not however lay very much emphasis on this point, because we 
are in such complete ignorance as to the manner in which the equilibrium of 
the solid part of the earth is maintained. 

From this discussion it appears that if the earth be solid throughout, then 
at a thousand miles from the surface the material must be as strong as 
granite. If it be fluid or gaseous inside, and the crust a thousand miles 
thick that crust must be stronger than granite, and if only two or thx’ee 
hundred miles in thickness much stronger than gi*anite. This conclusion is 
obviously strongly confirmatory of Sir William Thomson*s view that the earth 
is solid throughout. 
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Satellite, system of fictitious satellites giving 


true tide-generating force, 66 ; secular changes 
in elements of (table of contents), 208 
Saturn — system of, reviewed, 372 
Schiapparelli’s map of Mars, 190 
Schweydar, W. — fortnightly tide on hetero- 
geneous globe, 35, 123 
Sea — ^proportion of, on earth, 511 
Secular, contraction of earth, 116 ; distortion 
of viscous spheroid, 141, 189 ; changes in 
elements of orbit of satellite (table of con- 
tents), 208 

See, T. J. J.— orbits of double stars, ix 
Solar system, survey of, with reference to tidal 
fnction, 433 

Stokes, Sir G. G.— on deficiency of density 
underlying the continents, 501 
Stone, E. J. — tidal fnction and the obliquity 
of the ecliptic, 133 
Strength of various materials, 494 
Stresses in earth due to weights of continents 
and mountains (table of contents), 469 
Strutt, Hon. R. — on geological time, ix 
Sun — ^moment of momentum of rotation of, 
439 

T 

Thomson, Sir W. — see Kelvin, Lord 
Tidal friction — ^rate of change of obliquity, 
earth’s rotation, moon’s distance, 68-78, 
113 ; see also table of contents, 208 ; tables 
giving total changes in elements of motion 
of earth and moon, 87, 98, 302, 311, 316, 
349 ; survey of planetary system in con- 
nection with, 133, 371 ; graplUoal determin- 
ation of effects of, 195, 374, 416 ; analytical 
solution for planet and single satellite, 388 ; 
of planet attended by several satellites (table 
of contents), 406; survey of solar system, 
483; T. R. Mayer on, 458 
Tide-generating force — specification of by 
means of fictitious satellites, 66 
Tides — of a viscous spheroid, 1 ; amount of 
reduction of oceanic tides on a yielding 
nucleus, 13, 19, 22 ; of elastico-viscous 
spheroid, 17 ; of heterogeneous spheroid, 
81; problems connected with tides of a 
viscous spheroid (table of contents), 140 
Time, geological— viii, ix, x 
Time occupied in changes of configuration of 
earth and moon, 106, 125 
Tresca — on plasticity of matter, 29 

V 

Viscous spheroid— rate of subsidence of in- 
equalities on, 11 ; heat generated in, by 
tidal friction, 155; effects of inertia in 
oscillations of, 167; see also various other 
titles. 
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